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Plane Ouintie Curves whith Possess a Group of Linear 


». Prunsformations. 


a By VIRGIL SNYDER. 


—— y MÀ—— o ea — —— ee —ÀÀ — 


.—1;- Plane curves which are invariant under linear transformations are 
important because they furnish e camples of : configurations of points of inflexion 
which disprove Grassmann’s theorem? — 

Thus far no general positive results have been obtained regarding the posi- 
tion and dependence of such points, and each new coneréte case is of interest. 
The purpose of this paper is to discuss the piane quintie curves which are left 
invariant bv linear transformations, without considering the important cases that 
are self-dual, 


2. Finite ternary linear groups may be divided into three classes: 
'&) Those leaving a triangle invariant; 
b) The regular body groups; 
zi - c) Ternary groups not belonging to a) nor b). 
Ofc), the n forms which have been found are Gag (Jordan), Gy (Klein), and 
C gan ‘Talon user), The invariant form of dies is the syzygetie pencil of c, that 


atv, 


4 
* 


ef the simple Caos is the c, defined by ^g + y°2-+ 2’ a = 4, and its covariants of 


orders 6, 12, 21; that of the simple group Gs; is a particular c, and its covariants 
of orders 12 30, 45. T 


4 
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~ 


#c Zur Theorie der Wendepunkte, besouders.der Curven viortzr Ordnung," by Justin Grasamann, Disserta- 
tion, Berlin (1875), The theorem in question (p. 44) is: IF a Cs be passed through à (n — 2) (n + 1) points of 


injlezion of a non-ringuiar e, te ranam ng l (4-1) (7—32) points of inser section will also be points of inflexion of c,. 


For n zz d, comparé the remark-hy.-H' lein, 3X5 fath dnn, V Y ol. 10, p. 397, (1870). —G 


| iur ine UViersiure concerning these groups, see Vueycl epüdie, IB 2, vol. 1,, np. 332-340, and IB 3f, 


vol. li pp. 488-529, To this list three recent papers by Ciani muy be added: “Up teorema sopra la quartion 
di Klein,” Rend. Ist. Lombardi (2), vol. $3 (1900) pp. 565-566. «I gruppi finite di coilnserzionk. 77" in), 


pp. L176-j'75. “Contributo alla teoria del grup2o di 168 eollineazioni pieni ©  mnali (8), vol, 5, (1907? 
^r. 0)-0D.^ a 
J 


^ 


— 3s invariant under the first, its equation can contain io odd powers of z, 
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Of the regular body groups, the dihedral group and the invariant G, of the 
tetrahedral group need not be rd Since they are contained in a). From 


the invariant forms of the remaining traasfurmations itis seen that a cj cannot -— 


à 


‘be transformed into itself, heaee we reed only «consider groups of the form a), 
These may be either cyciioal perspectivities, z' = ex, y — y, 2 =z, a ==1 or 
projections of rotations x =: av, of - ay, z! == g, or combinations of the two. 
The order of the first cannot exéeed 5, that of the second cannot exceed 10, but 
the third may have a higisar order. In case of the cyzlical perspective of order 

9 the center cannot lie on the cuivs. The axis euis the curve in points at 
om of which the tangens ha s five-point. conlecs and passes through the center. 
"No other tangents-can be drawn from the center. Tf E 4, the center is. a 
simple point on c, at wiiich the tangent has fve-poln: contact. 'The azis cuts 
o, in five points at which the tangents have four-point contact and pass through 


the center. If k= 3, the center is a, deuble voint and each tangent has five-- 


point contact. The tangents at the five points of inflexion on the axis pass 
through the center. Finally, if 5 ==_2, the center is eisher a point'of inflexion or 
a triple point, each branch having an inflexion atthe voint. In the former case, 
five tangents have their point of coutact on the axis, and six bitángenis pass 


through the center. In the latter case, only five hte can be-drawn from 
the center, and these have their points of contact on the axis. 


It was shown by Maschke* s every ourve M is invariant under. a} is 
an integral function of syz an d xey? + yg + z u^ == 6, a, B being zero or posi-. 
t curves of the dm e TE first be . 


- 


tive integers. The invarisn 
considered. 


3. Tt can be easily shown that ac, cannot remain — P 
harmonic homologies having a common axis. For, let z = 0--be-the common 
axis, (0, 0, 1), (0, 1, 1) be the two centers. 

" fey @ : (O83 TEN s 

The Srst homology ist PTT and the second 3is(7 J ) lf es 


ey — 2! 3J — 2 . — Z 





4 ^f > nas —H 

Oh) Fee, y) rfi y= 
. On making the second transformation end equating the coefficients. of 
terms which appear.to. Bere the equation is seen io 5c factorable. 


ithe new 
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#u On ternary substitution :coups of tinite order whieh lenve s triangle unchanged," JOURNAL, vol 17 ' 
(1895), pp. 168-184. l 


me 
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Moreover, two concentric harmonic homologies cannot leave a c invariant 


- from the remark concerning the configuration of the tangents and bitangents 


from the center which we saw must lie on the curve. If A, A! be the centers 


and a, a' the axes of two harmonic homologies which leave c, invariant, either 


A lies on o!, A’ on a, or a third homology exists whose center is on AA’. Inthe 
first case, by taking a, a', AA’ for axes, the transformations may be expressed by 


T.li $422 


This requires that z, y enter the equation in even powers only, which is impos- 


sible. Hence if e; admits two such homologies it also admits a third; if there be 


a third, such that its center is not on the line joining the first two, we must have 
at least nine, forming a sort of Hessian configuration. Hach center isa point of 
inflexion on the curve. The line joining three centers cannot be a tangent to the 
curve, nor pass through a double point. | 


i 


4. We now introduce the following notation : 


aa! D niy D SG 12 


—({( % y4 — —({ % y 32 
ee y 2 arc | a mw y J 
Sl y a 5R v= Tt, 


with corresponding symbols for similar changes in'y and z. Let P, represent a 
a k-fold point on the quintic curve c, f, (x, y) be a binary form in g, y of degree 
k, and , (x, y) a symmetric form, so that Q,(v, y) = $.(y, x). Let Gu be a 


; ; E ow £x 
group of order m, in which os às ES is regarded as identity. 


5. The c having P, at (1, 0, 0) and symmetric in y, z 
LPs (y, 2) + Ps (y, 2) =0 

is invariant under Uj. P,lieson the axis y — z= 0. The center (0, 1, — 1) 
is à point of inflexion from which can be drawn two bitangents; the simple 
tangent from the center has its point of contact at the residual point on the axis. 

In particular, three forms may be considered that are non-symmetric: 
axyt +. by? + ex = 0, b S 
axy + by + ež —0, > : (1) 

any* + bř — 0. 


3 
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The first two have a cyclic G,, generated by V;, and the third a Gy, generated 
by 4 and V;. All the point and line singularities of this last curve are concen- 
trated in the invariant points (0, 1, 0), (1, 0, 0). 
(The curve | 
azy e+ b(y+2)=0 (2) 


has a 6, generated by V,V, and U,. Lt has five points of inflexion, all on 
z — 0, each one being the center of a harmonie homology. It has five bitan- 
gents, one through each point of inflexion. The curve 


a (xt + y) + 2 (a5 — y*) = 0 
- is invariant under 5. The tangent at (0, 1, 0) has five-point contact. The axis . 
y = 0 cuts eg in (1, 0, — 1) and at P,. In the former the tangent has four- 


point contact. The four remaining inflexions lie on a line passing through the 
center, upon which they form a harmonic range. | : 


6. When c; has a, P, and is invariant under 7j its equation becomes 


a^ fs (Y, 2) +A (y, 2) = 0. 


In particular, the curve E 
Ad? (a? + ag?) + Bx? (a? + by?) = 0 | (3). 


is invariant under 7; and &. The center (0, 0, 1) of T; is a P, and (0, 1, 0), 
the center of $, is a P,. Hach tangent at both multiple points has five-point 
contact. The line y = 0 cuts ej in two points of inflexion ; the remaining 12 are 
arranged in two hexads. The tangents at P, each count for one double tangent ; 
the remaining 30 are grouped in five hexads. | 

The curve 


ax’ y? + 52° = 0 s (4) 


is invariant under 7j, $,, V,, hence has a Gy. The two binomial curves are 
self-dual. They also have a continuous group. 


7. The curve êh (y, 2) +/(y, z) = 0 has 5, and 
2 u(y, 2) + es (y, 2) =0 (8) 


allows S, and U,. The lines f(y, 2) — 0 are all inflexional tangents passing 
through P,=(1, 0, 0), the points of inflexion lying on z—0. The remaining 
30 inflexions are arranged in groups of six, a line joining P, to any one will 
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contain two others, and the line joining any one to (0, 1, — 1) will contain one 
other. 
The curve | 
| ata y+ by’ + ez — 0 | (6) 
has a Gis, generated by S; and V,. It has a cusp and adjacent double point at 
(1, 0, 0), the tangent y = 0 having five-point contact. The side z= 0 cuts c; in 
three points at which the tangents have five-point contact and pass through 
(0,0, 1). The side æ = 0 cuts the curve in five ordinary inflexions, the tangents 
passing through the singular point. The latter absorbs two inflexions and two 
double tangents. The remaining 15 inflexions form a set, of which one is real. 
The 45 remaining double tangents are arranged in three such sets. If gy? be 
replaced by y'z, the curve has a Gi) of type (2). | | 


The curve 
ao? yz + b (y* + 2) = 0 rii (7) 


is invariant under U,, S, and V,.V%, generating a Ga. The curve has a P, at 
(1, 0, 0), each tangent having five-point contact. «x —0 cuts the curve in five 
ordinary inflexions and the remaining 30 are arranged in two sets, conjugate 
under U,. Only two are real. The 30 points are also situated on 10 lines : 
passing through the node. Each point of inflexion on æ = 0 is the center of 
a harmonie homology; six bitangents pass through each. 


8. The curve z*/A(y, 2) + /s(y, 2) = 0 has the center (1, 0, 0) for a triple 
inflexion ; four double infléxions lie on the axis of Z and the remaining 32 are 
arranged in eight harmonie groups on lines passing through the center. 

The curve | 

| aat y + b (yë + 2) = 0 | (8) 
is invariant under V; and A, making a G4. The five points of ej on œ = 0, have 
four-point contact tangents, passing through (1, 0, 0) at which the tangent has 
five-point contact. ‘Hach point on z = 0 has a five-point contact tangent. The 
remaining 20 form one cycle, two of them being real. They are arranged on 
four lines through (0, 0, 1), and on five through (1, 0, 0). No proper bitangent 
passes through the center of J. | 


.9. The curve i 
a + p(y, z) = 0 | (9) 


belongs to V; and U,. Five points of five-point contact tangents ‘lie on w= 0, 


6. ` SNYDER: Plane Quintic Curves which Possess a 


and the remaining points of inflexion are arranged on six lines, any three of 
which compose an improper c, whose complete intersection with c; consists of 
points of inflexion; as does also the intersection of c; and 2? = 0. 


10. The curve , o = 
Samal(att+y) - | (10) 


has the Gig generated by 83. Jz. L5. It also has a Cremona group of order 72. 


aw 


It has a tacnoce cusp at (0, 0, 1). 


1I. Of curves of the type ac" y? + y^ z? + y* a? — 0, a, B 9 there are but 
two types to be considered. 


The curve 
wataéytyix=0 | (11) 
1s invariant under 
at; J E) and A = ¢ J 4) ; gom]. 
2 . T EY EZ l 


_ At each vertex of the triangle of reference a sice has four point contact. U is 


the product of | 
ner a EY E at) and f s E a ee) 


The first is the projection of a rotation about (1, 0, 0), y — 0, z= 0 being the 
isotropic lines, and X, is:& similarity transformation about (0, 0, 1), through 
which a real point goes into an imaginary point and return to its original posi- : 
tions after 12 operations.” Since reality is not changed by K, it follows that 
there can be at most three real points of inflexion, apart from those at the 
vertices, but as U is a real transformation, there must be just three. 

The other curve of this type is 


a2 + gy a ery | (12) 


it has a cusp ot the first kind at each vertex and is invariant under U'and 


ait py go); Po 


* The theorem that if a point P be successively transformed into P,, Py,..- P4 4, P by acyclic collinea- 
tion of order n, the points P; all lie on a conic is not necessarily brue when the collineation is not real. In 
both statements of the theorem, a real collineation is tacitly presupposed. See J. Liiroth, «Das Imaginire in ) 
der Geometrie und Cas Rechnen mit Wiirfen,” Math. Annalen, vol. 11, p. 84, and «Ueber cyclisch-projectivische 
Punktgruppen.. - ” ibid, vol. 18, p. 304. A. Ameseder, «Theorie der cyclischen Projectivititen,’? Wiener 
Sitzungsberichte, 701. 98, IIa, p. 290. 


Group of Linear Transformations. v 
It has 21 points of inflexion of which three are real. Neither of these curves is 
invariant under any other collineation. 


12. The most general c; which allows the three harmonic homologies U}, 
Uz, ; U; 18. | B 
Aoi + Boio, + Coto; + Do, 02 + Ho,o;= 0, (13) 


wherein o; is an.elementary symmetric function of a, y, z of. weight 7 The 


.centers of these homologies lie on e, — 0 arid their axes intersect in (1, 1, 1), 


pole of c; — 0 as to the triangle of reference. o, cuts c, in three points of 


inflexion, and two other points defined by a? + zy + y = 0, which are the same 


for all curves of the system. The tangents at the points of inflexion will all pass 
through the pole if 3D + E—0. In this case all curves of the net have 13 
points in common. ^ The tangents at the simple intersection of oi, o, are 
z--oy--c 2-0. They intersect at (1, 1, 1) for every curve of the net. 

Hach conic of the pencil 


(x + ay +02) (x Hoy + o2) — k(x +y 4-2 —0 
is invariant in the group generated by U,, U,, Us, hence if it pass through a 
point of inflexion it will also pass through five others. The 42 points of inflexion 
are arranged by sizes on seven conics belonging to a double contact pencil. The other 
three are on the line joining the points of contact.. These points on each c, are in 
three-fold involution, having o, = 0 for Pascal line. Similarly, a conic of the 
pencil touching a double tangent will touch five others; they form a system in 
triple involution, having (1, 1, 1) for Brianchon point. The 24 remaining 
common tangents to c, and c; form four perspective quadrilaterals. 
The six common tangents of a set may be expressed by t, tU, tU,, tU, 
tU, Uz, tU, U3: | 
Of the 15 intersections of these lines, three lie on each axis, and the remain- 
ing six lie on a conic of the pencil, defining a three-fold i involution. 


18. An interesting particular case 18 furnished by the curve 
| a3? -- 49 A- 2 0 | | (14) 


which is also invariant under Vi, V}, V; making with Ui, U,, U; a group of 
order 150,* 





* For a discussion of the G,, leaving 8 c, of similar equation invariant, see Dyek « Notiz über eine reguläre 
Riemannsche Flüche von Geschlecht drei und die zugehórige Normalcurve vierter pranung. Math. Ann. vol. 


` lt, (1887), pp. 510-516. 
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The 45 inflexions are arranged by fives on the sides of the triangle of refer- 
ence, each one counting for three; the five-point-contact tangents pass through 
the opposite vertices. Here there are but two conics of the pencil 


(x + oy +a 2) (x + ay + oz) — kla t+ y+ zy —0 


which contain points of inflexion, since these two conics and the line c, = 0 con- 
tain all 15 points. | | 

. The line joining any two points of inflexion will always pass through a 
third. There are 25 such lines; their equations are of the form 


a+ Oy + 062-0 ) Ls d ss. 


If we denote the point on æ = 0 in which y + 0'z = 0 cuts it by c; and similarly 
for y, z and finally replace a;, Yy, % by (?, k, 7) we may say: Three points 
ti, Yz, % We on a line when i + k + /zz0 (mod. 5). The equation of the line 
may then be written «+ 0'y.-- 0*z — 0, and in five other equivalent forms. 
The lines (4, 4, 2), (1, 3, 1); (1, 2, 2), (4, 3, 3) ; (4, 2, 4), (1, 1, 3) ; (3, 3, 4), 
(2, 1, 2); (2, 4, 4), (8, 1, 1); (8, 4, 3), (2, 2, 1) intersect on z — y. Of these 
12 lines, each intersects two others in points not at inflexions nor on an axis of 
homology. By U, ihe sum of the second and third symbols in any line remains 
constant, and symmetrically for the others. By transforming U;, U,, U; through 
V,, etc., we see that G4 contains 15 harmonic homologies. Hach of the 25 lines: 
is invariant in three homologies whose centers are the three points of inflexion . 
lying upon it. The three axes of homology pass through the pole of the line of 
centers as to the triangle of reference, from which two tangents can be drawn 
to c;, meeting it at the residual intersection of (2, Æ, 7). The pencil of conics in 
each case remains invariant, hence : The fifteen points of inflexion are arranged 
by sixes on 50 contes, by threes on 25 lines and by fives on three lines. 

Through the nine points of inflexion lying on any three lines a pencil of c, 
can be passed, but no curve of any pencil can contain a tenth point of inflexion 
without becoming the sides of the triangle of reference. Similarly for the pencil 
formed by any line and either of inflexional conics, as 


xyz + 2 (m -+ y +z) — 0. 


Similar configurations exist for the bitangents. Three are absorbed in each 
inflexional tangent, and five proper ones pass through each point of inflexion, 
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14. Ofthe modia types, those which are invariant under more than one 


cyclic perspective are here arranged for reference. 


axyt + be = 0. 

axy d+ b (a -- 2°) = 0. 

az "(P + ay?) + ba? (a? + by?) = 0. 
ax’ y? + b = 0. 

2 Pa (y, 2) + Ps (y, 2) = 0. 

aa? y? + by’ + cz = 0. 

aa? yz + b (y + 29) — 0. 

axt y + b (y5 + z) — 0. 

ath + bs (y, 2) = 0. 

ey? — oa + y) = 0. 

ate + ety + yte = o. 

R P + yo? — 0. 

er iL Goto + Doch + B= 0. 
x + 486 + — 0. 


(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
(9) 
(10) 
(11) 
(12) 
(13) 


(14) 


Among these types, the only ones that have more than one harmonic 
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. homology are (2), (7), (13), (14), the numbers being respectively 5, 5, 3, 15. 


On Birational Transformations of Curves of High Genus. 


\ 


By VIRGIL SNYDER. 


The purpose of this paper is to show that nonsingular curves and others of 
genus exceeding a given number cannot be transformed into other curves of the 
same order by birational transformations other than collineations. The method 
employed will be two-fold; for the nonsingular curves we consider sections of a 
certain ruled surface then establish it for higher cases by induction. For the 
other cases, the 'n-gonal" series of Bertini and certain inequalities will be 
employed in connection with linear transformations of hyperspace. | 


1. Given two nonsingular plane curves of order four, c,, cj in (1, 1) point 
correspondence such that A, A’ and B, B! are two pairs of corresponding points. 
Find cj, projective with cj, such that A” zz A, B" = B, but otherwise unrestricted. 
Turn the plane of c; about AB through any angle. ‘The lines joining pairs of 
corresponding points P, P" will generate a ruled surface of order 6 and genus 3. 
But by Wiman’s formula * | 

p $ (n — 2) (n — 3) 
wherein p is the genus, n the order of a ruled surface not contained in a linear 
congruence. Hence the sextic must belong to a linear congruence and the only 
quartic curves upon it lie in the planes of the pencil whose axis is a double 
generator. From the method in which the surface was generated, the points 
C, D in which AB cuts c, and C", D" in which it cuts c; must be corresponding 
points no matter what points were chosen for A, B. Hence c,, c} are projective. 

For nonsingular c,-and c, exactly the same reasoning can be employed; for 
n= 7, however, no new results are obtained, since the resulting ruled surfaces 
are of too high an order to preclude the possibility of the required genus. 


* A. Wiman, ‘‘Klassification af regelytorna af sjette graden." Dissertation, Lund, 1892. See also Acta 
Mathematica, vol. 19 (1898), — ) 

+ This proof fore, was given by me in the JOURNAL, vol. 25 (1904), p. 187, but only too brief an outline 
of its extension to higher orders was there given. i 


E. 
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2. From the Brill-Noether theorem we know that if any c, is birationally 
transformed into cy, the adjoint curves $,. 4 go over into ys, and conversely 


, every such transformation which transforms the entire system „s into a system 


$xy.s Will transform o, into some cy. From what we have Jast seen, no trans- 
formation except collineations can transform the oc, the »°e or the »*¢, 


into themselves. 
If a e, of p = 15 can be transformed. into itself or any other c, the o 


system of $, must also remain invariant; but this system may be defined by 
fourteen nonsingular curves of the systém, which must be linearly transformed. 


Q,— È ĝi . Q. 
From $1 this is only possible by collineations. In the same manner for c, 
since we can define the adjoint system by nonsingular ĝs, and forc, $,. Since: 
the theorem is true for Ces Cy. Cag DY repeating this process, it is true for all 


nonsingular curves, hence: 
When a (1, 1) correspondence can be established between the points of any hie 


nonsingular plane curves, they are projectively equivalent." 


3. In case of c; of p — 5, Q, are conics passing through the node. If this 
point be (0, 0, 1), the equation of the system may be written 


a + 2hæy +by + 2gæz + 2fyz — 0. | 
It must go into itself by all the birational transformations of cj. If we put 
0% = 2", pay — wy, pug = y^, Q9, — x2, pæ — y£ 
and regard x, as homogeneous point coordinates in a linear space of four dimen- 


sions R,, the image of ¢ is a c, whose intersections with R, are the eight points 


common to 
d aus PR. -— : 
Lo — Yı Lgs Lg Cy — Loy, Ly Lp — X» Xy. F 


* This theorem presupposes n — 8. Two cubic curves in (1, 1) correspondence arè projectively equivalent 
as a whole, though any nonsingular c, can be birationally transformed into itself by an infinite number of non- 
linear transformations. ‘For n = 4'the result immediately follows from consideration of the adjoint curves, 
which are straight lines. "The theorem is stated without proof for n — and 95-6 by Wiman, ‘Ueber die 
algebraischen Kurven von den Geschlechtern p = 4, 5, 6, welche eindeutige Transformationen in sieh besitzen,” 


‘Stockholm Akademien Handlingar, Bihang, vol. 21, no. 8, pp. 1-48 (1895). The general theorem is similarly 


atated by me in the JOURNAL, h c. and also by C. Küpper, '*Ueber das Vorkommen von linearen Schaaren g2 
auf Kurven nter Ordnung . . .," Prager Sitzungsberichte, 1892, p. 264. 

1 While this depiction is been extensively employed by various writers, it has apparently not been used 
for the present purpose. The number of linearly independent quadratic relations among the ¢ curves was found 
by Weber, '**Uebér gewisse in der Theorie der Abelschen Funktionen auftretende Ausnahmeéfülle," Math. Ann. 
vol. 18 (1877). Other particular cases were discussed by Kraus in Math. Ann. vol. 16. 
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. But not every curve of genus 5 can be reduced to a nodal quintic, hence we 
should expect certain relations in consequence of the reduced number of moduli.* 
In this case we have 


ee eee —0————À 
m ee 


hence the quadrics have a ruled hypersurface in common, having x, = x, = a for 
directrix, and generators of the form c, = A£, %—=AwW;, % = Axs. The directrix 
is the image of the node, and the generators are the images of the straight lines 
passing through it. Every linear transformation in R, which leaves the system : 
of quadries invariant must also transform this ruled hypersurface into itself; 
incidentally, therefore the directrix must remain fixed and the generators can 
only be permuted among themselves. The node (0, 0, 1) and the pencil c = Ag 
of our plane ej therefore go into themselves. Among the * adjoint conics 
are œ? degraded ones, consisting of a line through the node and any other line, 
which must go into themselves; that is: A nodal plane quintic curve can be trans- — 
formed into itself or any other nodal quintic only bu collineations. 


4. Exactly the same method will apply <o curves -of any order greater 
than 4 and having a single node. A number of the quadrics in R, will have an 
invariant configuration in common which is the image of the node and the pencil 
of straight lines through it. As the o»?! system of $,_, can be transformed into 
itself by collineations only (by $1), we may say: When two curves (p > 2) having 
a single node are in (1, 1) point correspondence, they are projectively equivalent. 


$6. Moreover, we can draw the same conclusions from curves of order n 
and having a single multiple point P; of order 224 Zn 3. In casei — n — 3, 
. p= 2n— 5 and the (2n — 7) (n — 4) quadries have a ruled hypersurface in 
common, whose (n — 3) fold directrix is the image of P, and the generators are 
the images of the lines through it. The adjoint $,. ; have an (n — 2) fold point, 
hence the equation is of the form 

| Ung (9, y) 2 + Uno (0, y) = 0. 
t 4 y 
The only transformation that will transform this system into itself is. a 
collineation.T | 

* The normal curves for general moduli are given for every value of p in Clebsch-Lindemann's Geometrie, 
vol. 1, p. 709. 

‘+See Jung, “Ricerche sui sistemi lineari di curve algebriche di genere qualunque," Ann. di Mat. vol. 15 


(1887), and vol. 16 (1888). This theorem has been employed by Kantor and by Wiman in their enumeration of 
finite groups of Cremcna transformations. f 
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If two plane curves of order n have a single multiple point of order i $ n — 8, 
they can have no (1, 1) transformation into each other except by collineation. 

Such curves have a linear series gi, and when i =n — 3, they are particular 
cases of Bertini’s trigonal curveg.* 

Moreover, this result can also be derived from Zeuthen's formula 

| e— d = 2d (p —1)— 2e(p! — 1). 

Here e = 3, d = 1, d —0, p! = 0, hence c= 2p + 4 = 4n — 6 for the number 
of curves cutting g} which touch the given curve; but this is exactly the number 
of tangents toc, from P, 4. In every case the three points of each group of gj 
are collinear, and the lines are always concurrent if p — 2m — 5. If p >4, 
evidently c, cannot have two gi, no matter what its configuration of double points 
may be, for if 4$ + u$! — 0, 4p +à} — 0 be two’ systems of adjoints of order 
n — 4, between u, à would exist a.(3, 3) relation, but such, a correspondence has 


a maximum genus 4. No curve of order greater than 4 can have general moduli 


and possess a gi. 


6. Aoc, having two nodes has a system of œ" e, with the nodes for common 
basis points for adjoint curves. Among these curves are œt which factor into 
a line through each node and one other line. The pencils through the nodes 
must either remain vena or simply interchange, hence the third line must go 
into a line. 

A binodal sextic curve cannot be transformed into another binodal sextic ? except 
by collineation. 

By means of §§ 1, 2 we can conclude in general: When between the points F 


- two binodal curves (p > The (1, 1) correspondence exists, the curves are projectively 


equivalent. 

Now suppose c, has a zfold point, x in = 4, and a double point, but no 
other singularities. The gi, through P, and the g, through P, must both 
remain invariant, and the residual $, ; having a (x —2)-fold point must go into 
a similar curve. From the last preceding case it is only possible by collineations 
when n = 6. By $2, this is also true for n = 7 and n —8. From three con- 
secutive sets we may build up any case, hence: When a c, has a x-fold point 
(x € n — 4) and a double point it can be transformed into another c, only by 
collineations. 


* Bertini, ‘‘La geometria delle serie lineari sopra una curva piana secondo il feoda algebrico,” Ann, di 
Mat. vol. 22 (1894), pp. 1-40. The result of this $ could be obtained from g) p. 31. 
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7. Two fundamental questions arise from the preceding theorems: a) What 
is the largest number of double points a curve may have and not have a group of 
birational transformations except collineations? 6) What is the lowest order of 
a curve to which a nonsingular curve may be transformed by birational but not 
by linear transformations? We shall answer :hese two questions in the order 
in which they are given. 


8. On any curve the straight lines of the plane cut out a series g}. When- 
ever it is possible to define another g}, whose groups are not on lines, the curve 
can be transformed into another curve of the same order. 


If ò be the largest number of double points such a curve can have, à is less 
than the minimum for a space curve of the orde- n, since the latter has gj, formed 
by the o»? planes of space. By projecting upon a plane, only those groups will 
be collinear points whose planes pass through the center of projection. Hence 
every such curve will have proper g2. First then 


seii Dicat] 


. For such values of p, no g? exist, hence g? are complete series. We are only 
concerned with n > 6, hence g? is a special series, and can therefore always be 
cut from c, by a proper or composite $, 3. If one such G, be given, and a $, 4. 
be passed through it, the residual points of intersection of $, 5, c, form the basis 
points of o»? such $, 5; the variable intersections then constitute the g? to which 
the given G, belongs (Riemann-Roch theorem). It was shown by Kantor* that 
if these œ? @, , are all composite, they must consist of one fixed curve and a 
variable curve of order c, the latter constituting an irreducible net. 


Let d double points of c, bé among the basis points of the net. Ofthe ng 
intersections of Cn, Cs, n are to be variable and d lie in the double points. The 
number of fixed basis points of the net is therefore n (x — 1) — d. It has been 
shown by Kipper} that the maximum number of fixed basis points of o»? c, is 
z?—— (m— 1), hence 

d Z(x-—1)(n—c)—1 


~ 


. *§. Kantor, “Neue Theorie der eindeutigen periodischen Transfo:mationen in der Ebene," Acta Math. 
vol, 19 (1895), pp. 115-193. 
+C. Küpper, in the Prager Abhandlungen, series 7, vol. 8 (1889). 


K 
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The c, which ee gi, ON C, must pass through at ae (x — 1)(n —2z) — 1 
double points onc, l € ! 


9. It is therefore necessary to take for æ the value which will make 
d a minimum, provided such ‘a curve is possible. A few illustrations will 
be given. | ' | 

If n = 6,06 —3. Evidently any trinodal c, can be transformed into a c, by 
quadric inversion, using the nodes for fundamental points. No such conic is 
possible, however, if the three nodes are collinear, or coincident ($5). 

Ifn-'7,0-—'. Evidently $,.., are here the œ? c; through the seven nodes. 
If the double points are coincident, ò < 7. c; with 2 P} or P+ 2 P, can be 
transformed into similar c; by quadratic inversion. If à P, be present, no g? 
exists unless a double also exists, 1. e. à — 7. | 


If n7» 7, a>" 


double points of c, among its fixed basis points. When n= 8, x = 4, and 0— 11. 
These points can be assumed at will, but the resulting curve is a particular one 
of order 8 and genus 10. 





3^ , Since c, must contain at least (xz — 1) (n — a) — 1 


If n = 10, x may be 7,6,5. The corresponding values of à are 17, 19, 19, 
but à — 17 leads toa contradiction. Through 17 P, and a Gio we can pass a cg, but. 
when z —6, 0 — 19. If e, has P, + P;(ò= 16) or P,--2 P,(8 — 12) the 
transformation is possible, but not for P;, à = 21 (85). To construct a cy having 
19 double points and a gi,, pass two cg through any four fixed points on c. 
These c; will intersect in 21 further points which are basis points of a net of cz. 
Let 19 of these be chosen as double points on ey; through them and five points 
on the same c, pass two cs. We now have two pencils eg + Ac; — 0, C, + we; — 0. 
Let A, u be so chosen that the cz, c, passing through a given point will be corre- 
sponding. If the point be chosen on c, the correspondence will be (1, 1) because 
cy has 4 points on c, fixed, and e, has 5. The remaining locus will be c having 
19 P,. The net of cg or the net of cj will each cut from it a g%. 


10. Since #2 an —3, and 6 is small for ieee values of a, it easily follows 
that the largest number of distinct double points which a curve of order n may have 
without being birationally transformable into another curve of the same order is two 
less than the minimum number of double points which a space curve of the same order 
can have. (n > 7). 
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11. For large values of n, only very particular curves c,, can be so trans- 
formed. To obtain a more precise limit, express the condition that a Gy cannot 
lie on ¢,_1- 


(&— 1) (n —2) — 1 +274 (e — 1) (e + 2) 


2 (n — 
3 


Hence z < 1) from which we can say: 


^ A c, containing a g not lying on the œ° lines of the plane cannot have less than 
(æ — 1) (n — x) —1 double points, x being the largest integer less than 2 ned 1) 


Thus for n — 11, 0 — 24. It is an interesting exercise to construct a Cy - 
The double points cannot be assumed at will; they are among the 31 intersections 
of two sextics having 5 points on a straight line in common. A «c with 2 P, 
(6 = 20) can be transformed into a similar cy by inversion. 

12. We now consider question (b). A general curve of genus p has 3p — 3 
moduli which are undisturbed by birational transformation, but the most general 


Ed 


On iss not more than — 8 or p + 3 (n — 3) such moduli, Any non- 


singular c,, can by ih inversion be transformed into a c,, 5, having three 
(n — 2)-fold points and no other singularities, and conversely. | 

. Given two curves, Cs, cy, «zy. . Their xy intersections are such that every 
C,,y-s through all but one. eof them will contain that one also (Cayley). Itisa 


=m i P . The number 





minimum group on the curve. If z 4- y — m 4-3, then a 





of points in the group varles from. m+ 2 to (m + J if m is odd, or to\— ^ (m t 2) 


NS if m is even. Our odium may now be stated thus: to find the smallest 


value of x for which p exists on ¢,, x >n. 1t has been partially treated by 
Küpper + and his definitions will be here reproduced. | 
G is called normal as to Cm if any ¢,, through Q —1 of the points does not 
have to pass through the other also, otherwise f7,is abnormal as to cm. 
If G', is determined by Q— g conditions, q is called the excess of G' as to Cp. 


* Tt was shown by Küpper, Prager Berichte (1892), that if c, contains a G, of gi it imposes exactly g + I 
conditions. This inequality is then proved, but a large number oz errors have made the application there made 
of it of small value. 

*C. Küpper, “Zur Theorie der algebraischen Curven," Monatshefte fiir Math. und d Physik, vol. 6 (1895), 
pp. 127-156. 


SNYDER: On Birational Transformations of Curves of High Genus. 17 


By the Riemann-Roch theorem, g is the number of degrees of freedom in the 
series of curves having the residual of Gg for basis points. If G', is abnormal 
as to c,, but every Go contained in it is normal, G, is called primitive. The 
following theorem can now be easily proved: Jf it be impossible to pass c; through 
$, then the excess of the group as to Cm t8 $ (t+ 1) (? + 2).* l 

An abormal G, containing the smallest number of points is called a minimum 
group as to cm.: We can now prove the theorem: 

Gwen a primitive G,, and x + y =m +3, £Y; Gy, is a minimum group 
for Cm unless it lies on c, (i < w). | 

We first prove the following lemma: If n is the lowest order a curve can 


have which contains Gg, and n DAI say n = EI , then Q > (= + T 





First, 2n m+ 3 +ò or n —- = m — (n — 2 — ò). P 
> (n— 1—64)(x—8) 
ge 


' On putting n — 2 — 8 =i, the excess of Ge as to c, ÍS 2 


If now ¢,_, through Gg is impossible 


ass 2) 4 @—1—D—8) _ Q<0, 








so that g>nn— +204 ise 
" M Qz(et3y-7 e$ 040, 
hence 0I + 3] unless à = 0. 





It follows therefore that 2 > e E 3 could not be the lowest order of a curve 





through the group, nor z «zz ^ + 2 for such a minimum group would consist 


of z (m + 3 — z) or more than zy points, Since i < a was supposed impossible, 
c, ig the curve of lowest order through the group. If Q< xy and G, primitive, 
c(t «C x) can be passed through it. If Q< 2 (m + 1), G', lies on a straight line; 
if Q< 3m, G, lies on a straight line or a conic. 


* Küpper, 2. c. 
à 
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13. Consider e. We have seen that no 7 lies. upon it except that defined 
by straight lines. If a gj be possible, it must be a special series, hence each Gs 
lies on $,. Passa c through a G,. The residual is a G,, through which o? 
conics should be possible, but this is only possible when all four points are 
collinear. The o? lines would then have to cut ej; in 6 points, but this'is im- . 
possible if ej; is irreducible. A non-singular quintic curve cannot be transformed 
into a sextic by any birational transformation. Since 7=9n—8, the o»? c, through 
three arbitrary points on e; will define a g}. In exactly the same way it can be 
shown that a c, of p = 10 cannot be transformed into a c, nor cz. | 


| 14 A g% is special if g > Q — p J- 1. Hence if g —2, and p = 4 (n — 1) 
(n — 2), the group G7 will be special for every value of x < n — 8, when 
Q-——&n-— B, « n. We need consider only x — 2 and Q8, in which case 
Gene 18 always defined by $, 3. But these adjoint „s are composite, and the 
variable curve is of order x or x —1, hence all the 9, , can be cut from c, by c, 
and hence ( — 3. In general a non-singular c, cannot be birationally transformed 
into a curve of order lower than 2 — 3. Tt can always be transformed into a Cans 
by means of quadric inversion, which is birational for the entire plane. 

This method will also apply to singular curves with special moduli, but for 
complicated P, the number of particular cases becomes very large. 


CORNELL UNIVERSITY, December, 1906. 
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Surfaces with the same Spherical Representation of their 


Tines of Curvature as Spherical Surfaces. 


| By LUTHER PFAHLER EISENHART. - ve 


INTRODUCTION. 


In several memoirs* we have studied the surfaces with the same spherical 
representation of their lines of curvature as pseudospherical surfaces. It is now 
our purpose to consider the surfaces with the same representation as spherical. 
surfaces with a view to deriving significant theorems similar to those for 
A-surfaces,* and also theorems which of necessity have no e in the 
theory of the latter surfaces. 

After finding in $1 reduced forms of the equations of Gauss and Códazzi 


to be satisfied by the fundamental quantities of the surface, we derive the ex- 


pressions of the latter for the surfaces parallel to a given spherical surface and 
note that two of them are surfaces of constant mean curvature — as found by 
Bonnet.T We say that all the surfaces with the same spherical representation 
form a group; evidently the spherical surface of unit curvature of the group 
determines the group, and in this sense it may be said to be associated with each 
member of it. Bonnet has shown f that, given one of the above surfaces, there 
is a unique surface of the same kind applicable to it with correspondence of the 
lines of curvature, and that these are the only surfaces possessing this property; 
on this account we call them surfaces of Bonnet. It is shown that the two 





d Binare with the same spherical representation of their lines of curvature as pseudospherical surfaces, 
Amer. Journ., vol. 27, pp. 118-172 (1905); we have called them A- surfaces and hereafter this memoir is referred 
to thus: 4. p. 113. 

Surfaces analogous to Burfacos of Bianchi, Annali, vol. 12, pp. 118-143 (1905). 

f Note sur une propriété de maximum relative à la sphere, Nouv. Annal. de Matb., vol. 12, p. 433 (1858) , 
also, Bianchi, Lezioni, II, p. 487. 

j[ Mémoire sur la théorie des surfaces applicables sur une surface donnée, Journ. de l'Ecole Polytech., : 
Cahier 42, p. 44 et seq. 
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spherical surfaces associated with a pair of applicable surfaces of Bonnet are the 
Hazzidakis transforms* of one another. 


. Bianchi has established + an imaginary transformation of spherical surfaces 
which is similar to the Backlund transformations of pseudospherical surfaces, 
In $2 we have given a generalization of this transformation making it applicable 
to any surface of Bonnet in somewhat the same manner that we did for A-surfaces. 
As in the case of the latter a theorem of permutability can be established so that 
the knowledge of the general transformation of a surface of Bonnet enables one 
to find, by algebraic processes, all the transformations of the transforms of the 
original surface. This is done in $3. 


By means of the theorems of permutabilitv we find in $4 two imaginary 
transformations which, when applied successively, transform a given real surface 
of Bonnet into a new real surface. In particular, we consider the case where the 
latter belongs to.the same group as the original surface. | | 

In $5 we apply the generalized Backlund transformation to two applicable 
surfaces of Bonnet and show that the functions determining the transformations 
can be chosen so that after each surface has been subjected to two transformations 
the resulting surfaces of Bonnet are applicable. | 


With the aid of the functions giving the generalized Backlund trans- 
formations we can define a general transformation from a given surface of 
Bonnet to an imaginary one of the same group, as in the case of A-surfaces. f 
When such a transformation is known, we can tind without quadrature another 
which together with the former transforms the original surface into a real surface 
of Bonnet of the same group. These results are obtained in $6.. In $7 several . 
particular solutions are found giving surfaces whose coordinates are expressed 
in forms similar to those which define the surfaces of Bianchi and the surfaces 
. analogous to them, which we have considered elsewhere. § 


In §8 we show that, when one has a surface of Bonnet, S, and knows a 
Backlund transformation of it into another surface of Bonnet, then he can find 
by algebraic processes the unique surface of Bonnet applicable to S with corre- 
spondence of the lines of curvature. 


* Bianchi, Lezioni, II, p. 437. 

t Bianchi, Lezioni, II, p. 452. 

f Surfaces analogous to Surfaces of Bianchi, 1. c. p. 116. 
§ Ibid., pp. 118 et seq. 
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$1. Transformation of Hazzidalns. Theorem of Bonnet. 


When a spherical surface >. of total curvature + 1 is referred to its lines of 
curvature, the parameters can be so chosen that the linear elements of the surface 
and its spherical representation can be given the respective forms* 


ds? = sinh? o dw? + cosh? o dv’, (1) 

ds" =: cosh? o du? + sinh? o dv’, | (2). 
where o is a solution of | | 

Oo , Qo A P 

du T gga + nho cos w — 0. (3) 


Denote by S any surface with its lines of curvature represented upon the | 


. sphere by the same lines as X, and write its linear element thus 


ds? = Edw + Gdi. — | (4) 
The second fundamental quantities have the forms + | 
D — A/ E cosh Q, D! — 0, "— Sites Diae (5) 


The Codazzi and Gauss fundamental equations] for S are satisfied, if # and G 
are such that ' | 


1 OWG Oo ~ 1 OVE, a (6) 
VE du ^ dw VG dv ^ de 
Surfaces satisfying these conditions will be called surfaces of Bonnet. When a 


system of lines on the sphere leads to a linear element of the form (2), the 
determination of all the surfaces of. Bonnet with. this representation of their 


.lines of curvature requires the integration of an equation of Laplace. $ We shall 


say that these surfaces form a group, which evidently is signalized by the 
spherical surface X of the group. It is evident that all of the parallels of a 
gurface of Bonnet are surfaces of the same kind. | 

On the assumiption that # and G are functions of o alone the equations (6) 
reduce to forms from which it can be shown that the most general expressions 
for # and G, on the given hypothesis, are such that | | 


VE =c snhe--ecosho, . 4/ G — e sinh o ta cosh o. (7) 


* Bianchi, II, p. 436. + Ibid., I, p. 150. f Ibid., I, p. 122. ` 8 cf. A, p. 118. 


EN" 
OUI | 


22 KisENHART: Surfaces with the same Spherical ' Representation 


In particular, when c, =.0, S is X, or homothetic to it, and when c, = 0, S is 
a sphere concentric with the nu sphere. When 


lal = [a] =R, 


J 
we have 


B = G = Rete, | . (8) 


where the upper or lower sign obtains according as c and c, have the same or 
opposite signs. In like manner the radii of curvature have the expressions 





p anm 9 
mos cosh a’ Pe — “sinh a’ (9) 
so that the mean curvature of the surfaces is Ep Moreover, it can be shown 


that, for every surface with constant mean curvature, the parameters of the . 
lines of.curvature can be chosen so that the fundamental quantities of the first 
order are of the form (8) and the principal radii are given by (9), or in inverse 
order; here o is any solution of equation (3). 

Bonnet showed that surfaces of constant mean curvature are parallel to 
certain spherical surfaces. But it can be proved readily that all the surfaces of 
Bonnet with the spherical representation (2) and whose fundamental quantities 
of the first orfler are of the form (7), with c, and c, arbitrary, are parallel to the 
spherical surface X associated with them, or are homothetic of the surfaces 
parallel to it.* : 

From the theory of applicability of surfaces we know that there is a double 
family of lines of the unit sphere for which the parameters can be chosen so that 
the linear element tàkes the form (1). If the linear element of surfaces with 
this representation of their lines of curvature 2e written in the form 


dej = Edw + G, dv’, 
we may take for the fundamental quantities o? the second order 
D, = V E, sinh o, Djzc0, D = V G, con 
and the Gauss and Codazzi equations reduce to (3) and 


1 WG, Qo 1 WE: (10) 








e eee n UL A 


* of. A, p. 124. 


w 
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In the first place we remark that the latter equations are satisfied by 
E, = cosh’ a, G, = sink? o 


The corresponding surface is seen to be spherical; call it X,. Bianchi has 
called it the Hazzidakis transform of >.* | 

_ Again, on comparing (6) ane f 0) it is seen that a solution of equations (10) 
is given by 
| B= E ; d, seu. 
Hence the theorem: | | 

Every surface in the group of surfaces of Bonnet associated with a spherical 

surface 2; is applicable to one of the surfaces of Bonnet associated with the Hazadakis 


transform of >. 


Tt is evident that the lines of curvature correspond on each pair of these 
applicable surfaces. Bonnet has shown that these are the only pairs of 
applicable surfaces with this property. 

As in the case of the A-surfaces,t it can be shown that: 

The spherical surfaces and their PONONGA are Hie only surfaces of Bonnet 
which are Weingarten surfaces. 


$ 2. Generalized Bäcklund Transformations of. Surfaces of" Bonnet. 


Consider a point M on a surface of Bonnet and in the tangent plane at this 
point draw a line through M, denoting by 0 the angle which it makes with the . 
positive direction of the tangent to the curve v — const. through M. It is our 
purpose to consider the envelope of the plane which meets the tangent plane, 
under constant angle o, in the line as above drawn. 


Denote by M, the point of contact of the above plane with its ba IBS: 
From M, drop a perpendicular to the line of intersection of the two planes, and 


denote its length by u. Further, let A denote the distance of the foot of this 


perpendicular from M. 


We refer the surface to the moving jean axes formed by the tangents 
to the lines of curvature at M and the normal to the surface at this point. 


The coordinates of M, with respect to these axes are 


‘2 eos 0 — u cose sin 6, À sin 6 + u cos c cos 0, ü sin c. (11) 


* Lezioni, II, p. 439. +A, p. 125. 
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The projections upon these axes of a small displacement of M, are found to be* 


d (A a ma cos c sin 0) + ^/ E du + u sinc cosh.o du 
+ (A sin 0 + u cos c cos 6) (S8 au — odo v), 


d (A sin0 + u cose co) + Tilo — (conn cos in) 


= du — e do) + u sino sinh o do, 


sin a du — cosh o (A cos 6 — u cos o sin 9) du — sinh o (A sin 6 
+ x cos ø cos 0) dv. 


(12) 


The calculations which follow are more readily made, if we replace the 
preceding expressions by the projections of a cisplacement of M, on the line of 
intersection of the planes (call it MP), the line MQ perpendicular to tlie latter, 
lying in the tangent plane, and the normal to the surface. From (12) it follows 
that these projections are | 


da — u cosa dd + / E cos du + VG sin ds + (28 o du — do) u cosa 
+ u sinc (cos 0 cosh o du + sin 0 sinh o dv), | | 
ia Rela aml VEsin6du + VG cos0do— (28 du — P dv) 2 [ 03) 


— u sinc (sin 0 cosh o du — cos0 sinh o dv), 
sin o du — cosh o (A cos 6— cos o sin 0) du —sinh o (A sin 0 + u cos c cos 0). 


The direction-cosines of the given plane with respect to the lines MP, MQ, 
MN axe evidently 
0, — sin c, 2080. —— . (14) 
Since this plane is to be tangent of the locus of the point M, the above functions 
must satisfy the following conditions: 


A sinc oe) = v E sin @ sing — Acoso cosh @ Besse da cosh a, 
. (80 , 9o (15) 
À sin o (S> af az = — / F cos sino — coso sinh o sin 0— p cos 0 sinh o. 


~ We shall consider first the case where the surface 8 is spherical, and inquire 


* Darboux, Lecons, II, p. 385. 
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whether equations can be satisfied when 4 and u are constant, the latter being 
zero. In consequence of (1), equations (15) reduce for this case to 


2% sinc 2 NR 2) = sinc sin Ü sinha — A cos c cos 0 cosh o, 
Qu dv 
Q0 , dw m , l (16) 
À sin Ó 2v + 2) e — SIN 6 COS 0 cosh Q — A cos o sin 0 sinh Q. ] 


Differentiate the first with respect to v and the second with respect to u, and 
subtract; since o is a solution of equation (3) the resulting equation is 
7 = — sin ’o. 

There is no loss of generality in replacing this by 

. »à =t sin c. à 
If this.value be substituted in (16) and the resulting equations be differentiated 
with respect to u and v respectively, we have upon adding the equation 

dw di? 

If we introduce a new function o, defined by * 


6— Tio, | (17) 


— sin 4 cos 6. 


it is found that o, is a solution of equation (3), and equations (16) take the form 


sin c t-. + ia = — sinh o cosh a, + cos e cosh o sinh o, 

" ` . 18 
s -00 co OON ; ; (18) 
sin c (S + 5") = cosh o sinh o, — cos o sinh o cosh a, . 


Now the expressions (13) reduce to 
| — 7 sinh o sinh o, du + cosh o cosh o; dv, | 
— cos g (cosh o sinh o; du + i sinh o cosh o; dv), ` (137) 
— sin c (cosh o sinh o, du + $ sinh o cosh o; dv), 
from which it follows that the linear element of the locus of J, is 
ds? = sinh?’ o, dw? + cosh’ o, dv’. | (19) 
In order to prove that the parametric lines: on this surface, X,, are the lines 
of curvature, we make use of a.method followed by Darboux f under similar 
conditions in a study of the Backlund transformations of pseudospherical surfaces. 


* cf. Bianchi, Lezioni, II, p. 454, + Leçons, IIT, p. 486, 
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From (14) and (17) it follows that the direction-cosines of the normal to 2 
at M, with respect to the original moving axes are ! : 


sin o cosh a, ising sinha; ^ coso, (20) 


and consequently the coordinates of a point P on this normal at a constant 
distance a from M, are | 


sinc (sinha, + a cosh oj), ising (cost o, + a sinh oj), a cos c. 


Since o, is a solution of equations (18), the projections upon the original axes of 
a displacement of the point P are reducible to 


— (sinh o sinh o, — cos ø cosh o cosh o) (sinh o, + a cosh o4) du 

— 4 (cosh o sinh o, — cos o sinh o cosh a,) (cosh oj +a sinh oj) do. 
— 4 (sinh o cosh o, — cos ¢ cosh o sinh oj) (sinh o, + a cosh oj) du 

+- (cosh o cosh o, — cos o sinh o, sinh o) (cosh a, + a sinh a,) do, 
— cosh o sin ø (sinh o; + a cosh aj) du 

— i sinh o sin o (cosh o, + a sinh o) dv. 


From these expressions it is readily found that the linear element of the locus 
of P is | | ! 
ds? = (sinh à; + a cosh a)’ dw? + (cosh o, + a sinh oj? de. 


As defined this surface is parallel to the locus cf M,. Since the parametric lines 
form an orthgonal system on both surfaces they are the lines of curvature for 
these surfaces. 

Since o, is a solution of sanetua (3), the surface. X, with the linear element 
(19) is a spherical surface, whose spherical representation is given by 


ds}? = cosh? o, du? + sinh’ o, dy’. | (21) 


As in the case of the Backlund transformations of pseudospherical surfaces, 
equations (18) can be transformed to the Riccati type, so that for a given value 
of o the general integral contains an arbitrary : uius It is evident that these 

transforms, doubly-infinite in number, are imaginary.” 
We pass now to- the consideration of the case where the gürfaes S is any 


—— 


* er, Bianchi, Lezioni, II, p. 454, 
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surface of Bonnet, and discuss the case when o, is any solution of equations (18). 
Equations (15) reduce to | 


4 


iV E sino = à sinh o — ty cosh o, (22) 
iv G sino = à cosh o — i u sinh o, 


from which we get 


à = i sin o (—^ E sinho + V G. — 


u= sino (—« E cosho + VG sinh o), (23) 


If these values for A and u be substituted in (18), it is found that the projections 
of a displacement of M, are ] 


— i sinh o ^/ E, du + cosh av G dv, 


— cosa (cosh o V E, du + i sinh o  G, dv), | (24) 
— sin c (cosh o V7 E, du + i sinh o JG, dv), | 


where we have put 





T NNI = _ tA sinha, + u coso cosh o, 


V E, = sinc : 
gin 6 ? 


(25) ` 





VT; = isin (27 8 — JES MM SMS, 


iom (24) we find that the linear element of the transform is 
ds? == E, du? + G, dv’. 


The tangent plane to this surface at a point M, is evidently parallel to the 
tangent plane to the surface =,, which is the spherical transform, by means of 


the same c and o, of the surface X associated with the original 8; corresponding 


points on >, and S, being the transforms of the points on X and Á with the same 
spherical representation. Hence the spherical representation of S, is given by 
(21), from which it follows that the parametric lines on Ñ are its lines of curva- 
ture and consequently jS, is a surface of Bonnet. Therefore, each solution of 
equations (18) gives a transformation of the surfaces of Bonnet with the spherical 
representation (2) into a group with the representation (21). 

From (23) it is seen that for a given o the points M,, on all the transforms > 
of a surface of Bonnet, corresponding to a point. M on the latter lie on an 
imaginary circle whose axis is the normal to S at M. | 
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— $3. Theorem of Permutability. 


It is now our purpose to show that there exists for surfaces of Bonnet a 
theorem of permutability similar to the one which we established for A-surfaces.* 
Thus, it wil be shown that if a given surfaca S be transformed by means of 
(o, c1) and (g, o5) into the surfaces 4, and S, respectively, there can be found 
without quadratures.a function o4 such that S, and S, are transformed into the 
same surface jS; by means of (a3, 02) and (0$, 61) respectively. 

Denote by 24, u the lengths determining the point M, on S, corresponding 


to M on S, and by 24,5, #13 the similar functions giving the transformation 
from M, to M,. From (23) it is seen that these functions are of the form 


A, = i sin c; (—V E sinh o + V G cosh o), 
u = sino, (— V E cosh o + VG sinh o), 
Ais = 4 sin o, (— V E, sinh o, + V G cosh oy), 
3 = sin o, (— VF, cosh w + ^/ Gi sinh o). 


(21). 


Denote by 6, the angle formed with the tangent to the line v — const. 
through M, by the line of intersection of the tangent planes to S; and 8. -The 
. projections, on the trihedron formed by the normal to 5$, and the tangents to the » 
lines of curvature at M, of the line M, M; are | 

uis SID 65, | 443 COS 0, — 43 COS 05 Sin Og, — A45 Sin Os + Uig COS 6, Cos O. 

It is evident that this trihedron is parallel to the similar trihedron for the trans- 

form X, of the spherical surface X. ^ Hence it follows from (13) and (14) that 

the direction-cosines of the angles which the axes of the above trihedron make 
with the lines M P, MQ, M N for S are 


— 4 sinha, — cos c, cosh o, — sin c, cosh o, 
cosho, | — 4 cos 6, Sinh o, — 4 gin o, sinh o, 
0, — SIN 0j, COS Oj. 


Herice, if 6; be replaced by z + ws, the coordinates of M, with respect to the 


. axes MP, MQ, MN'are — 

24 + 213 cosh (o3 — o) — $ u 3 cos o; sinh (oy — a), 
u COS 0, + coso [è 24 sinh (94 — 0) + uis cos oz cosh (o; — @)] — tag sin c, sin 65, 
u Sin oy + sino, [4 245 sinh (o5 — ao) + uis COs 0, cosh (o5 — @)] + ua COS o sin Og. 


* A, p. 154. 
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From these it is readily found that the coordinates z3; y3, z of M, with 
respect to the axes at M formed by the tangents to the lines of curvature and 
the normal are | 


vz = —1 2, sinh o; — u coso, cosh 9,— ($245 sinh a, is C080; coso, cosh o) © 


cosh (ws — o) — (i Aja cos o, cosh o, + Ug COS 6, sinh oj) sinh (og — o) 
+ uig Sin 0, SIN Oz cosh o, | 
js = A, cosh a; — t u cos 0, sinh o, + (443 cosh o; — $ uig COS 01 cos 0; sinh a) (28) 
cosh (o3 — o) + (443 cos o sinh o — i uis cos o; cosh o) sinh (05 — o) 
+ è ug sin o sin oz sinh o, 


| ag = [4 sin 01 j- sin 0; [4 Aig sinh (Qs = Q) -+ 13 COS 05 cosh (ws = @) | 


+ 48 COB 01 sin 05. 


According to the statement of our problem, it must be shown that S, is 
transformed by means of the same o; and c,, instead of cp, into the surface 4; 
defined by (28).. For the moment we denote the new transform by Sj and its 
coordinates by x4, y4, zj. It is clear that the expressions for the latter are given ' 


by (28), if the subscripts 1 and 2 are interchanged and the ia D 13 is 


replaced by 23. 


In order that the two surfaces coincide we must Hue 


— 4 sinh a, (#3 — x3) + cosh o (ys — yi) = 0, 
ec sinh Oy (x3 — Ta) + cosh o; (ys — Y3) = 0, 
7 mme Qs 


By substitution the latter become 


. [22s cosh (a, — o) — $ Ms s COS 9, cos c, sinh (o; — o1) — 243] cosh (og — o) 


+ i [us cos c; — Has €08 0 cosh (os —4€,) —4 A53 cos o; sinh (9; —«)] 
sinh (og — @) = 24 — As cosh (O — 0) + $us cos 8 O% sinh (94 — c) 
— 4 ugs Sin c, sin c, sinh (o, — a), 

[Ais cosh (as — 93) + $ 5 co8 0, coso, sinh (o; — @,) — 255] cosh (a3 — o) 
+ i [z3 COS 0, — Uig CO8 0z Cosh (05— 01) Hi 243 cos c, sinh (as— c) ] 
sinh (o3 — o) = 24 —24 cosh (o4 — o4) — $ u cos c, sinh (a — o) 
+ 4,5 Sin c sin 05 sinh (05 — o), 

(U3 SIN 0, COS Cg — Hag SIN 05 COS 0) cosh (og — o) + £ (443 SID Oy — A53 sin og). 
sinh (93 — @) = sin c5 (us — Uig COS 64) — sin c, (uj — uzg cos Oz). J 


(29) 
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We consider first the case where S is a spherical surface; now 
Ay = Ags == t SIN O), Ay = Ay3 = i SIN Gy, HU, = (2 = us = a = 0, 
and the above equations reduce to 
[sin c; cosh (à — ay) — sin o,] cosh (o5 — o) + sin c cos c; sinh (@,—@,) sinh (9g — o) 
= gin c, — sin c; cosh (a, — o), | 
bius cosh (@.—@,)— sin o,| cosh (o4— a) — sin o, coso sinh (o; —@;) sinh (og—a) 
= sin M sin c, cosh (o, — o). 


Solving these equations for cosh (o — e) and sinh (a; — ah we get 


dades cs e ULP OSEE cE EDU at) ONCE a 
8 ~~ gin c sino, cosh (o, — o;) + cos o; cosa, — 1 ’ 


(30) 
sin c sin a, cosh (os — o) + cos e, cos o — 1 
Since these expressions satisfy the general relation cosh?a — sinh?g, = 1, they 


may be replaced by 
gj ) . 
tanh (PS =e — E TA tanh (2 a). (31) - 


a 


in (ate + oj 





| It remains for us to show that ihe function Q4 thus given satisfies the con- 
ditions of the problem. The functions o, and o, must satisfy equations (18) in 
which o has the respective values c; and o,. In like manner o; must satisfy 


; 


; Jo i- ; se, 
sin c, (52 $4.4 5-1) = — sinh o cosh a; + cos a, cosh o, sinh oz, 
| 39 
Im 2. * f . » ( ) 
sin Oz Lyn cosh o, sinh a; — cos o, sinh o, cosh o; 
and 
E (cer) — 2. 
sin 2: — sinh o, cosh o, + cos c, cosh o, sinh o, 
33 
a E (33) 


sin c dor) — = cosh o, sinh a; — cos c, aan O, cosh Qs. 


"Qv 


It is readily found —- when @ and c, are any solutions whatever of 
equations (18), the function a; given directly by (31) satisfies (32) and (33).* 


* ef. Bianchi, Lezioni, II, p. 458. 
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E TEN if the valies of sinh (93— o) and cosh (og—o), given by (30), 
are substituted in (29) together with the expressions (27) for A and y, it is found 
that these conditions are satisfied. Hence we have this theorem: 

When two particular transfor mations of a surface of Bonnet are A 


a transformation of the resulting surfaces can be effected ay algebraic processes 


and in each case it gives the same surface. 

Consequently, as in the case of A-surfaces, when one knows the general 
transformation of a surface of Bonnet, its transforms can be transformed by 
algebraic processes. | 

84. Real Transformations. : 


. From the preceding discussion it is clear that all the transforms of S, such 
as S, and S,, are imaginary; and, in general, the transforms of the latter are 
imaginary. We seek now surfaces of the latter class which are real. 

Denoting by an, 0, the conjugate-imaginaries of a, 6}, we put 


Og = $7t— 1, 0, = N — Oj. . (84) 


It is found that o, is a solution of equations (18) with c given by (34), provided 


. that @, is a solution of these equations with o; in i place of c. 


If we put for brevity | | 
a= — v E sinh o + VG cosh a, b —— — AVE cosh o + ^/ G sinh o, 








c — —- gin 6, Sin C, PS a/ ae). d —'sinc; sino, = 8 VES), (88). 
the expressions (27) may be written thus __ | 
Ay = $ Sin e, a, us = sino, b, 
A13 = t (c sinh o4 + ? d cosh a) + ? sin oza, | (36) 


Us = c cosh o, + 2 d sinh o, + cos o, sino, b. 


i 


Since sino, and sin o, are conjugate-imaginaries and the other functions in e) 


pertain to jS, the functions a, b, c, d are real. 
When the above values are substituted in the expression (28) for a, 3 ai we 
make, use of (30), we get 
ume 5 | — € (cos c, + cos c) (sin c, cos c, sinh o, + sin o, cos 6, sinh o) 
+ 6 eos o, cos o (cos o, + cos o1) (sin e, cosh o, + sin o, cosh o) 


|" € [(cos v, + cos c} cosh o; cosh a, — sin o, sin 9 (37) 


— (cos c, cos o, + 1) cosh (o, + @,) 
+ «d [(coso,+coso;,) (cose, sinh a, cosh @, — cosa, sinh o; cosha,)] }, 


Li 
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where D denotes the denominator in (30). Since the above expression for æ, is 
real.and similar results follow for y; and z, it is evident that S, is a real surface. 
For the values (34) equation (31) becomes | 





La SEFË) us 

tanh (3s 2 2) DOEA coth (S7) (38) 
COS (EA) 

2 


from which it is seen that a; is real. 
Returning to the general case, we remark that when c, =6;; we get from (31) 


(Q3 -o= (2m + 1)?m. (39) | 


Moreover, if this value of o4 be substituted in (32) and (33), they reduce to (18). 
‘Now the linear element of the spherical representation of $5, namely 


ds,” = cosh? o, du? + sinh? oz dv? 


reduces to (2). Hence 8, belongs to the same group as $; it is the envelope of 
the plane containing the points M,, M,, &c., which are the transforms of M by 
means of the general solution o, of equations (18) in which o = c. We will 
consider, in particular, the case where S; is real. 

Referring to (38), we see that if o4, given by (39), be a solution for any . 
function @,, c, + c, is an odd multiple of æ. Without loss of generality 
we may take 


9, 4-0 — 7. 
Now o, and c, are of the form 
| T. 2 nwo o. 
0, = = wt O = ——7 
hence | 
sin 0, = sin o, = cosh v, COS 0, = cos o, == — t Binh v. (40) 


For these values the expressions (28) for the projections upon the original 
trihedron of the length M M, reduce to 


c, d,  bsio, |—— (4): 


in consequence of (36). 
With respect to axes fixed in space the direction- -cosines of thé tangents to 
the lines of curvature of >, and consequently of S, will be denoted by X, Yi, Zi; 


X, Y, Z. Hence if we denote by (x, y, z) and (a, y',.') the coordinates, 


ái 
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with respect to these axes, of corresponding points on S and 8s, we have from 
(35), (40) and (41), 


[(aVE — 0a QA G -500 
f — — h* dio dE ou ME 
j x -— COS "(x ^/ G =.) Xi — ET: 37 + VES) Xx, ;| (43) 
+ (V E cosh o — VG sinh o) X 
and similar expressions for y'and z'. It is readily shown that these define a 


parallel to S, when the latter is:a a spherical surface or one of its parallels, and 
only in this case. 


§5. Bäcklund Transformations of Applicable Surfaces of Bonnet. 


We pass now to the consideration of the transformations of the surfaces of 
Bonnet whose spherical representation is given by (1). The associated spherical 
surface, Z/, is the Hazzidakis transform of X, and its linear element is given by (2). 

For this case the equations analogous to (16) are | 


. 790 
2! sin c a -%) = — gin o! sin 0! cosh o — A! cos c' sinh o cos 0, 
: og ; : i 
A’ sin of (= d- Ja = — sin d cos 0' sinh o — 2/ cos o! cosh o sin Ó'. 


The conditions of integrability of these equations reduce to 


A! = i sin o! 
and 
20/ 2 (0! 
i ot ar sin O cos = 0. ] 
If we put 


Em +J 
6! — T 4- i Ol, 
this becomes 


a 4 a + sinh oj cosh oj = 0, 


. and the above lI are reducible to 


x 


gin o' +i = 4 sinh ol cosh.o — 4? cos o! cosh a} sinh o, 


| (43) . 
sin o! " "n + A = — 4 cosh oj sinh œ + 4 cos o' sinh oj cosh o., 
When these equations are compared with (18), it is seen that if a! be. given by ` 


sin o! = 4 tan c, cos o! = seco, _ (44) 
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the function a, is a solution of equations (43). The linear element of the trans- 
. form of X; by means of a, and o' is 


dsi? = cosh* o du? + sinh’ a, de? 
and the linear element of its spherical representation is | 
ds{* = sinh?o, du? + cosh? a, dv’. (45) 


From these expressions it is seen that the new surface >; is the Hazzidakis trans- 
form of 3,.* : i 

We have seen that the surfaces of Bonnet associated with and those 
associated with its Hazzidakis transform can be arranged in pairs of applicable | 
surfaces. We shall consider the effect of the preceding transformations on such 
a pair, S and S. 

Let the linear element of S’ be (4) and of its wiena EA (1). 
From (15) and (43) it is seen that, if we denote by 2/ and uw! the functions for S 
analogous to 2, and u for S, they are given by l 


a = tanc (— E cosh o +  G& sinh o), T 
ul = i tano (WE sinh o — VG cosh o); (46) 


in these expressions, as first found, sino’ has been replaced by tanc. It is 
readily found that the linear element of the transform S{ is 


; dsi? = Ej du? + G1 de’, 
where 





PEG (244 -va 89) X cosho, , ; af Sink os 


tan o sing ’ 


(47) 





JG =i tan E QA G WT 2 = | 4 sinh a, E cosh o 


Qo tan c sing !. 


and the spherical representation is — by (45). 
A comparison of (23) and (46) shows that 
A = seco. u, u = — seco. À. 


If these values be substituted in (47) and the result be compared with (25), 
it is found that 


~ E; = seca v E, A/ Gi = seco VG. (48) 


* ef. Bianchi, Lezioni, II, p. 469. 
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From this it is seen that a homothetic transformation applied to S{ will give 
a surface of Bonnet applicable to S,. Hence, if S and S! are two applicable 
surfaces of Bonnet, and $; is the Backlund transform of S by means of o, and c, 
the Backlund transform of S’ by means of o, and o’, the latter given by (44), is 
homothetic to the surface applicable to I$; with preservation of lines of curvature. 
All of these surfaces are imaginary, but we shall find real ones in consequence 
of the theorem of permutability. | 

As before, we denote by 8; the real surface, which is the transform of S, 
by means of o; and o,, these functions being given by (38) and (34); and we 
write the linear element of S; in the form 


ds? = E, du? + G dv. 


The preceding results show us that S; can be transformed into a surface S3 by 
means of o, and o;, where c; is defined by 


sin oj, = 4 tan 05, COS 0; = SEC Og, ` (49) 


and $7 has the same spherical representation as &. If the linear element of 5; 


be written thus 
ds? = E; du? + G; dv’, 


the functions W Ez, V G3; V E;, / G; will have forms similar to (25) and (47). 
Since they are linear and homogeneous in V Ej, V Gi; VEJ, ^/ Gi, it follows 
from (48) that ' | 


e B, = sec c seco, / Es, | / Gi = seco seca, ^/ Gs. i (50) 
From (34) it follows that in order that Sj be real we must have 
| cj = n — o. | (51) | 
In consequence of (34) equations (49) may be written 
sin o; = — tî tang, | Coso} = — seca 
| and from (44) it follows that - 
sin o! == — 4 tan c, cos o! = sec c. 


Comparing these two sets of equations, we see that condition (51) is satisfied. 
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In consequence of (34) equations (50) become 
^/ Bi = — seco seca v E, V Gi = — seco seca Vv Gh. 


If we put 
o=a +t, 
we find that 
sec o seco = 1, 
if 


sin a — sinh’ 3, (52) 


and only in this case. Hence, given two applicable. surfaces of Bonnet; by two 
imaginary transformations of Bäcklund we can obtain a second pair of applicable 
surfaces of Bonnet. Since a or ĝ is arbitrary and there is an arbitrary constant 
in the solution a, of equations (18), there is a double infinity of these trans- 
formations. | | MEE 

86. General Determination of Surfaces of Bonnet. 


In the tangent plane to a surface of Bonnet, S, at a point M we draw a line 
through the point of contaet and indicate by 0 the angle which it makes with the 
tangent to the line of curvature v = const. Ata point P of this line we draw - 
in the tangent plane the segment PQ of the line perpendicular to PM. In the 
plane through PQ and normal to PM we draw a segment QR making an angle c 
with QP. For convenience we indicate by p, p, r the respective lengths MP, 
PQ, Qk. -If 0 is defined by (17) and (18) the projections, on the trihedron 
formed by the tangents to the lines of curvature and the normal to 5, of the 
segment ME are i 


— [t ptsinh o4 (p+r coso) -— oi], [ p cosh à,—4 (p +r cos o) sinh am rsinc.. (53) 
.From these it follows that the projections of a displacement of R are 
of the form * 
—d [i p sinh o; + (p +7 cos c) cosh o] + V E du + r sinc cosh o du 


+[p cosh oy — ti (p +7 cos c) sinh o] (> du — 25 d») : 
. d [p cosh o; — i (p 4- r cos o) sinh à] + V G dv + r sing sinh o dv 
+ [? p sinh o, + (p +7 cos o) cosa a] E du — S dv), 
sin c dr + cosh [tp sinh a, + (p + r cos c) cosh «;] du 
 — sinh o [ p cosh o, — (p + 7 cos c) sinh o] dv. 


(54) - 


— 


* Darboux, Lecons, vol. II, p. 385. 


vd 
Pa 
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From.these it is found that the necessary and sufficient condition that the 
locus of R be a surface of Bonnet with the same spherical representation of its 
lines of curvature as à is that p, p and 7 satisfy the following equations © 


sin o cosh o cP —i sin c sinh o ~~ P [ p sinh Q,—1 (p 
+ r cosa) cosh o,] sinh o cosh o, = 0, 
i sing sinh o P + sin c cosh a, cp T$ [p cosh o4—7( 
| + r coso) sinh o, ]cosh o sinh a, = 0, (55) 
sin c or d + [p sinh ON E (p + * cos c) cosh o] cosh o = 0, 
a c i [ p cosh a, — $ (p + r cos c) sinh o] sinh o = 


From (54) one finds that the coefficients of the linear element of the new surface 
are given by 


A/ E! = LE (i sinh o, 2 + cosh o, P) 4 (P9986 + 7) cosh o ` 


sinc 
n ip sinh o cosh? a, + (p +” 6 cos c) sinh a, cosh o, sinh o 
| sin c 
| (86) 
OF / A Op e n i ( 
SG = ST + (cosh o, 2 i sinh o, P) + MEC c JOE 

T. p sinh? o, cosh o — (p + r cosa) i sinh o, cosh o, cosh o, 

sin c 


, 


- As defined, S’ is imaginary, but we shall be able to effect a similar trans- 
formation on S and get a real surface 8”. TE 

We have seen that, if o; and o be replaced by in — à, and zt — g, equations 
(18) are satisfied. Moreover, it can be shown that, if equations (55) are 
satisfied by | 


06 Qj, p, p 7" | | (57) 


these equations are satisfied also by 


! 
7t — 0; $76 — 0, — Pp, — Py E? l (58) 


where the bar indicates the conjugate imaginary function. 
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The successive application of these transformations upon S " a surface S”, 
whose coordinates are of the form 


a! =a — [i (p sinh o, — p sinh uj) + (p cosh o, + p cosh a) © 
+ (r cos o cosa a, + 7 cos o cosh ,)| .X, 
+ [(p cosh a, + p cosh a) — 7 (p sinh a, — 6 sinh o) - + (59) 
— i (r coso sinh a, — -T cos o sinh w,)| X, 
+ (r sino +7 sing) X. 


Hence the surface 8” is real. 

Among all the surfaces of Bonnet with a given spherical representation 
the origin itself may be counted. In this case we associate with it the trihedron, 
with vertex at the origin, rotating in such a way that its axes are parallel to the 
corresponding axes of the trihedron associated with a surface of Bonnet having 
the given spherical representation. Hence, if we put x, y, z, equal to zero in 
| (59), these equations define all the real surfaces with a given spherical represen- 
tation, when p, p, 7, 0, o are given all the sets of values which satisfy (18) and 
.(58); now # and G in (56) are zero also. 


Since | 
er EX, MM Fx, a my, 


where the bar indicates the conjugate function, for the surface defined by (59) 
(with x = y = z = 0) we have 


VE AE NE, VG MG MN G. (60) 
We consider several particular cases. —— 
S 7. Particular Surfaces j^ Bonnet. 
T" o=; from ue) it follows that Eyes — 5 7 also. Now equations, (55) 


reduce to 


cosh o, zb — i sinh a; z — (p sinh a, — 4 p cosh œ) sinh o cosh.o; = 0, 


4 sinh m: + cosh a, p + (p cosh o, — ip sinh e cosh o sinha, = 0, | 
| (61) 
or .- + (i p sinh o, + p cosh o1) cosh o = 0, 
E 


Cantos (p cosh Qj — tp sinh 6) sinh o — 0; 


Qv 
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and by means of these equations the expressions (56) are reducible to 


1 
| cosh o, 2u 
-— i dp ^ 
VG= anh D ab =p cosh o ee sinh o; 


VE = — +ipsinho +7 conii Q, 





the accents have been removed. 
Since equations (18) become 


Qo Ca, 


= s * i> e 
cix = — sinh o cosh o, , t = -+ a; 77 Cosh o sinh o, 


three functions a, 8, y may be defined in the following way: 


da = sinh o sinh o, du + t cosh o cosh o do, 
| d) = — ie™ [sinh o cosh o, du + 7 sinh o, cosh o dv], 
dy = —te* [cosh o sinh o, du +- ¢ cosh o, sinh o dv]. 
If we put | | 
Pe, 
where c is a constant, the most general solution of equations (61) is 
p=e(Bct+h), r=ay(eB+h)—er, 

where A is an arbitrary constant and v is given by | 


Or 


AD (— ie™ y sinh o + cosh o) cosh o, 


E = (e^* y cosh o + ? sinh o) sinh a. 


| 89 


(62) 


(63) 


(84). 
(65) 


(66) 


(67) 


. We have neglected an additive constant for 7, since it only tends to replace the 


surface now defined by surfaces parallel to it. 


When c and A in (66) are real, all the surfaces of Bonn defined by (59), 
with x = 0 and p, q, r given by (65) and (66), are evidently homothetic to the 
surfaces which are the loci of the points dividing in constant ratios the joins of 


corresponding points on the two surfaces for which 


C=O; Asa. c=, 4-0. 


* cf, Surfaces Analogous to Surfaces of Bianchi, 1. c. p. 121. 
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When p is not constant, the first two of equations (55) may be written 


E 


Romi mag +p 4 
2] E (68) 


Ê ot p mies coth o, SP cd po. 


If p be eliminated from these equations by differentiating with respect to v and u 
respectively, it is found that p must satisfy the equation 
2 , 
La ao log cosh a, ox log sinh o, - = 0. 

But this equation is satisfied by the function expressing the distance from the 
origin to the plane tangent to any surface of Bonnet whose spherical represen- 
tation is given by (21). Hence if we know a solution o, of equations (63) and ` 
also a surface with the representation (21), we can find by quadratures a surface 
with the representation (2). 

It is easy to furnish an illustration of this remark. Corresponding to 
equations (63) for the representation (2), we have for the representation (21) 


2m +i T. = — sinh o, cosh og, = T oy = cosh o, sinh og. 


A particular solution of these equations is 
Og == Q + $ 7t. . 


Referring to (64), (65) and (66), we see that a surface with the téptossniutiol 


(21) is defined by Ó A 

2, = e™ (i sinh o xi — cosh c X) — BX’, | (69) 
and similar equations for. gi, z,; X /, X1, X' being the direction-cosines of the 
tangents to the parametric curves on the representation (21) and of the radius to 
the point on the latter with respect to the fixed «-axis. Now the distance of the 


tangent plane from the origin is — 8. If this be substituted in (68), we have 
for the functions p and p determining a surface with the representation (2), 


p=} {e™ — et (B? +k), p=—B, 


where & is an arbitrary constant, and ris given by quadratures from (55). This 
case follows from (66) by taking h = 1, e = 0 to determine (69); it is evident 


b 
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that other solutions can be found.by quadratures, when these constants are 
given other values, 

In a similar manner we can find a large number of surfaces of Bonnet by 
methods analogous to those which we have used in getting the surfaces analogous 
to surfaces DE Bianchi.” | 


- k 


§ 8. Désrnifealín of the Surface of Bonnet Applicable to a Given Surface of Bonnet. 


We have seen in $5 that if o’ is defined by (44) the function o, gives a 
Backlund transformation of a surface with the spherical representation (1). 
We will now use this fact to obtain a general method of determining surfaces 
with this representation similar to that established in §6. Instead of starting 
with a surface having this representation we take the origin and associate with 
it a trihedron whose axes are parallel to the axes of the trihedron associated 
with the sperical surface having this representation. 

If we denote by p’, p', 7’ the functions analogous to p, q, v, as demet in §6, 
the coordinates with respect to the fundamental trihedron of a point on a surface 
of the group can be written, in consequence of (44), 

—[p! cosh o; — i (¢ + 7’ seco) sinha], — [?p'sinho, + (p! + 7’ seco) cosh o], 
v7 ian c. | | 

Expressions for the projections upon the axes of a displacement upon the 
surface are similar in form to (54); from these it is found that the necessary and 


sufficient condition that the surface be a surface of Bonnet, with the given 


spherical representation of its lines of Suan, is that p’, q’, 7’ satisfy the 
conditions | ! 


(i sinh o op -+ cosh oi =) tano + ? sinh a, "di 
— [p cosh o, — i (p! + 7’ seco) sinh o] = 0, 
(i cosh oi op. +- sinh o 2) tan c — cosh a, sinh o 
[D sinh o, — i (o'.-+ r sec c) cosh oi} = 0, (70) 
tan c ia = + [i p! cosh o, + (p! +7 sec c) sinh œ] sinh o, 


! ` 
tan c A = — [ p' sinh e, — (p! + 7 seca) è cosh o] cosh o. 





* ]. c. pp. 125-134. 


42  EISENHART: Surfaces with the same Spherical Representation, Etc. 


The coefficients of the linear element of the surface are given by 


art Op, .. Op. : i 
^/ E, = — cosh oig t t sinh oar — (p! seco + 7") sinh o coto 


— sinh o, cosh o coto [ p' sinh o; — ad seco) 4 i cosh o], - (71) 


ae Ta 
A/ Gi = — i sinh o, e — cosh o, 56 — i (p ! seco +7’) cosh o coto 
+ cosh o sinh o coto [p! cosh o; — i (p! +.7' seco) sinh a]. 


Suppose now that we have given a surface, S, of Bonnet with the represen- 
tation (2) and a solution o, of equations (18). For S the functions p, p, 7 are 
. known. : From the equations | | 

V E, = VE, JG, =v G, 
when ‘substitution has been made from (56)* and (71), and the first two of 


i ! 
equations (70) we get 5 ud : P e, e in terms of ‘known quantities. The 


conditions of integrability of these one and the last two of. (70) are. 
reducible to three linear equations in p’, p', 7”. Thus we find by algebraic 
processes p’, g', 7’, determining the unique surface 8, applicable to a given 
surface S with correspondence of lines of curvature; it has been shown that 
there always is a surface S, of the kind sought. 4 

If c is such that condition (52) is satisfied, we can get at once another 
. pair of applicable real surfaces of Bonnet as shown in $5. 


PRINCETON, January, 1906. 


* Here / E is A/ E of (56) and EZ of the latter is zero. 


On the Factoring of Composite Hypercomplex Number 
Systems.” 


By HEMAN BURR LEONARD. 


INTRODUCTION. 


From the two number systems He, . Los e, and FE Áo Je, having the 
LO DUOOROR tables e, e, = = Arsen ei (v ES E, soe) and Ji, Fg = 2,922. Jj 


(f= 1, ., T), can be formed by aeo F a number system of nr units 
BD; SS, Me es having the multiplication table ¢,,6,; — (€n €.) (Jr fid 


= Vans inh Ew 1n regard to the converse problem Professor Scheffers 


suggested T in 1891 that there was. lacking | a serviceable criterion for deciding 
whether a given system is a compound of systems and also that general theorems 
concerning the divisors of zero and the characteristic equation were desirable 
The- consideration of these questions has led to the results which are now given 


"in what is to be regarded as a first communication. 


Let A= 2 ae; and A = 24 J; be numbers of the systems Æ and oup: 


ively. Then the number (C= Yaa a; & will be called the compound of the num- 


bers A and A. It is shown in 52 that tf t, ...., Un are the roots of the character- 


istic equation of A, and v,,..--,v, are the roots of the characteristic equation of A, 
then the roots of thé characteristic equation of C are u,v; (i = 1, .... n; f= 1, 
ere d). 


In §3 is given a method for determining the factor systems of a composite 
system through the use of the characteristic equation of the composite svstem. 





* This paper was read at the meeting of the American Mathematical Society, held at Yale University, 


` September, 1906. An abstract appears in the Bulletin, vol. 18, number 2 (November, 1906), p. 68. 


1Scheffers, Mathematische Annalen, vol. 39 (1891), p. 324. 

t Annalen, vol. 39 (1891), p. 325. “Es fehlt ein brauchbares Criterium dafür, dass ein vorgelegtes System 
als Product aufgefasst werden kann, und an allgemeinen Sätzen über die Theiler der Null und die charakteris- 
tische Gleichung eines solchen Systema." 
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The method is made clear by its application to the factoring of two composite 
systems. . 

A second method, which uses the matrix representation, Is givenin §4. Because 
of the difficulty of solving algebraic equations of higher degree than the fourth, 
this method appears to be the more serviceable one for decomposing composite 
algebras of the higher orders. | 
In $5 divisors of zero are considered. 


? 


$1.—TuE GROUP or THE COMFOUND SYSTEM. 


According to Poincaré * and Study + the groups of the algebras E and F are 
respectively | 
i Gn = Pyeng tats C=, e, f) | 
ME = | (1) 
Gp: Ti, = 20" > Pana Yin X hd (j= = n 3 r); ? 
À Js 


where the ws are variables, the y’s eei If X = m Yi Ci, Jj 
ti 


Y= ye €, fu, “= Y tnn e é;, Ja, are numbers of the compound algebra 


- taja taja : : 
EFze,f,($ 1, n; 4 71, ....,7), such taat Z = XY, then the group of 
the compound algebra is oo | 

Gar: fisi => Y iin ty Duas: Ui j Ci jp (= OE 1, dd j x I, noc r). 2 (2) 


tytads Je 


According to Radosf and Burnside,§ the p G,G, of the groups Gz, 


Gr is obtained as follows: In the function f= 2, C'an t ;, 2; substitute the values 


1a ja 
of x, and af, and equate the resulting form to y Can €, Xe By comparing coeffi- 


iji 


cients there results 
| uS Có, — Y Yi 1a ts Di, nh Ji. jc b 2i 


15 ioja Ja 


ihesdfore the compound of the groups Gy, Gp may be written 


GG: Cry = => Vix tn is Qiii Ying. © b" (3) 


Tala Ja a 


* Poincaré, Comptes Rendus, vol. 99 (1884), pp. 740-742. 

fStudy, Monstshefte für Math. und Physik, vol. 1 (1890), pp. 283-355. 

t Rados, Annaler, vol, 48 (1897), pp. 417-424. 

$ Burnside, Quarterly Journal of Mathematics, vol. 33 (1902), pp. 80-84. . 

| According to a suggestion derived from a paper by Franklin, this may be called ue induced group of 
G,and Gp. Americen Journal of Mathematics, vol. 16 (1894), p. 205. 


* 


E 
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It can be easily seen that the transverse or converse or > conjugate of the group 


Gy Gr, designated by Gyi eG, i is a subgroup of Gpr. 


§2.—Tue Roots or THe CHARACTERISTIC Davaro OF THE COMPOUND SYSTEM. 


- The characteristic equation of E is obtained by writing in the equations of 
the group Gy Xi = uit transposing, and since at least one y; does not vanish, 
equating the determinant of the coefficients to zero: ' 


Y Di Yi jl ~~ m» Sa Yi 21 sae (20 DA nl 
ay 

> du Yi 12 2 A Yig — 2E (X V Ys n2 — 0 
ü Eod 


Ya vi ys In , pa V Yi Qn Z Li Yi nn T 


From nde point of view the scalar u must satisfy the equation (4) in order 
that for the general number v of E there should exist a number y such that 
vy = byt 

Similarly, if one writes vy, for a in the equations of the group Gp and 
iransposes, the Eruan of the dekoen of the y’s 


[2,5 a Phi, jas — 9à,, 3 


| E S 
expresses the fact that there exists a y Æ 0, such that ay = vy. 
The characteristic equation of the compound system d l| obtained in the 


E, | (5) 


‘same manner from the group (gp is: 


*In the American Journal of Mathematics, vol. 12 (1890), p. 340, Taber attributes the term transverse to 
Cayley, the term converse to Charles Peirce, and the term conjugate to Hamilton. 

t Scheffers, Annalen, vol. 39 (1891), p. 303. 

LIf we let z'. ia T Hm, an equation similar to (4) is obtained, which expresses the fact that a number y 
exists such that yz — uy. In the present investigation, we follow Cartan (Annales dela Faculté des Sciences 
de Toulouse, vol. 12 MESURE p. B17) in restrieting our attention to the equation (4) ' 


1, forj, m ! 
$ Here and hereafter in thls paper. ó;, jy = - 1o ae 5 m 5 according to the Kronecker usage. 


| At first glance one might surmise that the characteristic equation of the compound system EP should be 
E Yii — udis ty 
hi S 
to, ig — 1, ., fh 


2 &j Py Jaja — KOzi 
A . "ue 











Jo: J= 1, oT 
which is in fact the characteristic equation of the reducible roe id E and F for its constituents, 
Annalen, vol. 39 (1891), p. 320. 
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The characteristic equation of the special number A —a,e, of E is obtained. 
from (4) by writing a, —z;,. Similarly the characteristic equation of A = & f, 
is obtained from (5) by writing à; = æ. Since the characteristic equation of a 
matrix is the same as that of its conjugate, the characteristic equation of the 
compound C of these numbers (Introduction) is obtained by writing a, a; = 2, 
in (6) We proceéd to show that if the roots of 


2. s, Yu — MS ink 
ty 








= 0 (4') 
| ty tye 1,5954 
are uj, +--+, un and those of 
Gs Deas — vå. BE 
2 J1 Qs J2Ja zd (5 ^ 
Js; Ja xm 1, dE EK 
are +,,..--,v,, then the nr roots of the characteristic equation of the compound 
number C 
Ya, bi, Yairi Pari — S8int ri 
ij ae ; i 
Jam lsat then t==1,....,7 =e | ©) 
Jja71,....,r; then a= 1,....,n 
are t vj (t= 1, ....,n5; j —1, ....,r). | 
If ti, ..-., u, are the roots of the equation (4^, there are n linear functions 


Li, ...., L,, which are transformed by any particular substitution S, of the 
group G, into u Li, ....,u, L,.. Likewise if »,,... .,v, are the roots of (5/), 
there exist r linear functions Z4, ...., L,, which are transformed by any partie 
ular substitution S, of the group Gp into v, Z,, ....,v,L,. Evidently the fanc- 
tions L; L; are transformed by the successive operation Sz, S, into uv; LL; 
. The same result is obtained by transforming L; L; by Se Sp. But 8,8, (Li L) 
= č; L, L* Therefore č; = u,v; and the theorem is proved. | 


§3.— FACTORING or Composite Systems BY CHARACTERISTIC Equation MxTHOD. 


I. The multiplication tables of the systems Æ and F being given, the mul- 
tiplication table of the compound system HF is determined by the consideration 
that its nr units are e,/;. If the characteristic equations of a number A of # and 


- * Franklin, American Journal of Mathematics, vol. 16 (1894), p. 205. 
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a number A of F are given, the characteristic equation of the compound E 
C can be determined. Let 


ur MT H p e oo H (— 1) Pa = 0 (4”) 
and 


y — qy"? + gr’? — AE + (—1)'q, =0 (5) 
be the characteristic equations of A and A and let | 
ur nr =e ae oa ce 2 mee fot m. (6”) 


be the characteristic eon of iie compound number C. The eer 8 
can be determined in terms of p and g. Since the roots of (6") are gv;, the 
coefficients s of (6") are calculated in terms of p and g by means of the symmetric 
functions of the roots of (4") and (5"). The converse problem is considered from 
two points of view. In $4 from a given compound system are derived the factor 
systems. In this section ($3) from the characteristic equation of a general 
number C of the compound system are calculated the characteristic equations oi 
corresponding general numbers A and A of the factor systems. 

That the problems of §4 and §3 are not strictly identical can -best be made 
clear by an illustration. , The characteristic equation of a general number of 
the system | 


h h h hh hk h ha k 
hl hy h h h h h hn hg 
h| h 0 h 0 M 0 hy O 
hl) h A ha h 0 0 0 0 
A,| Ay 0 A 0 0 0 0 Ọ 
h,| M he 0 0 0 0 0 0 
|. 0 0 0 0. 0 0 O0 
h,| hy fy 0 0 0 070 0 
hel. a 0 0 0 0 0 0 0 

is (xı — (= . By the methods explained later in this section, the char- 


acteristic — of general numbers of the factor systems are calculated 


to be u? — 





4 = 0and» — qr’ MEPE rdv hdi The first 


"P. 











° ' 
LEONARD: On the Factoring of Composite Hypercomplex Number Systems. 49 
. : ?, Jf 
one is evidently the characteristic equation of a general number óf the Cayley 
: . 4 
two-unit system.* On the other hand the system belonging to (v —# = 0 is 
not uniquely determined, since all of the following systems have the same ' 
equation : F 
LV I V,. 
; e €2 es Z € C2 €3 e, 
Gl & €» ez A ei & A 65 e; 
&y | & € G 0 €; | & 26 6, 0 
u | €g | fs €4 0 0 C3 | 6; —€64 €4 0 
é| € 0 0 0 € | 6€ 0 0 0. 
IV,. IW b* 
í 6j ez ez €, € e» Cs €, 
Qi 4 € €5 C4 j| a ĉo ^ 6 e, 
€, | & €, 0 0 €9 | €5 6, 0 
Cz C4 0 Ca 0 Cs Cs 0 0 
€, | € 0 0 0 €, | € 0 0 0 
f 
IV}. 
a Cy C3 C4 
|a & €g €, 
y 
€; | 65 0 6, 0 
€; | €,  —6, 0 0 
&t|.@& . o0 0 0 
However by the method of §4 the factor systems are found to be 
e & and A h h h. 
aA} % e | 0A| f fa Js Ss 
€; | € 0 hl fs Ii 0 0 
. fal Ss 0 0 0 
| fil ft 0 0 . 0. 
* o3, — 61, Cila zm 090, mz 04, — 69, — D. 
tScheffers, Annalen, vol. 39 (1891), p. 352. The characteristic equations there given are in the reduced 
form. ' 
7 
& 
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Nevertheless in some respects the method of this section is more powerful 
than that of §4. Thus the system 


A, fh, hy hy 





hs 
A, | A 0 ha — hs hy— hs 
hal XA Pees ‘Shi. tA 
bl We Wo Sheehy Shea. 


can not be resolved by the method of $4; but the characteristic equation of its 
general number is 4* — 4a, Ê + 2? (691 + 223 + 4x4 v, + 2c1) — 6G (423 + 4v, 23 
T 8x, ug 0, + 4n a) +H (ep 2993 + Aa agtt 2r og «- a + 4a x, + 62504 + Aa a 
+ aj) = 0 and by the method of this section the characteristic equations of gen- 


; . 9 E 
eral numbers of its factor systems are found to be u? — pı u + A = 0 and 
y? — qıy + £e -a + xi + 2x4) = 0. The factor systems* belong to the 
types E 


€. €; and f Jo 
a} 4 Co j A A 9p 


I: 


Co 0 f h —Rh. 


II. We start with the simplest composite systems, namely those of order 
four, whose factors must be two two-unit systems. Assume as the characteristic 
equation of a general number of the compound system ¢! — s č? + s, sč 
+s,=0. For the characteristic equations of general numbers of the two factor 
systems may bs assumed u^ — piu + P= 0 and »^ — qv -- 9,— 0. By forming 
the symmetric functions of the roots of these equations, the following relations 
are obtained: 


$1— Pi 11 

83 = Pi Qa — 2» Q» F Pe qi (7) 
88 — Pipes ds ' 

$, = pigi. 


aera 


* When these two systems are compounded and the following linear transformations are made on the 
units, Ay — gs + Jas A, = g,, Ng = ga, Ag = 9s, the given form of the composite system results. 
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An obvious condition on the s's is s? s= 83. The formation of the characteristic 
equation for a general number of the given system furnishes the values for the 
s’s. From the above relations p, can be determined in terms of p, and q, in 


terms of g,. Thus the nature of the roots of the characteristic eens of gen- 
eral numbers of the two factor systems is determined. 
For example, consider the system 


h h hk yg 
h,| hy h h h 


The characteristic equation of a general number of the system is 


w — 6, 0 , — T3; 0. 

( Wey ty— 6, — Ti, — T3 = 
tw , 0 , mč, 0 |? 
wey wy; vy , €1—6 


which, multiplied out, is 


G^ — Ç (4o) tC? (69i + 223) — € (4 +. 4295) + (xi + 203 x + 3) = 0. 
Substituting in the above relations (7) 
Pigs = 42 
Pida— 2p» qs + ps di = 69i + 205 


PiPeh Q = Any + 273) 
i dà — o + 2aa$ 4- 2$ = (oi + 23)’. 


Combining and solving, the following values for the coefficients are obtained: 


d @ p Pini + os) 
Pa "4 490 


qi (zi + x3) o 
dac 


4x? 
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Substituting the first set of these values, the characteristic eo of 


general numbers of the factor systems become yg? — p, u + IL i = 0 and 
» —qv + wee = 0.. The first has equal roots and indicates the Cayley 


system. The second has complex roots and indicates the ordinary complex 
system. | 
. The substitution of the second set of these values gives the same equations 
in reverse order. | 
III. The second lowest composite number is six and a compound system of 
six units must have for its factor systems a two-unit and a three-unit system. 
Assume as the characteristic equation of a general number of the composite - 
system 


C8 — $6 + 8,0 — 8307 + eC — a0 + 8, — 0 


and for general numbers of the two factor systems w? — p; u? + pu — p; = 0 and. 
v—qy+q=0. By forming the symmetric functions of the roots of these 
equations, the following relations are obtained : 


§ = AN 
8. = Pi qs — 29s qa + psi 
| | S3 = Pı Pe Q1 ds + Pa di — 39s d1 ds - -(8) 


8, = PÉ + pis di qs — 21 s É 
Ss = Ds Pa iQ 
8g — p% ds . 


The formation of the characteristic equation for a general number of the given 
system furnishes the values for the s’s. From the above relations p, and p; can 
be determined in terms of p,, and q, in terms of q,. This enables one to decide 
the nàture of the roots of the characteristic equations of general numbers of the 
two factor systems.” | 





* The above six equations contain five unknowns pi, Pn Pss Gn ğa the elimination of which gives certain 
syzygies among the s’s. When these relations are fulfilled, the number (whose characteristic equation is being 
considered) is acompound. The eliminations of the p's and g's are too lengthy to be taken up at present. 
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For example, consider the system 


h| h 0 by 0 fy 0 
hy | hg hy, 0 0 0 0 
hy | h^, 0 0 0 0 0 
h| he he 0 0 0 0 


A| lp 0 0 0 O0 e.O0. 
The characteristic equation of a general number of this system is 
če — 62, č’ + 1522 Gt — 2023 75 + 15217 — 6217 + af — 0. 
Substituting in the above relations (8) | 
Digi = 62 
Pi Qa — 92 ps qs T Po qi = 1524 
PrP2 Ia + Ps Gi — 3ps Qi ds = 20v 
Pah t+ PMPs ds — 2pi pa qs = 15x; 
Pa Ps d: G = bay 
BU LIE 
Combining and solving, from the first, second, fifth, and sixth of these relations 
the following values for the coefficients-are obtained : 


pi =— 4p}, 3p$, or 3pj. 
With the first of these values are associated 





P =— 4 pi 
Ps = — tr Pi 
62 
a Dy 
l6xi] _ 4g? 
q» — p» — ay 
1 
With the second of these values are associated 
| m P = ipi 
|^ Pa = ar pi 
I 624 
qı = 2i 
927 


— ig. 


= >= 
| Pi 
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In calculating these values the third relation and. the fourth relation were not 
used and we find that the third relation is not satisfied by the first set of values. 
The other set of values satisfies all six relations. The characteristic equations 
of general numbers of the factor systems are therefore | 


2 L eae l RAE, 1 
f y* — qor 4 z qi =), P—2, 2 Q1; 
and 


p) —pu-c-ipu—spi-0 u-—i$áp. bp, bpr 


. The first has equal roots and indicates the Cayley two-unit system. The second 
has three equal roots and indieates one of the two types of systems * 


IIL. | III. 
and ey £5 es 
a7, ê & €3 
e| & o0 0 
‘es | € 0 0. 





Trial shows that the second system is the desired three-unit factor system. 


IV. The treatment of composite systems of higher orders has been made: 
along similar Enes, but it is not considered advisable to take space at this time 
to give the details. 


$4,.— FACTORING or Composite Systems BY MATRIX METHOD. 


I. “The relative form" of an associative algebra, developed by Charles S. 
Peirce,} is really a representation of the algebra in matrix form.] Given the 
multiplieation table of an algebra in the form 


6 = y111€1 + 7112 € + Y11s 63 Tod». Cn 
Ey Cp — Yig € F 122 Ce + Y128 €s doe F Yign En 
(9) 


e = Ynni € F Vane € + Ynn €5 + Pone A Yann €n 


* Scheffers, Annalen, vol. 39 (1891), p. 353. 
) + Peirce, American Journal of Mathematics, vol. 4 (1882), p. £21. Proceedings of the American Academy 
of Arts and Sciences, May 11, 1875, whole series vol. 10, p. 392. “Also Benjamin Peirce, same vol., p. 397. 
tShaw, Transactions of the American Mathematical Society, 701. 4 (1903), p. 252. 
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the matrix representation (the ideal units J: A, J: A, etc., excluded) is in double 
suffix notation * 


7 


417 Yugu t Yyusa-tYyusact cb Yyns fm ` 
+ 012314: + 122 9: + Yis8 9:9 +) + Yum Ine 


+ Yini Jin + Y ine Jon + Ying Jan + ce are + Y 1nn Inn 
g: = Y2119u "T Ys12 Ja + Ysism bees + Vein Ini 


+ Yea1 ii + Ye22 Joo + Yo23 Gee deo + Yosa Ine | (10) 
E AFER. E uentus | 


+ Yoni Jin "M Don + Yang Yan + ne T Yonn Gan 
yiri Ju T Yiz ga + Yis ga F ect yYusgu 


+ Yizi J F Yizz Jz F Yizs Gon 25 0 F Vian fng 
"b oadcexce i4 kw RA em a AC We C de? Ge uen 


"p Yini Jin T Ying Jon ap Ying Yen a i RUE Ud + YianJnae 


/ 


Taber proves that matrices of composite order can be factored.| From 
this a suggestion comes for factoring a composite algebra. Put the composite 
algebra into matrix form, factor the matrices, and ERREUR the factors back 

' into number systems. 

On account of the difficulty of describing this method in words, it is placed 
before the reader in the solution of four examples. These illustrations are . 
sufficient to make evident the scheme, which is perfectly general. 


II. The first MIL to be considered i is the one whose multiplication telle is 


h h As h, 
A, hi he As | hy 


* Study, Encyklopaedie der Math. Wissen., vol. 1, p. 170. 
+ Taber, American Journal of Mathematics, vol. 12 (1890), p. 391. 
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If this is a composite system, its factors must be two two-unit systems. Assume 


for them 
€ €2 and f Í 


êi | ên Zr ^. fa cf 
€; | in, go | Tol Ja Je 


Symbolically the compound system is 
6 f " €, fi € f» €» f 
e nfi uo egsa = (m tof/e= 93 nie = Gu 
€, ati = Ja aJa = Jon aJe = (m ea Fig au (11) 
fo) On/un- 9m  fmÍ/u-7 9m Cuter (e 12 Son = Ja RES 
Os | Cntr = au anor = ge Cra Son = s Cop Jon — Yas: 








Substituting in the above formulas (10), the following expressions result 


g= ( gut 0 dz + .9 ga tO ga 
0 get+( get 0 gat 0 ge 
Ist 0 Get (A) gs+ 0 ga 
0 gut 0 gut 0 ga + (1) Mu 
= ^ gut Jot Gat Ju, 


+++ 
c 


J: = 0 gut ( 1) Ja + 0 gat 9 ga 
d 0 get  O got 0 Got 0 de 

+ 0 gis +b O gost O Gog + (1) ds 

+ O gut 0 gut O Gat 9 ga 

= Ja + 943) 

gs = O gauto 9 ga T (1)gn + 0 ga 
T 0 gm d- 0 gat 0 ga + (1)9e 
+(—1)gs + O0 Gxt 0 ga + 0 ga 

+ 0 gu +(—1)gu + 9 gat 9 gu 

| Ja + Jz— Js — Ja, 

gi = 0 gaut 0 gat O gat (1)gä 


d 0 92+ O ga + 0 got 0 ge 
+ 0 gg+(—1) ga+ 0 gat 0 ga 
+ 0 gut 0 git 9 gat O gu 


= 944 Joz» 


cr. 
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Substituting the symbolic products from (11) and factoring each expression : 


gi = enu efa + eu Sea + 6n fi = (e1 + 22) (Ar + See) 


92 = €n fu + en Soe = en (n + Jo) 
93 = en ni + Ja — en Se — Cop Sig = (en + ee) (Ja — fi) 
gi = ea Ja — ea fii mec is a (Ja — Siz) 


‘The units of one system are represented by e + e; and ej. The units of 
the other system are represented by fa + fe and fu — fg. The law for the com- 


94 


bination of such expressions 1s g,, Jas = Iri Osq- Multiplying out according to this 


law, we get for the first factor system 


fn F ex Cor 
4» | OF e Té. 
C21 Cy t O 0. 
In ordinary notation this system is 
€ 


For the second factor system, we obtain 


Kitts duca 


fa Ju 0 0 — Jiz | 
fal 0+2 tJa—o 
Ja Ju +o 0 — foo 


Jie —0— fa —fut 0. 


In ordinary notation this system is 


ff 
Al A A 
hl A — 


So the given system is the compound of the Any two-unit system and the 


ordinary complex system. 
8 


4 
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IIT. Let us take up next the system whose multiplication table is 


hy 
hy | fy 
hl he 
hg | hy 
hy | hy 
h; | he 
hs | he 


hg hg 
hy hs. 
0. Ah, 
hg 0 
0 0 
he 0 
0 0 


h cR 
hj hs 
0 he 
0 0 
0 .0 
0 0 
0 0 


ooococooc 


If this is a composite system, it may be either the product of a two-unit system 


by a three-unit system or the product of a three-unit system by a two-unit 
system Assume for them | 


eh 
ey 
ei fs 


€, f; | 


€, f» 
€» J3 


and 


€ €» and f Ie Js 
€ enu Cig A Ja Jz Jis 
€5 Co Cop Jz Ja p 23 
| Ji Ja Jæ Jz 
Symbolically the compound system has two pcssible forms 
& f 6 f 6 f; er, Cn fy €, J3 

énfu-9u Ense =e Cufs=98 Enso = Ju Cefs=9Js rd p= 915: 
eula = n eue =J enua (m Cusa au ende = Jz eJ = Jas 
ifa = 9n Eusa = (m euda = a3. a1 == m 2 S52 = Ja Cefas = J38 
CnJu=9n afe = Je ens = 95 Codu = Ju Gha = Qui  €mJia = Quo 
€or Joi = s aJa Quo aJa = Qus xa Fei == Quis C Jz = os €22 J23 = Qus 
Cada = Jer  €u/m = (m Cadas = Jo CSa = Joa 


e 


en f, 
ate 
6 fa 
€ fs 
e f3 









Coo J32 = Jos 





Con fas — (es 





(12) 


(13) 


ah € i ats € fs 6. fs €, fs 
enti = fu | baJu = jw euf: 7s ease — ju ufa ™= gwe C» = Jis 
enau = 9a o €mJuc (m eae 77 (e Cafi (a afis (m Cn fis = MET, 
QnJor= 9a Creer = m Endz — (ss Cefa = (m^ endas = s Ca = Jas 
ent = Gu Cntr =e Cantos a os foo = fa eaa = Qa C2 fos = gus 
eaa = juo Ceda = Jez en Jag — gs rds = Jou € Jas = 955 Jas = Ys 
Cte == (u Cda = (e aJa = Ges wJ = Ju ends = as z2 faz — Joe- 





* The systems resulting from the two orders of combination are essentially the same. The uncertainty is 


one of subscripts inthe identification with the symbolic products and may be encountered in factoring any 
composite system having factors of unequal orders, 
necessary is always finite, 


However the number of trials that may be found 


t 
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‘The multiplication table of the given DE. determines the y/s. The sub- 
stitution of their values in (10) gives 


m = u + aa + Qs + Ju + Jes + Ges 


= Jar + Iss F gs 
m = ga + ge 
=a  — 
95 = Qu + de 
js = Ja 


Upon substitution of the symbolic products (12) one obtains 


91 = eu Ja + ensa + C1 Fos + eat + eze + ‘ale 33 
= (en + 6s) (Ju +See. t Sas) 

I = = lenfa + Cais + egsa 

93 = en Ja + en fi 


Ot = Cn fu 
95 = ea fa + ens = ks (Ja + fan) 
go = ex Sa1- 


The units g, and g; do not factor and therefore the second order of combination 
(13) must be tried : * 


gi = enu + ea Ju + € Joz T T" + euda + €: S38 
== (en + €z) (Au + fi + fs) 

Jn = ea Jn + €nJm + Ens = € (Sr + Je + fi) 

93 = € fa + Coe Son = (4n + 6) Arn 


n= Cn Jor = ez (fu) 
= = ena + Cees, = (Ct e) fa 
gs = en J 31 Q00 0X Coy (m). 


This time factors appear and the units of one system are represented by ej + e; 
and ey. Multiplying out according to the law given above, we obtain for the 
first factor system 


S€g F Cag Co} 
C11 a . en + 0 | 0 
Cag +O +e: tez 
Cay l ey + 0 2 0. 
In ordinary notation this system is 
l € Co 
alea k 


Ca Co Q * 
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The units of the second factor system are represented by fn + faa + Ja, fay and 
- Ja. These determine the system 


fitted. fe fa 


Ju m Jut+0.+ 0 0 0 
+ So | t0+ fet ¢ +h +0. 


+s +tO+O+ fg, +0. +A 
Ja Ja $0 +06 0 0 
Sa Ja +0 +0 0 0. 


In ordinary notation this system is 


A ^ A 
IA bh R 
J Í 0 0 
Is | f 0 0. 


IV. The factoring of a composite system of eight units into ‘a two-unit 
system and a four-unit system * presents no new difficulties and the details of 
the method may be readily developed from the two preceding examples. By 
this scheme the octonian system is easily shown to be the compound of the ordi- : 
nary complex system and the quaternion system. 

V. This method at times furnishes curious results. To exhibit this, let us 
apply the method to the system T | 

| h, hy -A hy ` 





Writing out (10) and substituting from (11) 


gi = gu dn + Gos + Ju = enti + eeu + efa + Ezz fa 
= = (en T Eng) (An + Jo) | 
Jz = Ja + Gus = ea Fn T inf = — êa (fa + 2) 
93 = Ja — Je = eyfa — eefa = (211 — 2) Sox 
=a = Cor Jo = ea ( fa). 


* Of course the four-unit system itself may be factorable. 
{Study, Encyklopaedie der Math. Wissen., vol. 1, p. 167 system VIII. 
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of writing, for inst. S/u,is = ws.us/pu; + ug.us[u;. The basis of the pencil 
consists of P,....P, and two points on AB. For, indeed, S/,, contains both 
S, and $5. l 

The relation between S, and A is evidently this: A line through A inter- 
sects S, in two points completing with P,....P, the base of a pencil of cubics. 
In particular, the point that with A and P,....P, completes that configuration, 
is the intersection of $, and the tangent to S, at A. The other 4 tangents from 
A to S4, having their point of contact somewhere else, touch S, in points whose | 
corresponding point coincides with themselves. "Through these points P a cubic 
is possible having P as doublepoint and containing P,....P,. The curve of the 
P is of 6th order and contains P,....P, as doublepoints. It can therefore 
intersect a cubic through P,....P, only in 4 points besides P,....P;. Hence 
the P points on S, have been completely identified. 

Sp, is the curve of S containing P, as doublepoint. Indeed, it is according 
. to the fundamental relation | É 


Sp, . QE = Sq. P,E — Sp. PQ 


and both Sg and Sg contain P. 
. Let any line / be given. Let to one of its points Q the other Q’ be joined 
that combined with it and P,.... P, completes the base of a pencil of cubics. 
The oo straight lines Q Q' thus generated will generally belong to a curve of 
class 3. Indeed if E is an arbitrary point not on /, two points corresponding to 
each other as Q and Q' will be collinear with R if S, contains Q and Q’. 
Hence the points Q on / whose lines Q Q' pass through E are the three inter- 
sections of / and Sg. If Z contains one of the P,, this reasoning shows that the 
curve corresponding to / is of class 2. And if | contains two of the P,, the 
curve will be a point, namely the point T, belonging to the cubic Sp degenerating 
into! and the conic through the other 5 points P. This whole reasoning is 
susceptible of extension to curves of any order, having in the P, singularities 
of any kind. s 
In the geometry of cubics through P,....P, all relations of ordinary plane 
geometry have their equivalent. This comes from the fact, that the cubics 
S4, Sp, So... -are connected by the same equations as the points A, B, C.... 
themselves. For inst, let A, B, C, D be 4.collinear points such that A and B 
are harmonically divided by C and D. Then constants a and 9 will exist, 


Ron Q.D =a A? 4- 8 B*. 


Lasker: A New Method in Geometry. (67. 


by 8 and we shall introduce parameters Ma, May Us 80 that any form of Ü appears . 
in the shape 
Uy . {ly F Us - Me + Us - Ug 


where uw, w,, u; are three forms of S that are linearly independent. Finally, 
let it be agreed upon that the u; shall be treated as variables of a u plane. 

Let then a, b, c be three u points, 44, us, u5 as well as S being u lines. 
Sa, the composition of S with a, is then a definite cubic form in the plane of 


the variables ?;, the a plane. For inst, S/u,/u. is ug. Ifa, b,c are not on one 


line, Sa, Sb, Sc will be linearly independent and a relation will exist 
Sa. gı + Sb. gy + Se.gs= 0 


where g;, go, gs are lines of the x plane, g, the line containing the two residual 
points of the intersection of Sb and Sc and where g,, gs are similarly determined. 

If we transform the Sa, Sb, Sc linearly, then a corresponding identity will 
exist, where the gi, gz, ga will experience the corresponding cogredient trans- 
formation. Hence the g,, gs, Js may be interpreted as coordinates of a u point g. 

Let g=g9;.¢+9,.6+9,.c¢c, then Sa.gbe+ S6.9gca-- $e.gab —0 
in virtue of the above identity. 

This may alsc be written Sg = 0, i. e. the E ine S composed with the 
u point g gives zero as result, no matter what the values of the a, may be; and 
thus it is put into evidence, that the relation 


| Sa.gbe+ Sb.gea+ Se.gab —0 


will hold good no matter what u points a, b, c may be chosen. 

gab evidently intersects Sa, in virtue of the fundamental relation, besides 
in the two residual points of its intersection with Sd, also in a point on gca. 
Thus there is à certain æ point A on Sa, in which gab intersects that curve 
no matter how 6 may be chosen. A is coresidual to the two other points of 
intersection of gab with Sa, and, these lying on S5, residual to P,. .. P}. 

a being given, A is determired, because Sa is uniquely determined: gab is 
the line joining the two points A, B corresponding to a and b. In the deter- 
mination of the u space there is so much freedom, that we might identify simply 
a with A, gab with AB. Thus the original identity reads 


Sa. BC -- Sp. CA + Sy. AB — 0 


S] 4p 18 a u point, and a pencil of cubics in the æ plane. In the above manner 
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Multiplication is indicated by.a dot. A.B denotes, for inst., the product of 
the points, or linear forms, A and B. i 

The notation just described is perhaps a trifle simpler and more expressive 
than the ordinary notation of the invariant calculus, but i is, on the whole, very 
little different from it. 

The author has in the examples chosen made use of an auxiliary Space, 
which he has called the % space. Inasmuch as frequently sets of equations 
of the type 

| Ay Uy, F 05.99 +H .--- —0 
bj. + 0.9 +... 0 


are discussed, he has written them in one line 
(à. ai + Ag. Oy FL...) Uy (Ay dg H- Ag. Og + e). B eese =0 


and afterwards treated the expressions 2, a, + .... as linear forms, i. e. points, 
of the above mentioned à space. This way of proceeding, though not necessary, 
seems useful for the purpose of simplifying the calculations that would otherwise 
be beyond control. It allows, for inst., the advantage of the use of well-known 
identical relations of the invariant calculus, and it is the distinctive character of 
the method studied in the paper that the coefficients of these identities are not 
mere numbers, but forms in the original space, called the x space. 

The curve whose equation is f= 0 is, in what follows, frequently without 
further comment denoted with f. This notation seemed almost necessary in a 
paper where identical relations, such as i 


Uz. Vy Uy. Vs + e... — 0 


had to be discussed. In any case this way of denoting curves and geometrical 
formations of any kind has its advantages. It permits to identify an irreducible 
formation directly with the corresponding prime modulus. 

The author’s paper twice referred to in what follows, ‘‘Zur Theorie der 
Moduln und Ideale," appeared in the Mathematische Annalen, 1904. 


4 


As a first example let a case be considered where one definite syzygetic 
relation exists between three plane forms. ‘Che three forms may be three cubics 
that have 7 points P,, P, .... Py in common, of which we suppose that no 6 of 
them are on one conic. The system of cubics through :P,.... P, will be denoted 
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By E. LASKER. 


INTRODUCTION. 


The following lines are based cn the theory of moduli, the youngest branch 
of mathematical science. A, method of research in intimate connection with that 
'theory-and applicable to algebraical, nay, even analytical formations of any kind, 
will here be discussed and illustrated. The examples chosen to explain the: 
method, and to show its usefulness, are of a simple nature, and do not require 
the reader to be acquainted with more of the theory of moduli than is contained 
in the *Fundamentaltheorem" of Noether. 

The method which is the subject of this paper consists in the treatment of 
formations or configurations of suca by means of the syzygetic relations that 
connect the basic forms of the modulus or moduli corresponding to the configu- : 
rations. The linear system of such relations of a given order is studied by 
treating this linear system as an auxiliary space. 

The author has used the notation of his “Essay on the geometrical calculus,” 
published in the Proceedings of the London Mathematical Society, 1895 and 1896. 
This notation may be briefly explained for the plane. If A, B, C are linear 
forms or points, then ABC denotes their determinant, A B the line joining 
A and B, and AB = — BA. If a,b,c are linear forms subject to contra- 
gredient transformations or lines, a/b/e denotes their determinant and ajb the 
point of intersection of a and b. Any relation between points, such as, say 


| A? + 3B? — 30? + 9 D? | 
if true, expresses no more nor less than that, if the points-symbols used are 


simultaneously composed with an arbitrary line (i = EF; Al=AEHF) the 
relation is true (so that in the above instance 


(41)? + 2(Bl)? = 3 (01)? + 9 (DLP) 
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then the number z is called a left-hand divisor of zero. Similarly if 
Sy Yt d is 
$,, 45 = 1, ese yn 


then the number y is called a. right-hand divisor of zero. The substitution of 
je = 0 in (4) gives a form which is evidently (15) and consequently A, is the 
absolute term in that type of characteristic equation. Similarly A, is the abso- 
lute term in the other type of characteristic equation suggested in a previous foot 
note (82). 

If the absolute term of the characteristic equation of the general number of 
a system vanishes, then every number of that system is a left-hand divisor of 
zero. Itis known that in every system except the real, the ordinary complex 
and the quaternion, special numbers ean be found for which the characteristic 
equation has no absolute term and such numbers are divisors of zero. 

From the theory of equations it is plain that” ,A, is the product of the n 
roots, u;, of the characteristic equation of a number of the system # and that 
pA, is the product of the r roots, v;, of the characteristic equation of a number 
of the system F, Then the absolute term of the characteristic equation of their 
compound number is the product of the nr roots, u; »;, and in this product each 
root u; occurs.r times and each root v; occurs n times. Therefore 


zr, = (2A) . (pz). (17) 


fini (17) it is evident that if either of the factor numbers is a didi: of 
Zero, then the compound number must be a divisor of zero. 

If the absolute term of the characteristic equation of a genere composite 
number of a composite system vanishes, then every composite number of this 
system is a left-hand divisor of zero and in the factor systems every number of 
one (or perhaps of both) is a left-hand divisor of zero. 

If the general composite number is not a divisor of zero, it may still be that 
there are special composite numbers which are divisors of zero (that is, while . 
zrA, does not vanish identically, it may vanish for special values of the 2’s). In 
this case, it follows as above that at least one of the factors of the composite 
number is a divisor of zero. 
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* The first subseript indicates the system under consideration. 
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The compound system is 
ah fi . & Se ato ah es €; Jo e Se 


ahi) ahi eefi (es Ss a ho ah eh €, Ja e fs 
eA, efi —ah es Jo —@s fo —64. afi — fo & f 
€3 fa | Bh  — 64s e, .0 —€z +0 — 6 fo € fa —e,.0 65.0 
efl ah e ez. 0 6.0 6, f, €f,  &.0 ^" &.0 
eA af esi e> fo & Se. ah | efi e fa & fo 
Beh] ah ah & Ja —e fo —af ah — f es f 
€ofo | €f —€64. &.0 —6$.0 —e fy e fg  —6€.0 6.0 


& f» €; fo Ez f» €4.0 eg. 0 €4 f» és Jo €z. Q e,: 0 
or 





Our given system is a sub-system of the eight-unit system. This system is 
peculiar. Letj-— 1, 2, 3, 4 and k= 5, 6, 7, 8, then | 


€j Cig — Chs — hy Cka — Cras Ch Gq — Chay and £j, €, — Cig» 
$5.— DIVISORS Or ZERO. 


The product of x = > e, and y = 24 3, €; in the system Æ is 


cy = , Vi Jo Vatn iy T = Et | i | (14) 
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| Hence, since all relations — the points are conserved in me corresponding 


cubics, we have 


Soi Sp = OHS + 8 Sp’: 


Interpreting this result for the points P,.... P;, Q, R common to Sy, Sg, Sc, Sp, 
we have the proposition: -If A, B, C, D are in harmonic situation, the tangents 
of Sy and Sp at any one of the Pi, Q, E divide the eee of S, and Sz at 
these points harmonically. 


By the same reasoning the connection between the six points that are the 
intersections of 4 straight lines gives a similar relation between the tangent lines 
at P, of the cubics S belonging to the six points. And this principle may be 
used with every identical relation between points or lines of a plane. The rule 
is in fact susceptible of yet wider extension as its demonstration makes plain. 
without difficulty. 

Wherever between a set of forms a single syzygetic scion exists, as above; 
the introduction of the u space is advisable. In what follows we shall however 
do away with this expedient, in order not to confuse by the introduction of two 
or more auxiliary spaces. He who can handle operations in various sets of 
variables with ease will probably be able to shorten much of the work done in 
what follows. But this capacity is a rare accomplishment. Let u, v, w be forms. 
of the 4th order which have eight points in common and such that no two of 
them have an infinity of points in common. | 

The eight points common to u = 0, v = 0, w = 0 may be denoted by P, 
P,.... P, and it is supposed that they do not lie on a conie. The two curves 
u = 0, v = 0 will, generally speaking, have 8 more points in common; or, to be 
accurate, the modulus (u, v) will comprise in all 16 Noetherian conditions. If f=0 
is any curve containing P,, P,....P,, then any form F, such that f. F belongs 
to the modulus (u, v), must satisfy 8 conditions, to which we briefly refer as the 
- residual conditions of (u, v). It is not accurate to say that F must contain 
.8 determinate points in order to satisfy the above relation, because this expresses 
the truth only when u and v have 16 distinct points of intersection and there 
may be coincidences. But to simplify the manner of expression we shall assume 
that wand v are not in contact, and, should in a given case this not be so, we - 
shall understand that the Noetherian conditions of the 7 modulus will then take 
the place of the coinciding points. Nor shall this remark be restricted to the 
case under discussion. In all that follows we shall disregard coincidences of 
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points unless otherwise stated, because the complication thus arising is without 
influence on the line of reasoning and easy ta dissolve by the method of limits, 
as demonstrated in the paper “Zur Theorie der Moduln und Ideale." 

u= 0, v= 0 will then have 8 residual points in common. These will not 
lie on a conie, for, from the proposition of Cayley in respect to the intersection 
of two plane curves it easily follows that, i? 8 points of the intersection of two 
quarties are on a conie then the residual 8 points must likewise be on a conic. 
And we know that P,.... P, are not on a coric. 

Let now c, c, be two forms of third order, such that e; — 0 and c, = 0 
contain the 8 residual points of u = 0, v — 0. w.e; =ù and w.c, =0 will then 
contain all the 16 points of intersection of u = 0 and v = 0, and therefore two 
relations will exist | 

ua, + vb, + we 70 
VU Gs + v b, + we, = 0 


Where a,, az, bi, bz, €,, c; are cubic forms. 
Multiplying the first of these equations by c, the second by c, we obtain 
by subtraction | 
u (a, € — az %) + v (b; cy — b, 61) = 0, 
hence 


A, Co — Ag Cy = — v.t 
by Cg — by cy = ut 


where ¢ is a form of 2nd order. By eliminating from the two equations u we 


obtain also 


The interpretation of these equations gives the following results: 

From ua, + vb, + we, = 0, as u, v, w have P,....P, in common, it. 
follows that e, contains the 8 residual points of (u, v), 5, those of (u, w), a, those: 
. of (v, w). c, and v have 12 points in common, hence 4 of these points lie on a. 
But e, and a, have 9 points in common. Consequently a, b, and c, have 5 
common points. These, as a look on the three last equations shows, evidently 
lieont — | | | 

— [t may equally be inferred that all points common to (a, a.) not on v and w 
must be ont. Therefore the 9th point of intersection of the two cubics a, and a, 
ison The same applies to the 9th point of intersection of (5,, b») and (o, co). 
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Let us write the two above equations 
(Ay Ay + Ap Gy) U -+ (Ay 6, + 25 De) v + (A401 + Age) w= 0 


. where 24, A, are indeterminatae. If 44, A, are constants, so determined, that 
A, a, + az contains point P,, then (A, a, + àsa) u will have P, as doublepoint. 
v and w not having contact at P}, it follows that also a,b, + 45 5, and a, c, +f Ag Ce 
must contain P,. Hence the equation au + bv + cw = 0 is satisfied, if a is the 
cubic containing the 8 residual points of (v, w) and P,, b the cubic containing 
the 8 residual points of (w, u) and Pi, and c is correspondingly determined. 
a, b, c will then have 5 points in common not on u, v, w, and the conic through 
them is ¢.: For this construction of t any one of the 8 points P,....P, may be 
utilized. The most general solution of - | 


aw + bv -+ cw = 0 


where a, b, c are cubics, is then attained by taking an arbitrary point P on t, 
and constructing a, b, c through their residual 8. points and P. m 

¢ is a concomitant of u, v, w which is multiplied by a factor only when 
u, v, w are subject to a linear transformation, when, for inst., w is replaced by 
au-+Gv+yw. u,v,w define a linear system S of quarties through P,....P, 
and ¢==0 is the locus of the point. that, with 8 points forming the residual 
intersection of any two curves of S, completes the configuration of 9 points 
common to two cubics. | | | 

All this may easily be extended to three curves of order n. Thus we may 
announce: If w, v, ‘w are three curves of nth order having i n(n—1)-4- 2 
points P, in common not situated, on a curve of order n — 2, then two equations 
exist | 
wa, + vb d woo 0 
UA, + vb, + we, = 0 


where @,, bi, €i, az, be, c, are forms of order n —1. ‘a, b, c have à (n —1.n) —1 
points in common that determine a curve t = 0 of order s —2. u, v, w determine 
a linear system -S and any two curves of S intersect in the P, and in a residual 
group of 4n(n+1)—2 points, which forms part of the base of a pencil of curves 


of order n — 1. The remaining L= basic points of this pencil are 


always situate on f. | 
Further, if u’, v', w are any three linearly independent members of S, the 
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residual pointgroups corresponding to (w, v, (v', w), (w, w) are such that 
triplets of curves of order (n — 1) through them and any one of the P, intersect 
on £ — 0. | 

Let us return now to the original case of n — 4, a,, a, were curves of 
3d order thrcugh the 8 residual points of (v, w). Let A be the 9th point of 
intersection of a}, a;, and let @ and y be such constants that | 


yv — pw 
contains A. . Then this curve will contain all points of intersection of ai, a, 
' hence linear forms p and q will exist such that 


yv—Bw=pa+qas. 
pa, + qa, will therefore contain P,....P,. Reverting to the argument above, 
referring to A, a, + 45a, containing one of the points P,....P;, it is clear that 
the same line of reasoning shows p 6, + 96, as well as pe, + ge, to contain the 
points Pj....P,. Hence constants a, a’, 6’, y' will exist such that 
ph tqb =aw— y'u 

and | | 
| pa +g e = )'u-— o v. 
But identically 

w (pa, +ga) + vo (ph + qb) + wo (pe + ge) = 0 
therefore 

u (y o — Bw) + v(aw — y w) + w(Blu—a'r) = 0 
and it follows a = o/, 8 = 6, y — y. 

Moreover, since identically 


a (yv — Bw) + (aw —y u) + y (Bu—oav) = 0 
2 (pa +ga) t B(ph +gb) t y (pat qo) = 0 


«a; + Bb rye —p.T 
aas + Bb, Eye —q.. T 


where 7' is à form of 2nd order, which, from the fact that a,, b,, c; have 5 points 
in common with ¢ == 0, can be easily shown to be identical with ¢. 

p and g intersect in the point that together with P,....P, is the base of a 
pencil of cubics. Generally the proposition holds that the quartic which contains 
the 16 points of the base of a quartic pencil and the 9th pcint completing with’ 


we have 


and 
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8 of them the base of a cubic pencil also contains the 9th point completing with 
the 8 others the base of a cubie pencil. | 

To show this, let 1....8 and 9....16 be the 16 points common to two 
quarties; let further J be the point that jointly with 1....8 makes the base of a 
cubic pencil, and let Z7 be the corresponding point for the set 9....16.: The 
quartic through 1....16 and J may be u, another through 1....16, but neither 
through J nor IJ, may be v. Also let A, B be cubics through 1....8 Then - 


u= Aa — B8 
where a, @ are suitably determined linear forms. Also, if p and y! are lines 
‘through Z 
| vp =Ay — Bà 
v p! = Ay! —.B à 


where y, à, y’, & are forms of 2nd order. - " | 
From the. two last equations 


! o(p? — pid) = Ay! —,) 


hence po ——5à-—AÀs 
and | y 8 — y! à — ve 
also py'—py=Be 


where e is a constant. 

We have ud — vpl = (a8 — By) A. - 

The points 9....16 lie therefore on «à — By as well as on ad — By’. 
Being cubics these forms also contain the point JZ. But we have identically o 


u (yò —y 9) + vp (y 8 — Wa) + op (aò — By) = 0 
hence ue + p(y B— Ta) + p (ad—By)=0 


u contains therefore TI. 

Applying this proposition to the equations evolved previously, we conclude 
that aw — yu, Bu—av, yv — Bw contain the point P that with P,....P, 
completes the base of a cubic pencil. These three quartics evidently belong to 
one pencil, and the 7 points they have in common besides P,.....P, P lie on - 
(— 0. To construct £ it is therefore only necessary to find the base of the pencil 
of curves of the system S that contain point P. 

10 
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The previously deduced laws may be easily extended to forms of higher 
orders. It is only necessary to interpret the set of identities already made use 
of for forms of higher orders in order to obtain the corresponding laws. concerning 
them. To give an instance, let in the set of equations used for the demonstration 
of the proposition concerning a pencil of quartics u be a form of nth order 
(n > 4). Then. we obtain immediately the new proposition: Any form of 
nth order intersecting a quartic v in 4n points and containing one, P; that with 
8 of these points completes the base of a cubic pencil, also contains a set of 
(n — 8)" points that in conjunction with the other 4 (n — 2) points of intersection 
makes the base of a pencil of (n—1)" order. In addition it may be shown that 
this set of (n — 3)? points is the base of a pona of order (n — 3) (namely of the 
pencil containing c and 8). 

Let us now attack a case where more than two —€— relations obtain, 
for instance that of three cubics having six points in common. If u, v, w are 
these cubics, and if the six points P,...: P, ccmmon to them are not on a conic, 
three relations will exist | 
| qu +t 5,v4-o0w—0: 
a,u + bv + ow — 0 
azu + bgu + ew = 0 


where the a,, b; and c, are conics. For the existence of a relation 
au+bv+eow=0 


it is only required that a=0 should contain the three residual points of the 
intersection of (v, w), and, a being a conic chosen in conformity with this con- 
dition, b and c are uniquely determined. Here the number of forms is consider- 
able and, to deal with them efficiently, it is advisable to write the three relations 
in one line . | 
0— (Ay @y + Ay Gy + Ag as) u + (Ay By + Ag 5; + Ag bs) v + (Ay 01 H- Agee + Ng 69) W 

and to interpret 2,, As, As as indeterminate coordinates of a point in a à plane. 
Finally we write 
| "TU 

Ay by + Ag by + Ag 5g = D 

Ay Oy Ag € + Ag % = € 


so that a, b, c are points in the à plane and of the 2nd order in the original plane 
which, for brevity, we designate the x plane. 
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The equation au " bv + cw = 0 shows that the three A points a, b, c are 
always collinear. Composing the equation with a, we obtain - 
ab.v+ac.w=0 
where ab denotes the matrix composed of a and 6 and where multiplication is 
indicated by the point. From this relation it follows that ab is divisible by w 
and ac by v. A form g will therefore exist such that | 


ab=g.w 
ca=g.v 
and similarly be=g.u 


where g is a line in the à plane and in the æ plane is of the 1st order. 

Let Z be any Aline. Then al, bl, cl, the.compositions of the 4 points a, b, c 
with /, are magnitudes in the à space, and conics in the « plane. 

From al.u + bl.v + cl. w = 0 it is clear by reasoning analogous to that 
previously used, that al, bZ and w have three, and therefore al, bl and cl have 
one point in common. This point lies on the line g/// m, m denoting any other 
Aline. g/l/m contains also the 4th point of intersection of (al, am), (bl, bm), 
(ci, em). This fact is put in evidence by the identity 

al.bm—am.bl=abj/l/m=w.g/l/m 
al and am have 3 points in common with w, hence their 4th point of intersection 
lies on g/l/m. i 

Let L be any X point. gZ denotes then a definite x line, and aL, bL, cL 
. pencils of conics. aL always contains the three residual points of (v, w); there- 
fore only the 4th point of the base of the pencil @Z is variable. It lies on gL, 
and the same is true of the 4th point of the pencils bL, cL. Indeed, it is 


identically 
aLN. b MN —a MN. bLN=abN.LMN =w. gN. LMN 


where N is any à point. HenceaLNandaMN intersect apart from the three 
points of intersection on w, on gN. Similarly the point common to a LN, 
bLN,cLN is the point of intersection of the lines g L and g N. 

To any point A of the x plane correspond two others B and C in this fashion: 
Through A a pencil of conics aZ and am is determined. To it correspond pencils 
(bl, bm) and (cl, cm), whose -4th point of intersection is B and C respectively. 
A, B, C are in a straight line, namely gj/t/m. al, bl, cl and am, bm, em intersect 
on the same straight line. ' 
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The correspondence between A, B, C is therefore such that if A moves on. 
any conic through the 3 basic points of the system a, B and C will move on. 
related conics, while the line A, B, C will revolve round the point common to 

the three conics in question. 
| If A coincides with one of the points B, then B and C will also coincide. 
with it. This follows at once from the damental identity when it is assumed. 
that a contains P 

To two conics of the set a through P, ee two conics of the sets b 
and c through P, and each triplet of them determines a point of intersection. 
The two points of intersection thus derived and P; are collinear. 

Hence-a certain line p, passes through P,, and similarly 5 other lines 
Pz; Pa- - pg pass through P,, P;, Pa, P;, P; such that to each conic of the set a 
through P, correspond conics of the set b and ¢ through P, intersecting On 2. 
Consequently the conics of the sets a, b, c through P, and P, intersect in the 


3 
point of intersection of p, and p;. A very curious net of intersections is thus 


generated. 

The fact that for each poson of F A line 7 al, bl, cl contain, each, three 
. fixed points, leads to this proposition: Besides g three A lines a, D, y exist, 
which are in the x plane of first order and which composed with the A points 
a, b,c give zero. With other words, if a,, a,, a; are the components of the 
A point a two identities exist 


Q4 gi + Ue 9a + ag gs = 0, Ay Oy F Ay dy + a5 a3 = O0, 


where gj, gs, gs are the coefficients of the A line g, a4, a, x; those of another 
Alinea. ais then a à point common to g and a, hence 


a=g/a, | b-g[B, ec=gly. 
And from au + bo + ew — 0 it follows | 
(ua +v + wy)lg = 0. 


u.a dv. B +w.y is therefore congruent with g, i. e. a A of g. 
We may put it = — 4.9, where t is a form of 3d order in the x plane, a number 
in the A plane. Thus we have 


E" u.a v. E w.y tg — 0, 
and a, B y — t, B yg =u, etc. 
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If L is any à point, then a L, GL, yL, gL correspond to each other 
according to the rules of linear transformations, i. e. to any given g line 
corresponds one a, OQ, y line, and vice versa; and to ag line through a given 
point correspond a, @, y lines through dependent (correspondent) points. 

Now from g/a =a and the identity 

gL.aM—gM.aL=g/a/LM=aLM ` 

it is evident that gL and gM as well as gL and aL intersect on aL M. 
Consequently the intersection of g.L and g M is again found to be the point 
common to a.L M, OLM, cL M; and the 4th point of intersection of a LM 
and «.L.N (formerly called A) is on gL and aL. . The triangle of self- 
corresponding lines of gL, aL is evidently that formed by the three points 
residual to the intersection of (v, w). The linear correspondences of the x plane, 
characterized by gL, aL, EIL, yL, may therefore be constructed as follows: 
. Let the three residual triangles of (u, v), (v, w), (w, u) be the self-corresponding 
ones of three linear transformations; let further to the line p, correspond three 
arbitrarily selected distinct lines a’, 6’, y! through P,: Then three corre. ` 
spondences a, 0, y of the plane are ited determined, such that any line of 
the plane is eut by its corresponding a line in the point previously called A, ete., 
and that a, 8, y lines corresponding to the same (g) line intersect in the same 
point P only, when P is on a cubic é = 0 that contains the six points P}, P,, 
Ps, Pi, Ps, P. l 

All this may again be immediately extended to suitably restricted forms of 
higher orders, for inst. to three quartics having 9 points in common. The matter 
of generalization becomes simply a question of counting the number of points of 
intersection, the order numbers: of the various curves introduced and the number 
of constants of these curves. It is not difficult to extent this method to three 
plane curves of any orders having any number of common points and therefore 
any number of syzygetic relations. We shall now enlarge the scope of the work 
by considering the relations of 4 given plane forms. 

As a first instance take the case of 4 conics U, Ug, Ug, u, having no common 
point and which are linearly independent. Their linear system may be & Let 
Jis fs, 9s, Ja be forms of 1st order, then two independent relations of the vty 


fiU Gee F Jats ety = 0 | 
wil exist. That there will be at least 2 follows from the consideration of the 
cubics through the 8 points (u,, 45), (U3, tu), which evidently must be expressible 
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in the way g,w-- gzu as well as gau, + gu. That there will be no more : 
than two is clear from the fact that these 8 points cannot lie on one conic (or 
Wr, Ug, Ug, wu, Would be linearly dependent). Hence gi, 9,, ga; gą will be points 
on a A line, or homographics, whose vertices are somewhere in the œ plane. 
Composing the identity gı. + gs. + gs. Us + ga. v, — 0 with g,, 
we have : | 
91 Ja - V1 + da a - s + ds Ji + s = 0. 


Hence constanis a4, a, a will exist such that 


Jı 4 = Ag. Ug — Og, Ug 
Jz J4 — Ag. Uy — Ag . Ug 
Js Jı — Ay - Ug — Op. Uy. 
It also follows that 
04-194 F ag- do Ja + As ga Ja = 9. 


4 . md Gs. fo + ag. a 18 therefore a numerical multiple of g,. Consequently 
a number a, exists such that 


Oy. Jı + Ag+ Jo T Og. gs + Oy. ga = 0. 


We shall now interpret these equations. gi, ge, gs, gą are homographic pencils 
of lines through points that will be called A,, Ás, As, Ay 9194, 9294, 939: 
are conics having 4 points in common, namely A, and say E, F, G. g,g, 
contains 4,, A, and the 4 points (w, uj). From the identity 


Jı Ja- Jal + Joga- hU + 9491 9 00 


where 7 is any à point, it follows that also g; g; contains Æ, F, G. These three 
points are therefore common to the six conics g- gz- .- - gs 94- 

The pencil of cubics u.g -+ z.g, contains the 4 points (u, wu.) and as the 
original identity shows, also the four (us, t4). The pencil passes therefore also 
through another point B,,=B,,. Let B,;— D,, and B, , =B, 4 be similarly 
determined. Since u.g, + tz. g contains B, z, also (t4 . gı + Ug . g;) Jo = y. di gs 
wil. Hence B, s is situate on both g, 9, and gs g,. The points of intersection of 
the six conics gı gə- ... ga g, are herewith completely laid down. 

04.91 + az- 9z 18 a pencil whose vertex lies on (a4.9; + Ge. 9s) Jo = 04.9195. 
It also lies on gg. But its vertex is neither Æ nor F or G, because it generally 
does not lie on gı gs, which may be most easily shown by the analysis of a 
particular example. Such an example is most readily obtained by starting 
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inversely from 4 linearly dependent pencils g,....g, and constructing 4 forms 
Uy, Up, t, U, according to the above identities. It then follows that the vertex 
of œi. 9ı + az. 9a must be B,,. If7 is any A point a,.g,/-+ a5. go 6 1n virtue of 
the relation between gi, 92, 93, g, 18 the line joining the intersection of g, l and g, 
with that of gal and gl. This line, with varying J, revolves round 2, g. 


E, F, G remain invariant when w,, Ug, Ug, u, are subject to linear trans- 
formations. Starting with any 4 forms of S, E, F, G will therefore remain the 
same. But S contains 4 squares of linear forms and it can be shown without: 
difficulty that .£, F, Œ are the corners of the diagonal triangle of the complete 
quadrangle of lines whose squares belong to S. 


Summarizing, we obtain a’ proposition as follows: Let 4 conics th, Us, us, t, 
not containing a common point nor linearly dependent be arbitrarily given. 
The 8 points (w, u) and (uz, w) determine the point B,, completing the base 
of a pencil of cubics through them. B, and Bs are similarly constructed. 
The conic through B,, and (uz, u) has with that through B, z and (u, w) three 
points E, F, Œ in common which, with 4 points common to any two conics of 
the system S, always lie on one conic. The conics through E, F, G and 
(w, w) may be denoted g;g;. Then gigi, 9291, Ja Ja have besides E, F, G 
another point A, in common, ete. Through 4;, A,,.A;, A, a single infinity of 
lines 91, 92, 9s, gx Will pass whose 6 points of intersection will lie on the 6 above 
CONICS gi9;....gg9g, and the sides of whose diagonal triangles revolve round 
Bis, Bis, Bas. It also easily follows that each corner of these diagonal 
triangles moves upon a conic through E, F,.G (the point of intersection of the 


lines (9/92), (ga/g4) | (91/93), (92/94) for inst. moves upon the conics (a1. gı t as. gs), 
| (21-91 + as. g3))- 

The process just made-use of, if apiid to a set of forms of nth order, will 
lead to very remarkable results. But the calculation becomes somewhat complex 
when n is large. The principles involved may however be well explained in 
the case n=3. Letthen u,, w,, Ug, u, be 4 cubics that are linearly independent, 
have no point in common and such that through the 18 points (w,, w) and 
(ug, uj) only the minimum number, namely three linearly independent quintics 
— can pass. | | 

Let vi, v;, Va, v, be: conies, suitably determined, then three independent 
relations will exist 


(1). i Uy. Vy F Ug. Vy F Ug: Vg F 04.0, = 0 
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and the à space will therefore.be a plane. It follows v, v, v; is divisible by w, 
(2) | Vy Us Ug — Us. W 
where w is a æ form of 3d order, a number in the à plane. Similarly | 
(2) | V, Vg Ug = — Uy, . w, eto. 
| Composing the fundamental identity with v,, we have - 
| Ay. Vy 9, A Ug Vy 0, F Ug. Vg V = 0 
and therefore forms a,, dg, 'a@g will exist, such that . 


Di 0, — Ag. Ug — Co . Ug 
(3) Ua Vy = Ay. Ug — By . Uy 
Og U, — Ag . Uy — Ci Us ` 


Gy, ds, ag Will be à lines and c lines. 
Composing the first identity with », . 
0 = V1 dg . Uy — Vi Ay. Ug. 
(4) Hence v, a, = b; . Ug, Vig = bı . Ug, where b, is a number. Similarly 


Vz Ag — bs . Ug, Ug 04 — by + Uy, Us 04 LI bs. Uy, Vg Ag — bs. Us, V4 04 ane by. Uy EEE 
where 5,, 55, b, are three other numbers. 
Composing the original identity with v,, we have 


Us . U Us F Ug- Vi Vg F Uz. V1 0, = O, ] 
or ` Up. Uy Vg F Ug » Vi Vg F Uy (Ag Ug — Ay Ug) = 0, 
consequently a à and z line a, will exist such that. 


Vy Vg = Ay. Ug — hy - Uy 
(3) Ug 0, = Ay. Uy — Ay . Uy 


and similarly | (Us Ug = My + Uy — Ty Uy. 
Composing V; Us — a, Uz; — az u, with vy, we have 
í unes ee rd 
or | Uu, Ww = bs Uy » Ug — Us Ug . Uy 


and (5): | UW = bz . Ug — Ag Ùz- 
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Composing the original identity with as 
Ag Vy. Uy + As Va «Uy + Ag Vg. Ug + Ag V4 uy = = 0 
b, Ug » Uy 4 by Ug . Uo + (bs ug — w) us -f b, Us . y = 0 
(6) - w = bu, + ba Us + bg Ug + b; Uy 
w therefore belongs to the linear dia Of 1, Ug, Ug, 4. 
From the identity | 


V1 Vo. Ug l E Va vg. 0, 6 F VgV -Val ŒE Vi Vo vg. 


-where 1 is any à nng, inserting the values above found 


Ay. lol. u, -- vl. Ug + val. ug) — es vil + a5. 050 + a5. 05 0) = — uy. W.L 
But vl. ty + v4 0. Ue + v4 0. Ug = E v,l. Uy owing to the —— identity. 
Consequently 
(7) d iE d o Ede El tape En Wa 


Composing this with some point M 
a, M. vl 4- a, M. vl +a, M.v,l +a, M. v, 1 = W. LM 


or (8) = a Mo, + a, Mv, + a, M. v, + a, M: v, = W.M. 
Again, identifying / in 7 with a, and utilizing (4) and (5) 

(9) | b,.0, + bz. dy + 65. ag + by. 0, = O. 
Hence ~ ; | 


a, . (by. v E— b . v, 0) + ay (bi . val — bg. v, 1) + ag (bi . Va l — bg. v, 0) =W.d,1 
by means of (7) and (9). | 
But a,, a, a4 and 7 considered as A lines can only be connected by one 
linear identity. . Hence it follows E" 
alaja; = e.b. W 
Q;/a,/l = e (b; . vg l — ba v, 0) or simpler 


(10). a, | a, = e (b, . va — bg . %) | 
and similarly - a,jay = e (b, . v — b . v4) 
| aga, = e (by. Vz — by. %) 


where c is a numeric constant not only in.the à plane, but also in the « plane, 

whose value we shall assume to be, for simplicity, = 1. Similar relations 

obviously hold for a, ds d4, @,a,, aa, and aza. 
1i 
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Multiplying the "— identity by b, and ingens the value of W, 
we obtain 


(11) u. (bi. v1 — by. V4) F thy. (by. Ua — bs t.) ee eee er ee ane, 


These eleven relations are sufficient and necessary to explain the connections 
existing between the various forms introduced. 

Uy, Up, Ug, U, being given, all the other forms are determined. We may ask 
how far the giving of some of the forms of the set above mentioned determines 
the whole set. Let 5,, bz, Os, bj, di, Q2, a3, a, be given in accordance with (9). 
W is then determined by (10).. Of the set 2, v,, v, v, any one may yet be 
arbitrarily chosen, but then, on account of (10) the whole set is known. After 
this, on account of (4) and (5), also w,, Ug, ug, u, are known. 5, . us, for inst., is 
v az, by. = Wan, bi-o, = b,. v, — az/ ag. The t, ws, Us, u, so found 
will be connected by | | | 

Uj . V F Up 0S F Ug. Vg + Uy. 0, = 0 


where the 2, v,, v, v, have the above significance, since 


bi. Uy Uy Ug = V) (5s. v; — ag/ a4) (bz . vı — 04/05) 


— v (a5/ a4) (a4/ a5) = V Aj . Ag Gy Ag =O, t4 . b W 


and v, v, vy = u. W, etc. 
It remains now to throw these relations into a geometrical garb and 
incidentally to state the cross-connections of these forms in a variety of shapes. 
If Z is a à line with constant coefficients a,/a, l is a conic. This conic will 
contain three points independent of the choice of 2. The proof of this lies in the 
identity, L, M, N denoting arbitrary à points i 


la L aL iL 
a,M aM iM|--ua.LMN 
aN" a, N LN 


when it is taken into consideration that the three conics 


a,b aM aN h | NM Mr 
ave three points in common. 
lab aM'aN TP | | | 


The three points: thus defined will be written (a,/a,). They are situate 
on W, because W= a,/a,/a;. 
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The two triplets of joints (a;/a) and (2,/a;) are coresidual on W. More 
ROOuERID y stated, the two conics 


a,/a,/l and ay/as]l , 


intersect W, besides in (a,/a,) and (a,/a;), in 3 identical points for brevity 
denoted by (7). This is evident from the identical relation 


aja jl .aı/az| m — a,[as[l. a, [az] m = a,/a,/ ag. a,/ l| m 


where m is any A line.. For a,/a,/a; is = W and m may be so determined that 
a,/a5/]l and a,/a,/m intersect in no more than three points on W. 

To each A point L correspond z lines a, L, aL. To a line of A points 
corresponds a pencil of x lines. Hence the œ? pairs of lines a, L, aL, where 
L is variable, represent a linear transformation of the œ plane, that may be 
briefly denotéd by (1, 2). If / is a à line, a,/2? denotes a pencil of a lines, 
whose vertex may be (a,/). (a/l) and (a,/l) are x points corresponding to 
each other by virtue of (1, 2). For if L and M are points on J, a, L and a, M 
intersect in (a,//), and aj L and a, M intersect: in (as/ 1). 

The triplet (a,/a,) is the self corresponding triangle of (1, 2). Indeed if P 
is such a point that it corresponds to itself by virtue of (1, 2), then a à line / 
must exist so that 

: aylz—P, h =P 
Hence if we compose in the x plane 
| a, P=l=aP 


-and a, P/a P[m — 0 however the A line m may be chosen. Consequently 
P is one of the three points a,/(a,/a,). — 

The conie aj/a;/1 contains the two. points (a,/7) and (a,/1). Denoting by 
L, M two points on l, we have LM =l, and 


aL. a, M —a, M. a, L = afa] L M. 


The conic contains therefore the point of intersection of a, and a, M 
It contains, besides, the point of intersection of a, L and a, L, i.e. of any two 
lines corresponding by virtue of (1, 2) whose corresponding A point is situated on 1. 

Consider now the three triplets (a,/a,), (a,/a3), (a,/a;). Any three conics 
through them, a,/as/1, a)/a3/l, as/a,/l, that intersect W in the same 3 residual 
points, intersect besides in three points [a,/2,/2 and a,/a3/7 in (a,/2), a,/a_/2 and 
a[as[l in (2/1), as/as[1 and a,/as/? in (as/T)] which correspond to each other 
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by virtue of the correspondences (1, 2), (1, 3) and (2, 3). This argument and 
result is in nowise restricted to any special cubics or special coresidual triplets 
on them. However we select three coresidual triplets on a cubic, the conics 
through them intersecting the cubic in an identical triplet of points intersect . 
besides in three points. which are correspondents in UNO linear transformations 
of the plane. ' 

We shall now place ourselves in the viewpoint of Beuionliue all of the 
preceding equations except such as refer to the a,, az, az; a, and W. And we 
shall give our attention to the study of those properties of these forms as apply 
to any cubic W. Let W be given and let a linear transformation, or collineation 
of its plane whose self-corresponding triangle {a,/a,) is on W, be arbitrarily selected 
and called (1, 2). Then any conic through (a,/a,) and a corresponding pointpair 
intersects W in a triplet (7) and conversely any conic through (a,/a,) contains 
just one corresponding pointpair, as easily is shown by elementary considerations. 
An auxiliary 7, plane may then be constructed and forms a,, a, calculated. 

: Let now a point P be arbitrarily selected on.W. Through (a,/a,) we 
construct a conie a, /a,/l that intersects W in a residual triplet (/). This conic 
also contains the point (am,/7). Through (D, P and (a,//) a conic is determined, 
that we call a,/as/i and which intersects W, besides in (I) and’ P, in two points 
which with P form a triplet called (a,/ag). If similarly another point Q is 
arbitrarily chosen on W then a triplet (a,/a3) may be similarly determined so 
as to contain Q. And now the' whole set a., a,, a; and the transformations 
(1, 2), (1, 3), (2, 3) are fixed, because conics through (a,/a,), (a,/a;) and (a/a) 
intersecting W in an identical triplet (/) have their fourth point of intersection 
in corresponding points. 

If the two points whose free dow led to the determination of a, are varied 
while everything else remains the same, then only such A lines a; will be 
generated as are linearly dependent upon aj, dz, az. Indeed -a,/a,/a, will be, 
' according to the above construction, = W, the cubic'under discussion. Also 
a,/a,/a,; will be = W. Constants 6 and £& must therefore exist so that 
a,a/(bag— b al) = 0. Let ba,—Wal=y. From a,/a;/y = 0 it follows, 
if L, M, N are A points | 

aL aM aN 
a,L aM aN} =0. 
But a,L aM ul 


az L a,M 
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have. three points in common. Hence y M must contain the 4th point common 
to the two first determinant conics and, y being a straight line, it may easily be 
shown that y must be a linear combination, with constant coefficients, of a, and ay. 

The relation between the 6 triplets on W (a;/a;) - . .(a3/a,) is then that they 
are coresidual and that the 6 conics through these 6 triplets and any residual 
triplet on W intersect in only 4 more points. We have shown above that this 
statement necessarily involves the linear dependence of a;, az, ag, a, expressed 
by (9). Equation (9) may find expression in a geometrical shape as follows: 
L being any A point, a, L, a, L, a4 L, a, L therefore x lines, from 


b, . a, L + ba. ay L + by. a5 L + 5,. a, L d 


it is evident that 5,.a, L + 5, aL is the line passing TAM the intersections 
of a, L/a, L and through that of a4 L/a, L. Now to each L corresponds a definite 
b,. a, L -+ 5,.a, L, and 6,.a, + 5,.a, is taerefore in conjunction with a, a symbol 
for a definite linear transformation of the x plane, whose self-corresponding | 
triangle must be on W. In fact this triangle is no other than the three points 
common to a/b a, + b,a,/t, i.e. no other than the triplet (a,/a,). Hence by 
some linear transformation T whose self- corresponding triangle is (a,/a,), each 
a, L is converted into the line j joining the intersections of a, L/a, L and az Lja, L. 
And a similar statement holds,for the other diagonals of the quadrangle of 
corresponding lines a, L, a, L, a4 L, a, L. 

We shall now. consider the forms u, and v; that were hitherto neglected, 
If L is any à point, v, v, L, vV L, vv; L are three quartics that have 12 points 
in common; for it is clear that v,v,Z and vv L contain the 4 points of the: 
pencil e, L and have their other common points on vovg L. From the identity 


v; 0575. = V Va L . V3 + Vo Vg L V + Ua v, L va 


it follows, since v, v v = u. W, that these 12 points common to v, v, L, vs v, L, 
v4 v, L either lie on W or on u,. Now Y, v = a Ug — ag u,, hence v, v, L intersects 
u, in the 9 points, where ug cuts that curve and besides in the 3 points of inter- 
section of a, L and w. Consequently v, v, L, VUL, vv, L have three of their 
common points on u, nine on W. wv zzv (bv, — b, vo) zvi(as/a,) intersects 
W always in the 3 points (a;/a,). Consequently the 9 variable points of the 
intersection of vv, L and W are those that are common to yvu, L and vv L; 
and, by the same reasoning, also to v, v, L, vs v, L, v3 v, L. | 

v;v L and vyv, L have, beside these 9 points, still 7 points in common. 
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These complete with the 18 points (uz, U), (t5, t4) the base of 25 points of a 
pencil of quintics. Indeed the two quintics. 


uj. o LM + u. t LM 
and — Wes LN + wv LN 


contain the 9 points (wu, u), also those of (ug, u) owing to identity (1), and 
besides 7 points obviously situate on the result of eliminating «,, u, from above, 


LM wLM 


VN aL = v v L. LMN. 


By the same reasoning and by means of the equation (1) these 7 points are also 
` situate on v v, L. Moreover, it is clear that none of these points will generally 
lie on say vı vL. The group of 7 points is therefore characterized as that part 
of the intersection of v, v, L and vgv, L that is residual to the group of 9 points 
common to the v, v; L. | 

The 7 points (v, v, L, vs v, L) form with the point of intersection of a L, ay L 
and with that of ag L, a, L the base of a pencil of cubics. Since u,.v, LM 
+ Uy. 0, LM as well as vy v, L = a, L.u, — a, L. u, contain the 7 points, so will 
a, L.v LM--a,L.v,LM. Hence this cubic and a, L.», LN-Ea,L.v, LN 
contain the 7 points. The two cubics contain, besides, point (a, L, a; L), and, | 
owing to. relations (7) and (8), also (ag L, a, L). 

From all this it is then apparent: Let S be a linear system of pies which 
has 4 linearly independent cubics (u,, Ug, Ug, t4) as base and which, besides, is 
not of that particular nature that the 18 points (u,, Ua), (us, wu) should admit 
more than 3 linearly independent quintics through them. Then two quintics 
through two groups of nine points common to two cubics of 8, for inst. (u, u) 
and.(u, u), will intersect in 7 residual points that with each one of the above 
group of nine points will lie on one quartic. The two quartics thus determined 
will have 9 residual points in common, and tkese 9 points will always lie on the 
same cubic W. The cubic thus determined belongs to the system §. Moreover, 
it is clear from what precedes, that however the selection of the original two 
pairs of cubics in S and of the two quintics through the pair of nine points may 
be varied the group of nine points determining W must always be one of a 
determinate system F of o»? such nine-point groups, as any particular nine-point 
group of T does not depend at all on the choice of the two pairs of cubics (variety 
of choice obviously subjecting the v,, vz, vs, v, only to a linear transformation of 
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each other) but entirely on the choice of the two came: through the 18 points, 
1. e, on the A line l. 

The cubic W of the system S has still other remarkable properties easily 
derived from the set of duanenn previously deduced. Thus oe shows that 


each quintic 
u (5,. à l—5 vl) + W. v4 0 


also contains the 9 points (us, uj). But &4. v, —b,. wl has, wherever / may be 
situated, the 3 points (a,/a3) in: common with W. Hence, a cubic (uj) of S 
intersects W in 9 points, that with any nine points common to two other cubics 
of S (uz, us) determine a triplet of points (a,/a;) such that any quintic through 
above 18 points also contains the triplet. And this triplet is situate on W, and 
all triplets thus determined, by varied choice of the cubics (u,, uz, us) in ©, are 
coresidual.: . Moreover, each such triplet is residual to any one of the nine-point 
groups of T, and a quartic (vj v, 0) ¢ containing any one such triplet and an indi- 
vidual of T contains also nine points of intersection of two cubics of S (up, ug). 
A group of nine points common to two cubics of 8 is determined when two - 
of its points are arbitrarily given, for a cubic of S may be made to pass through 
any three points, and two points determine therefore a pencil in S. The œt 
system A of nine points forming the base of a pencil in S, and the system T' of 
nine point groups has this relationship that any two individuals.of A and T lie 
on a quartic. Let for inst. a nine point group of A be the intersection of u! , us. 
Choosing as base of S uj, ug, ug, wm (any 4 linearly independent cubics two of 
which are wj, uż) it is clear from the preceding, that the corresponding v; are 
such as to yield quarties vivi containing, according to the selection of L, any 
given individual of T and (w, Up). - 
Not every quartic through an individual of T contains an individual of A. 
Let a given individual T, of T be common to vv, L, v,v4 L....vgv4 L. Then 
any quartic through F, will be | | | 


ae v; Vs L +....+8,, Us v4 L 


where £,5.... £44, are 6 indeterminates. Should f contain an individual of A 


` jt must be representable in the shape vl v; L, where v; and v, are linearly 


dependent upon the v,. This, as in the case of straight lines in space, requires 
an equation to be satisfied, namely £s. £5, + Eag. Eira + Ear. & 4 = O. 
The same method leads to interesting results when 4 curves of order are 
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under discussion. And it is a suggestive ‘fact that the connections between 
4 forms of order (n —1), (n —2), etc., recur again at the higher orders. In the 
case n — 3 that has just been studied, for instance, the equation 


a, Mola M.nE +a Mnl pa M. vl = 0 


where M is a variable point on J, shows that the aj/1, a,/7, a/l, a,/l are pencils 
of lines that stand to the conics v; /, v, 0, Val, v, in the same report as the pencils. 
previously named gi, 9», Ja, g, to the 4 conics of the case n=2. And the analogy 
goes very much further. So is the triangle E.F G in the case n—3 represented: 
by the triangle (7) on W, and all the other points and lines. that were mentioned 
in the configuration belonging to n —2 find ready — for the set of 
CONICS V f. 

If the condition referring to the 18 points (u,, we), (us, w) is not satisfied, 

more than three linearly independent quintics will exist containing the 18 points 
and the Vi, v,, v4, % will then be points in a A space of manifoldness 4. It 


follows then 
V; Vz V3 = uz. W, ete., 


where W is a à plane containing Vi, Vs, v, 9, and is of order 3 in the æ co- 
ordinates or else vanishes. Again we have the equations 
/ | Vi Vz = Ay uj — Ag UW, eto., 


where the a, are of ist order in the x, and of the dimension of a line in the 
A space. Obviously 


(a, . Ug — Ag . Uy) (Ay. Ug — Ay . Uy) = 0 
i. €. Q4 » Uz — Ag. Uu, composed with itself is 0. Hence 
Q4 0,. ui — ae Uy Us + az ag . u? = 0. 


Consequently a,a, is divisibly by u u. But ca, is only of order 2 in the z. 


Therefore 
d, a, = 0, az a4 = 0, a, a3 = 0. 


Considered as A forms, Vi %s, @,@3; are three lines having a common point of 
intersection. The same argument holds in respect to v,, v and a5, a, etc. The 


Vi, Vz, V3, t, must therefore be 2, points in a A plane W in which also a;, a5, a5, a, - 
are situated. - | 
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From y0 = a, Us — a5 wu, it follows that v; a, is divisible by wu, Let be 
Vy a. = b, «4 | | 


b, will then be (unless it vanishes) a A space independent of the w plane. We 
shall also have v, a; = b, . u, and generally v; a; = 5,. wu; if t TJ. 
To find v,a,, we compose EM 


Vy Vz = Ay Ug — Ag Uy 


with vs. 0094. W = bg Uy . Ug — Vs 05 4 
Or V3 44 = b. Us — W. ` 
Composing u v; . 4- ..-- +u. v, with a, we obtain’ 


by Uy + 55 us - bg Ug + b, u, = W. 
biv is — 0. Consequently | 
b, Vi - Up + bs D . Ug + 5,94. My = O. 


This shows 6,2, = 0, 6, v = 0, b,v, = 0. The b, must vanish, and therefore 
also W. The v; will all be on the same 2 line a and the a, will be, as 4 lines, 
congruent with a. From this a, = c; .a, where c; is a numeric. Therefore 


Vy Vo — (e, Ug — Cg Uy) - a, etc., 
Vi (Cy vs + Cz Vg + C4 V4) zu 


and Cy Ui -- Cy Va + C3 V3 + C V, — 0, 


Let a = c, a + Xz a, + $5 a5, where xy, 25, Xz are the x; variables, a,, az, a 


‘lines in the à space independent of x. Now (v v) (v, ,) — 0. Hence aa = 0, 


and it follows aa; = 0. The a, are intersecting lines. They cannot lie in the 
same 2, plane P, or Pu; = 0, and the 2, ty, vy, v, would be forms of a plane, 
not of a spacé of 4 manifoldness, contrary to hypothesis. Consequently the a; 
must have a à point G in common. | 

Let then be a = aG, where ais a à point. v,G@ is =a, therefore let be 


i Va = p.a 
where p, is a linear x form. Then | 
| YG = p,.aG 
and agp, wb gy eG. | 


12 


f 
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The original identity, after the insertion of these values, gives then the two 
equations 

Pity F Pe Uy + Pg Ug t Py Uy = 0 

Qi + Qs Us F Qs s F ga Uy = 0 


where the Pi are of the 1st order, the qi of the 2nd order. From this, as before, 


Pı go — Ps Q1 — % Ug — C3 Us, etc., 
api + Cy Po + Cg Ps + % Py = 0 
C191 + C2 Go + 06848 +g, = 0 


Also (01 Ug — c w) Pa + (e Ug — C3 Uy) ps + (C1 4 — Cy Uy) p, = 0 
[RU EU ID prc E ep 


This can only be, if the three cubics ew, — cy U, €; ug — Cth, c, u, — C4 th ` have 
7 points in common. 

"The salient fact then is, that whenever the 18 points (u, Ug), (us, u) are 
such as to permit more than three linearly independent quintics through them, 
some identity p, w; + p; Uy = — ps Us — pı u, will exist and therefore a quartic 
will contain all the points. When the above condition is satisfied, a quintic 
form f will exist apolar to w, Ug, uy, w. And conversely any quintic f being 
given, 4 cubics uj, Wo, Ug, u, May be found that are apolar to f. The 7 points 


common tO c, Ug — Cg U etc., may be denoted by A....G. These 7 points will 
be those by means of which f may be represented as sum of seven fifth powers of 
linear forms AÁ + .... + G*. We need not dwell on this point that is. easily 


made plain but by e ons foreign to the subject of this paper. 

Now much of what has been said and done here may be generalized. 
. A form of order 22 —1 being arbitrarily given, the set of forms of order n apolar 
toit may be studied in an analogous fashion. Nor is this calculation restricted 
in.any way in the number of variables z;. 

The calculation may be generalized in a somewhat diiferent direction and 
yields, without much labor, an interesting and very applicable result. As a 
starting point we use the theory of my paper “Zur Theorie der Moduln und 
Ideale." — the reader will be supposed to understand the meaning 
of the form Q (n. .4,) and to be acquainted with propositions I, II, III of 
that paper. 

Let u... -u be m forms of m homogenous variables, whose resultant does 
not vanish. Their orders may be designated by m,....m4. A form of order 
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mp + ---- 4n — m will then exist apolar to all of them. This form may he 
written Q. There will be no form of order n, + .... + n, — m other than Q 
apolar to w,.... Um, and no form of higher order will be apolar to the set 
(Proposition IIT). Besides Q will have this remarkable property, not hitherto 
laid down, that any form of lower order than © apolar to t4... -um must neces- 
sarily be a polar form of Q. With other words, if») is'a form apolar to u... -Ums 
of order n, 4- .... -- n4, —m — N, where N is a positive integer, then a D g of 
order N will exist such that denticany 
p=gx 


i. e. that a) is the polar of g in respect to Q. | 

To show this, let F be a form of order n, + .... + n, —m —N, f one uf 
order N, and let all the coefficients of F and f be indeterminate quantities. 
The magnitude F.f x Q is then a bilinear form F of the indeterminate coefficients 
of F and f. Ifit is required that F. f x Q = 0 while the set of coefficients of F 
remains arbitrary, then the set of coefficients of f will be subject to a certain 
number a of conditions which remains the same, if F and f change their roles 
in this. This is merely an expression of one of the elementary properties of 
bilinear forms. 

It follows then that the number of conditions imposed upon a form of order 


m--....-nQg—m-— N, to be apolar to Q is the same as the corresponding number 
for forms of order NV. And the number of contragredient forms of .order 
md... +m —m—N apolar to t... -Um has the same value. Let this number 


be denoted by a. 

Exactly a forms g,....g, of order N will then exist, which are linearly 
independent and no linear combination of which belongs to the module (u,. . . .u,,), 
or, what is the same, is apolar to Q. Let g represent an indeterminate form of 
this linear system. Then gx Q will never vanish, and will contain a indeter- 
minatae. But the linear system of forms of order n4- .... d-n,— m—N apolar 
to 4w....u, has the manifoldness a, and there is only one such system if two 
forms congruent modulo (w,....%,) are for this purpose considered equivalent or 
identical. Consequently the set g X Q represents that system; and if 4j is a form 
of order n,4-.... d n4—m— JN apolar to w,....w, then a form g will indeed 
exist so that 4) = JX Q 

This theorem immediately leads to any number of geometrical propositions. 
Let us apply it, for inst, to the proposition concerning the 18 points (u;, u), 


92 Lasker: A New Method. in. Geometry. 


(us, w) through which more than 3 linearly independent quintics pass. A quintic 
Y will then exist apolar to 44, Us, Us, tu. The Q of ùi, Us, ug is of order 
3--3--3—3-—6. 3 being a quintic apolar to.u,, ug, us a linear form g exists 
such that 4 =g x Q. But wx 1 —0, consequently u.g X.Q — 0, and 
u,.g belongs to the modulus u, g, ug. This shows at once that the 18 points 
(Uy, us), (Ua, u) are on a quartic. | | 

|. lfasa& particular case 16 of the 18 points are: the base of a pencil of quartics 
— when indeed the supposition will be satisfied — then the. present, proposition 
shows itself to be identical with the one announced previously. 

It would naturally not at all be difficult to draw similar conclusions for 
curves of higher orders or for forms of higher: manifoldness. | 

In this point the proposed method of caleulating geometric configurations. 
and the general theory of moduli meet. In. all probability the connection. 
between the two disciplines will grow much more intimate as the method will 
further develop. It is clear that equations of the type È w; .v;=0 with their 
A space adjoined are very apt to express the properties of systems of forms. of - 
certain orders which, belong to two different modules simultaneously, which, for 
inst., contain two distinct irreducible: or reducikle geometric configurations. And 
from the preceding examples it is fairly evident that the proposed treatment, of 
such, equations yields results. ! 

It is true. that only a few and perhaps rather simple examples pss been. 
discussed in what precedes. But the author may be excused if he points out: 
that it would have been easy enough to extend the method much further and, 
that the difficulty for him consisted rather in limiting the examples to such as 
would bring out, in.a lucid and; easy. manner, some of the caer properties | 
of the proposed: method. | 

‘New Yoru, May:3, 1906.- 


Groups Generated by n Operators Each of Which is the 
Product of the n—1 Remaining Ones. 


By G. A. MILLER. 


The case when n= 3 has recently been considered.* When n= 2 the 
groups are evidently cyclic and hence require no consideration in this connection. 
In the present paper we shall consider n > 3, and we shall first assume that the 
products of the n — 1 operators are independent of their orders and hence all of 
them must be commutative. Representing the n operators under consideration 
by 81, 82, ....,5, we have by hypothesis, s, being any one of the m operators, 


that 


A a Se 5 DP bes d ST 
From the two equations | 
8189 - ss = Sy} ponies Sn and 8185. . Sn? Sn nomen 8451 


it follows, by multiplying one into the inverse of the other, that any two of these 
n operators have the same square and, by direct multiplication, that the 2 (n — 2)” 
power of each operator 1s the identity. | 

If we substitute for sı, 82, ....,5, ; the n — 1 independent transpositions 
dbi, Aob, ...., 0, 4 0, ,, there results system of operators which satisfy the 
given conditions for every value of n 7» 3. These n operators cléarly generate 
the Abelian group of order 2"! and of type (1, 1, 1, ....). From the given 
theorem it results that this is the only system of Abelian groups of type 


(1, 1, 1, ....) which may be generated by « operators satisfying the given con- 
dition, if we exclude the trivial case when the group is cyclic. By letting 
sı =S, = .... = 8, it is clear that the cyclic group of order n — 2 might be said 


to.be generated: by operators satisfying the given condition. To avoid the con- 
Bideration of such trivial cases we shall assume that no two of the » operators 
under consideration are identical. From this assumption and the given theorem 
it follows that no more than one of them can be of odd order, and if the order of 
one of them is ax odd number the order of the others is twice tliis odd number. 


*' Bulletin of the American Mathematical Society, vol. 18 (1907), p: 381. 
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Hence the theorem: Jf the order of one of the n operators 81, $4, ...., Sn ts divisible 

‘by 4, all of them have the same order. If this condition ts not satisfied, either all. of 
them have for their order the double of the same odd number or n — 1 of them have 
this order while the remaining one has the odd number for its order. 

As the operators s,, S, ....,$, have a common square and are commutative, 
we have the equations s? = 52, 5,55! — 5,184, (Sa Sp)? = 8,65718,8555" = 1. That 
is, each of these operators may be obtained by multiplying any other one by 
some operator of order 2. Hence all of them may be obtained by multiplying 
one by the identity and different operators of order 2.. On the other hand, it 
may be observed that if 4j = 4 and if t, = pts, where p° = 1, it is necessary that 
ttti. For, as the second equation near the beginning of this paragraph 
does not imply that 5,5, = 8,8, it follows that $ ty! = tj 14, or p= t't,. Hence 
EGGS DES S5 eg Gili = 1. From this it results that the com- 
mutator of 4, t is the identity and hence these operators are commutative. We 
have thus arrived at the theorem: The necessary and sufficient condition that two 
- different operators which have a common square are commutative is that one is the 
product of the other into an operator of order 2. 

From the preceding paragraph it follows that the n operators under con- 
sideration may be represented as follows: 5,9151, 0281, ----, Q4.,5,; Where 
Pis Pes +--+) Pn represent n — 1 different operators of order 2 whieh are com- 
mutative su each other and with s. Since 


— i Ae porn an S 
8; — 01 f1. Pg 51 - ee *Pn—1 91 — P1 Pe: "m Pn—1 + 81 


and $0- = 1, it results that p;p,...-p,. = S1”. The n commutative operators 
st, Q1, Pes ^7, Pa- must therefore have the property that each of them is equal 
to the produet of all the others. When sj °= 1 the » — 1 operators pi, p», . .- pu. 
have the same property. As the group generated by s,, $, ....,5, is identical 
with the one generated by 8, Q1, 9», . .. . , Pr, We have the interesting theorem: 
If a group G ts generated by n commutative operators such that each is the product 
of all the others, then G is the direct product of a cyclic group whose order divides 
2 (n — 2) and an Abelian group of order 2° and of type (1, 1, 1,....). Moreover, 
any such direct m may be generated by n operators which satisfy the given 
condition. | = 
While n— 2 of the operators pi, p», .... f» can always be replaced by 
independent transpositions, as was observed in the second’ paragraph, it may be 
possible to replace them by operators which generate a much smaller group. 
For instance, when n = 2 and s}? = 1, it is possible to replace all of them by 
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the operators of order 2 in the Abelian group of order 2° and of type 
(1,1, 1,..... Ifst*®+1 and n= 2°—1, they may be replaced by n — 1 of 
the MN of the same Abelian group, tete s, may be so chosen that its 
(n — 2)™ power is equal to the remaining operator of order 2. In each of 


these cases the order of G is either 2° or 29^ into the order of s. 


Non-Abelian Groups. 


When the n operators si, 5,,....,&, are not supposed to be commutative, it 
is generally possible to select ilo in such a way as to satisfy the condition 
expressed in the heading of this article and to generate any one of a large number 
of different types of groups. This is especially true when n > 4, as will appear 
in what follows. It is, however, possible to establish a few general theorems of 
interest, and to exhibit many fundamental properties of the possible groups when 
n = 4, by means of elementary considerations. One of these theorems may be 
stated as follows: If the n operators $,, $4, ...., s, are arranged cyclically and the 
product of any n — 1, in order, is equal to the remaining one, then all of them have 
a common square. 

The proof of this theorem follows almost directly from the defining equa- 
tions; for the two equations 


8185... GS y= Sny 888g... Sn = 81 
imply sI" Sn = s,s,’ and hence s = sj. . Similarly we may prove that $ = sj, 
ete. Moreover, it results that 

8n—185—5 : | 658; — (5: 8g 5... 8 Sni) - 8 ge = = oo 8n; 
and this includes a second proof of the fact that the 2 (n — 2)^ power of each 
operator is the identity whenever the n operators are commutative. 


If 54,55,....,5, are any n different operators of order 2 which satisfy the 


condition | 
iE, Io Em oj (A) 


' it follows that 8543 n.. $5 $1 6» oum S5—1 — 857 o = b 2, JEEP A. That is, ihe pro. 


duct of any n — 1 of them in order is the remaining one. Of nz 5 the operators 
of (A) may be so chosen as to generate any symmetric group whose degree 
exceeds a given number (m.— 1). To-prove this statement it is only necessary 
to observe that s,, s, may be so selected as to generate the dihedral group of 


order 2p, mz p >and p being prime, according to the well-known theorem 


due to Tchébycheff. Hence it is possible to choose the three operators (s1, S2, 85) 


^ 
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of order 2 so that they generate a transitive group of degree m involving nega- 
tive substitutions. This must be the symmetric group, since it involves the 
` cycle of order p and such.a cycle cannot occur in any non-symmetric and non- 
alternating primitive group unless its degree is p, p--1, or p--2.* If m had one 
of the last three values it would Le easy to select si, Sg, s so that the primitive 
group generated by them would involve a transposition. This completes the 
proof of the statement in question, since it is only necessary to find an operator 
of order 2 which transforms s, sss into its inverse in order to find the five 
operators of order 2 such that $5,555, 5; = 1. 

. From the preceding paragraph it is clear that the number of different types. 
of groups that may be generated by 8,, 5,....,5, (n. 4) is so large. as to make 
it questionable whether it is desirable to endeavor to give an enumeration of all 
the possible types. When n= 4 the matter becomes comparatively simple, and 
hence we restrict ourselves to this case in what follows. From the equations 


o 618585 — Sy, 83535, — 8), 853848; — 89, 848185 — 83. 

we obtain | | | 
$183 858, — 8,8555 8, — 8183 Sg 84 == 8, 85 65 1 5, = 1. 
Since sz, 8, transform s,s; 1 into its inverse „t they must also transform s,s, into 
its inverse. That is, the product of any two of these operators, taken in cyclical ` 
order, is transformed into its inverse by each of the other two. We shall now 
consider the group (H) generated T the two operators 


w] 


nn of a operators is transformed into its inverse by s, and s;! transforms 
$,8; 5 == sy isp). 6% into 88g. 63 — 8,83" .&. That 18, 5,55! transforms s, 63! into 
$;557.5$. Since sf is invariant, it follows that 15,571, 5,5511 is metabelian and its 
commutator subgroup is the cyclic group generated by $$. When the common 
order of sı, 8, 85, S4 is either 2 or 4,15, 571, sasz} =H is Abelian and the group G 
generated by $1, $5, 83, 6, May be obtained by extending H by means of an operator 
of order 2 or 4 which transforms each operator of H into Its inverse. In this 
case H is either cyclic or the direct product of two cyclic groups. 

When H is cyclic G may be any dihedral group whose order exceeds 6 
since any such group is generated by four operators of order 2 which satisfy the 
condition (A). In fact, the two remaining dihedral groups can be generated by 





^ *Bulletin of the American Mathematical Society, vol. 4 (1898), p. 140. 
- +-Archiv der Mathematik und Physik, vol. 9 (1905), p. 7: . 
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four operators satisfying (A) if it is not implied that all the operators are distinct 
and that none of them is the identity. Hence the theorem: Every dihedral group 
may be generated by four operators, each of which is a product of the other three. 
When the order of this dihedral group exceeds 6, it may be assumed that the 
four operators are distinct. By dimidiating* any two dihedral groups with | 
respect to the cyclic subgroups of half their orders we obtain a group G' which . 
may be generated by four operators of order 2, each of which is a product of the 
other three. If s[, sj and s{’, s// respectively are generators of the dihedral groups 
in question, each of these operators being of order 2, the four generators of G 
S1 81, $1 55, S2 85, Sg sj’ clearly satisfy the conditions imposed on 5,, &, Sa, 8. 
Hence it follows that every group which may be obtained by extending the direct 
product of two cyclic groups by means of an operator of order 2 which transforms 
each operator of this direct product into its inverse may be generated by four operators 
of order 2, each of which is a product of the other three. 

When H is an Abelian group of even order, it is well known that we can 
construct a group G of twice the order of H by adding operators of order 4 
which transform each operator of H into its inverse and have a common square. 
If H is cyclic and not of order 2, it is easy to find four such operators, each of 
which is a product of the other three. The smallest of these groups is the 
quaternion, and the four operators j, k, —j, —k clearly satisfy the conditions ' 

j.k.—j——k, k.—j.—h-j,——9.—hk.j-—hk, —k.j.k-—. 

When H is the direct product of two cyclic groups, G may be constructed by 
dimidiation just as in the preceding paragraph; and if s{, sj and s/’, e// are the 
generators of order 4 of the constituent groups, G may clearly be generated by 
8| 8j, 8| 8), sh ss! sz! si’ and these satisfy the condition that each is the product 
of the other three in cyclic order. The results of this and the preceding paragraph 
exhaust the possible groups when Z is Abelian and includes s?. That is, if the 
order of s,is 2 or 4 and if sı, 5, ss, &, are such that the product of any three, 

‘in a given cyclic order, is the fourth, then they generate one of the groupe con- 

sidered in this and the preceding Du EIS whenever s?isin H. If sf is notin | 
the Abelian H, s, is necessarily of order 4 and it is necessary to extend H by 
means of an operator (sî) of order 2 which is commutative with all its operators. 
The remaining operators of G transform each operator of this extended H into 
its inverse and have a common square. Moreover, every. such extended H will 
give rise to one G which is generated by four operators of order 4 satisfying the 


* Cayley, Quarterly Journal of Mathematics, vol. 25 (1890), p. 71. 
13 i 


98 MILLER: Groups Generated by m Operators Each of Which, Etc. 


conditions imposed on si, 54, 83, 5. Hence when H is Abelian G may be obtained 
by extending an Abelian group which has at mcst three invariants (if its maximal 
_ invariants are chosen) by means of an operator which transforms each operator 
of this Abelian group into its Inverse. | 

It remains to consider the groups when H is non-Atelian. It has been 
proved that such an H is metabelian, contains a cyclic commutator subgroup; 
is invariant under G, and that the order of Œ is either twice or four times that 
of H. Moreover, the two generators of H (s, «51, s,857) are independent of the 
commutator subgroup of H. That is, neither of these operators generates any 
commutator besides the identity, since such commutators are generated by sí, 
and s? is invariant under G' while s, m both s; sz! and s sz? into their 
inverses. The orders of 5, s;! and s; «5! are divisible by the order of st, and each 
of the operators 5,, 82, 8&3, & is of even order. The last statement follows from 
the fact that if s, were of odd order it would be commutative with s3, 53, s,, since 
they have the same square. Hence it would also be commutative with s, s71, 
s, 8; and the orders of these operators coulc not exceed 2. "These operators 
would therefore be commutative, since sf could not be of order 2. This proves 
the theorem: If the n operators Si; $4, ...., & are arranged cyclically and the 
product of any n —1, in order, is the remaining one, then all are of even order 
when n « 5. 

From the preceding paragraph it follows that H may be constructed by 
extending the direct product of two cyclic groups, which are such that the order | 
of the-one is a divisor of the order of the other, by means o an operator which 
is commutative with the generator of one of these groups and transforms the 
generator of the other into the product of the two generators. It follows that 
the order.of the extending operator is also divisible by the order of the invariant 
generator. Moreover, any such group can be used T H, since the two generating 
operators in question may be replaced by sÍ and s, sy’, and the extending operator 
may be replaced by s,s3’. It is then possible to find an operator which has the 
'. properties imposed on s, since it is possible to establish a simple isomorphism 
of H with itself in which sí corresponds to itself and each of the operators s; sz, 
s, 83: corresponds to its inverse. The last statement follows from the fact that 
S3 $57 transforms 8, sj? into sf . ss} and s, 85° transforms 5,55! into s}.8,8,7. As | 
the quotient group G/ H is cyclic and of order 2 or 4, it is easy to construct 
al the possible G"s for any particular H. It may be observed that the prop- 
erties of all of these groups are somewhat similar to those of the dihedral type. 
In particular, all of them are solvable. 
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‘an arbitrary conic of a system lying on it. 


Concerning Systems of Conics Lying on Cubic Quartic 
 ? . and Quintic Surfaces. 


4 


By C. H. SisAv. 


l INTRODUCTION. 


Although the properties of algebraic ruled surfaces have been extensively 
studied, and the classification of such surfaces through the sixth, and, in some 


eases, for higher orders, has been exhaustively carried out; yet, except for 


certain surfaces generated by circles, such as surfaces of revolution and annular — 
surfaces, and for surfaces containing a doubly infinite system of conics; 1. e., the . 
Steiner surfaces, the properties of surfaces generated by systems of conics has 
received little consideration. To determine some of the properties of certain 
‘of those surfaces and of the systems of conics lying on them is the object of 
this paper. 

Among the leading articles dealing with this subject which have appeared, 
I may mention Koenigs’* paper on surfaces multiply generated by conics, also 


Stuyvaert’s+ paper on the properties of systems of conics determined by the 
condition of intersecting given fixed curves. Bertini and Nugteren§ have 


considered special cases of the problem considered by Stuyvaert. Emil Weyr || 
has considered the problem of constructing the tangent planes to a surface along . 


i 
t 


* «Determination de toutes les surfaces plusieurs fois engendrées par des coniques.” Annales de L'Ecole 
Normale Superieure, Series 3, No. V. . 


+ “Etude de quelques surfaces algébriques engendrées par des courbes du second et du troisième ordre.” 
Dissertation, Gand, 1902. 


I “Sulle curve .gobbe razionali del quinto Brus in the Gollectencs Mathematica in memoriam D. Chelini 


" Mediolani, 1881, pp. 313-326. 


§ * Rationale Ruimtekrommen van de fijde Orde.” Dissertation, Utrecht, 1902. f 
| **Zur Theorie der Flächen, welche eine Schaar von Kegelschnitten enthalten.” Monatshefte für Mathe- 
matik und Physik, Vol. II. A 
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I. On the system of tangent planes along a conic. 


The parametric equations of any surface containing a system of conics can 
be put in the form: l | | 


Xi = 0; (u) + 2 v Q (u) + v? h (u) toni, 2, 8, 4. 


The tangent plane to the surface at any point (u, v) is: 


Xl . Kz. | Xs XA 
0; + 0d, = AUD, 0, + 0 ds 0, + v $, "T 
$ + vy, P + vu. ds + v3, D, o vy, a 


+ 2H toy B+ 209/044 H+ 209i toy K+ 2v9l+ oH 


in which 6;, @/ and J/ denote derivatives with respect to u. 

This equation is of fourth degree in v. - Hence, in general, the tangents to 
the surface along a-fixed conic u = const: form a developable of class four. This 
developable has the plane of the given conic for double plane. For it is easily 
seen that, at each of the points of intersection of the given conic with the plane 
of the consecutive conic u + du, the plane of the given conic is tangent to the 
surface. ~ i 


If, however, for all values of u, this developable reduces to one of class three, 
then for some value of » the minors of y, y; y; and y, in the above determinant 
must all vanish. This value of v is, in general, a function of u; say v = f (u), 
but on replacing v by v + f(u), we may, without. altering the form of the 
equations of the surface, reduce this value to v = 0. Suppose this done. 
It then follows that 

60, 0, 0, 0, 
Qi Po P3 di 
0; 0; Os 6, 


Ill 
© 


for all values of v. , 
It is thus seen that the surface belongs to one or the other of two classes: : 


a,. The conics all pass througk a fixed point. 
a,. The conics all touch a fixed curve. 


The equations of a surface of the kind a, may be written in the form: 


Hi = 8, + 2v 0; + v" 4. ido 4 


w 
’ 
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The analogy of the surfaces a, to cones and of the surfaces a, to developable 
surfaces is at once evident. 
To the curve: 


xi = 0; (u) ] $2:1,2,3,4 


which is touched by all the conics of the system on a surface aj. Darboux has 
given the name of “edge of regression." The analogy to the edge of regression 
of a developable is obvious. It is, in general, a double curve on the surface. 
Indeed, the only surfaces on which it is not nodal are easily seen to be those 
through each point of which pass two conics of the system. Koenigs* has shown 


‘that the only surfaces through every point of which pass two conics of the system 


are those which contain a doubly infinite system of conics; i. e., the Steiner surface 
and its degenerate cases, the ruled cubic, quadric and plane. 

In the determinant equation of the tangent plane, the minors of yi, X2; Xs 
and y, may all contain a common factor quadratic in v. The tangent planes 
along an arbitrary conic then envelope a quadric cone, This happens when the : 
surface belongs to one of the following classes: | 

b,. The conics all pass through two fixed points. 

b,. The conics all pass through a fixed point and touch a fixed curve. 

b,. The conies all touch a fixed curve (which may be either proper or com- 


, posite) at two points. ¢ 


b. The conics all have contact of the second order with a fixed curve. 
In the case of the surfaces 5, the quadratic factor common to the four minors is 
the square of a linear factor. The equations of such a surface may be written 
in the form: 


ye = 6 +00, + (P. a6, + 56) i = 1, 2,3, 4 


a and b being constants. 
All the conics have three point contact with the curve: 


Xi = 0; (u) i= 1, 2, 3, 4 


This curve is, in general, triple on the surface; at each of its points the 


* Loc. cit. 4 

+Enneper writing in the Zeitschrift fir Mathematik und Physik, in 1869, and, following him, Cosserat 
in the Annales des Faculté des Sciences de Toulouse, in 1889, have inferred that the tangents along a conic 
may envelope a quadric cone when the given conic meets the consecutive conic at only one of its intersections 
with the plane of the latter. Since, however, the plane of the given conic would have to be tangent to the 
surface at the second intersection, the developable of tangents would have to be of third class. 
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three tangent planes coincide. No surface of this kind is of order low as five. 
A simple example of such a surface is: : 


25. 08 — Xs 44 F 9 xs (HE — X8 20). (3 — X Hs) + 3 xs (X3 — Xe Ha) (X3 — 2a xa) 


. + x (X — X Xs) = 0 
on which the twisted cubic: 


Xa — K500 x Mi Xs = 9 
has three poini contact at each of its points with a conic in the plane: 
| yi: F 3ysV + 8y,u + y, O. 


Since a conie is not completely determined by the ccnditions of having, 
contact of first or second order with à given curve at a given point, the curve © 


y = 0, (u) ¢== 1, 2, 8, 4 


may have coblact of the first or second order at each of its points with several 
conics of the system. Thus, the line Xi = % = 0 on the surface, 


Xi KE A+ Xi Xe Ha + 296 X Xs Xa F Me xixi 9, 


is touched at each of its points by two conics of the system lying i in the pencil of 
planes through the line. 
Similarly, on the surface :. 


X1 (X8 — Xa XA + 9 Xe (8 — Xo Ma) (38 — X1 Xs)? + TN Xs 4) (x — 2a Xa. 


Í : Tx (x$— mm 5 Xs = = 0, 
the twisted cubic: 


Hi— X314 =9 — 3X3— I1 Xs 770 

has contact of the second order at each of its points with two conics belonging 
to the same system. | 

It will presently be shown that, in general, ‘on a surface generated by conics 
there are points through which pass two consecutive conics. These points may, 
by analogy with the corresponding singularity on ruled surfaces, be called pinch- 
points. As in the case of ruled surfaces these points are uniplanar points. Along 
a conie passing through a pinch-point, the developable of tangents reduces to 
class three. The condition for such a conic 13, therefore, that, for a particular 
value of u, the determinant given on page 100 reduce to one of third degree in v. 

There exist, also, surfaces on which discrete conics meet the conics consecutive 
to them in two points or which meet two consecutive conics in a uniplanar triple 
point. The tangents to the surface aloug such a conic envelope a quadric cone. 
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Finally, two (or more) consecutive conics may be coplanar. The plane of 
such a conic touches the surface all along the conic. 


II. On the determination of the properties of surfaces containing unicursal 

| | | systems of conics. 

In the equations | | 
: X; = 9, (u) + 2v 4, (u) + v Y (u) i = 1, 2, 3, 4 

the expressions 6,(u), Q; (v) and 44(u) may, when the system is unicursal, be 

taken to be polynomials in u. The conics therefore lie in the planes of a develop- 

able whose equations may be put in the form: 


"M 


1 ' i 
L, u^ + m Lu + Log UF a ees + Lima = 0» 
in which — as throughout this caper d. — 0 is the equation of a plane. They 
also lie on the surfaces of a system of quadrics of the form: 


Qi u^ + n Qu + Ju 1) D utt a ha Ge + Oris = O, 


Q; = 0 ee the equation of a quadric surface. 

Any conic of the system is the intersection of the nine and quadric deter- 
mined by the same value of u. The surface on which the sytem lies is found by 
eliminating u between the two equations. Its order, M, is, in general, 2m + n. 
When, however, any plane is a component of its corresponding quadric the order 
of the surface is reduced. If, in this case, nZ m, then the system of quadrics. 
can be replaced by one of lower degree in v. For, let w= 0 be the value of u 
for which the plane is a component of the quadric. This is no further restriction 
on the system. We then have: 


Lau” +m Dy uO ten A+ Enns m0 
QU Hn Qo ur ae wee eee + Lins, L = 0. 


On multiplying the first equation by L/ aid subtracting, then dividing the 

resulting equation by u, the required system is obtained. We may, therefore, 

without loss of generality, suppone one or the other of the relations 

M=2m+n or n« m 

satisfied. | 
At any point of the nodal curve of the surface defined by the system, there 

are two values of u for which both equations of the system are satisfied. The 
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nodal curve is therefore determined by the conditions that those equations have 
two common solutions, 
At a pinchpoint the two common solutions of the given equations are equal. 
At such a point, therefore, in addition to the equations defining the system, 
we have: | a 2 | 
IL, wl 4 (m — 1) Ly uF? -E........ +- L, = 0 
Qi v^? + (n — 1) Qu? p LLL... + @, = 0. 


Since this is only four conditions on u and the three ratios of the coordinates of 
a point, there exist on the surface, in general, a.finite number of pinchpoints. 
When a curve is enveloped by the conics of the system every point of it is a 
pinchpoint. The edge of en waen it exists, is, therefore, determined by 
these four equations. 

When, at any point, the above four — are satisfied and also 
L, wu"? + (m —2) bw? eee 4-5, 417—090 
Qu” + (n —2) Qu? +o... 00. + Q,-1 = 0 

then three consecutive conics meet at that point. When these six equations are 
satisfied at every point of a curve, then that curve has contact of the second order 
at each of its points with the conics of the system. 

The condition that two consecutive con:cs be coplanar, is Hit for some 
values of u, the planes: 
Lu” +m But + oe... ae bt myu = 0 
L, uw" + (m—1) Lu"? + ...... Insee 
‘be identical. | 
Three consecutive conies will be coplanar if, in addition: 


L, v"? + (m —2) Ly uF + oe ee, + Lm 1 = 0 


is identical with each of the other two; and pany for any number of con- 
secutive coplanar conics. 

There may exist on the sur a certain nodal straight lines which are not 
determined by the condition that the equations of the system have two common 
solutions. Let, for example: 

Qua = D^ F L, rn D 
Q, = Lpp LY + UL’ + Ln I. 


Then D = Ly, = 0 is a double line on the surface, although at an arbitrary 
point upon it the equations of the system have only one common solution. 
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a. Systems of conics on cubic surfaces. 


The residual intersection of the plane of any conic with the surface is a 
straight line. Similarly, an arbitrary plane through an arbitrary straight line 
on the surface meets the surface in a conic. When the surface is not ruled, 
therefore, there exist on it twenty-seven systems of conics in the planes through 


_the twenty-seven lines. The equations of any one of these systems may be 


written in the form: ak Lo -— 


Qu + Q = 0. 
The equation of the surface is then : 

m Li Q; — Ly Q = 0. 
When the line L = L = 0 meets the twisted quartic curve Q, = Q, = 0, all the 
conics pass through a fixed point. This point is then a node on the surface. 
Conversely, the conics in the pencil of planes on any line through a node all pass 
through the node. It follows that the class of the developable of tangent planes 


. along any conie is reduced by unity for every node through which the.coriic passes. 


When the cubic is ruled, an arbitrary tangent plane meets it in a rectilinear 
generator and a conic. There exist, therefore, on the surface, a double infinity 
(œ?) of conics; namely, those in the double infinity of tangent planes. The planes 
of any developable of tangents to the surface cut from the surface a system of 
conics. This system of conics is of the same genus as the developable, for the 


conics of the system are in one to one correspondence with the planes of the 


developable. On the ruled cubic, therefore, there exist. systems of conics of 


: every genus, whereas, on the unruled cubic, the only possible systems are 


unicursal. ! 

The tangent planes to the ruled cubic along any conic lying on it forma | 
developable of class three. All the conics lying in the planes of any developable - 
of tangents and which do not all pass through a fixed point must, therefore, 
touch a fixed curve. It will be shown in the case of the Steiner surface, of which 
the ruled cubic is a particular case, that any curve whatever on the surface is 


- touched by a system of conics provided only that the DATRIUONIOR Y corresponding 


curve is the envelope of a system of lines. 

There are only two systems of conies on the ruled cubic along which the 
tangents to the surface envelope a quadrie cone. "These are the systems through 
the torsal generators. The conics of each system have two consecutive common 


.: points at the -pinchpoints. 
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b. Unicursal: systems lying en quartic surfaces. 
l. Developable of planes form a linear pencil. 
The equations of the system are: — 
L u+ L, — 0, 
Qi V 4- 2 Q,u + Q4 — 0. 


The equation of the surface is, therefore: 


Qi Li — 2 Q L, L4 + Q4 Li = 0. 
The nodal curve is the line L = L — 0. The surface may also have one or two 
additional nodal lines obtained by the method shown on page 104. These lines 
necessarily meet L = L, =0. When the surface has one additional nodal line 
it i8 a special case of the quartic surfaces having a nodal conic and.therefore also 
has on it systems of conics whose planes envelope quadric cones. When the 
surface has two additional nodal lines, it is either ruled or a Steiner surface 
according as these two lines do not or do intersect. | | 
The four intersections of the line Z= L,—0 with the surface Q2 — Q Q= 0 
are the pinchpoints of the system. In the cases where the surface contains other 
systems of conics, these other systems may determine pinchpoints through which 
do not pass two consecutive conics of this system. l 
All the conics of the system may touch the line Z; =L, =0. This happens 
when, for all values of u, the quartic curve | 
Qiu + Q, = 0 
Qu + Q4 = 0 
meets that line. The line L = Z,—=0 is then the edge of regression of the 
surface for this system of conics, | EE | 


2. The planes of the conics envelope a quadric cone. 

The equations are of the form: 

Lu- Lut L, = 0 
Ly Lu + Q; = 0. 
The nodal curve is the intersection of tha surfaces: 
| | L, 70 Q, sm 0. 

It is either.a proper conic or two intersecting straight lines, either distinct Or 
consecutive. Conversely, any quartic surface whose complete nodal curve is of 
any of these three kinds has on it a system cf conics of the above form. When 


x 
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however, the nodal lines are skew, either distinct or consecutive, the surface is 
ruled and has on it no system of conies. | 

The surface may have one additional nodal line. It is then ruled or a 
Steiner surface according as the nodal conie is not, or is, composite. 

Whenever the nodal conic 1s not composite it may be projected into the 
absolute. The surface is then a cyclide. All of these surfaces, therefore, whose 
nodal conics are not composite are projections of the cyclides. 

The pinchpoints of the system are the four intersections of the nodal conic 
L,—Q,-0 with the cone Z2— L,L,—0. The surfaces for which the nodal 
conie is the edge of regression of the system may be determined by putting: 


Q = Ly — L Ly + Ly Ly. 


When Z£, —0, L; = 0 and £;=0 all contain the same line, the developable 
of the planes of the conics reduces to a linear pencil counted twice. Two conics 
of the system are here coplanar with the conies consecutive to them. The 
equations of such a system may be reduced to the form: | 

- Lv + £, = 0 
L, L3u + Q, = 0. 


. All the conics of the system pass through the two points L = L = Q, = 0. 
Conversely, if two conics of any system on a quartic which is not a Steiner 
surface lie in the same plane, then all the conics pass through two fixed points 
and, if the system is unicursal, its equations can be put in the above form. When 
the surface is a Steiner surface, however, this theorem is not true, since two conics 
of the same system may pass through every point of such a surface. : 

When the planes of the conics form a cubic developable the surface is either 
a ruled quartic or a Steiner surface, since the nodal curve is a cubic. | 


3. Systems of conics on ruled quartics. 


The ruled quartic is the ruled surface of highest degree having on it a system 
ofconies. Both the system and the surface must be rational. 

The planes of the system must either form a linear pencil, or touch a quadric 
cone or form a developable of class three. In the first case the surface has two 
nodal rectilinear directrices and the axis of the pencil is a double generator. 
In the second case the nodal curve is a rectilinear directrix and a proper conic. 
In the third case the nodal curve is either a triple rectilinear directrix or a 
double cubic. 

15 
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The conics can touch a curve on the surface in two cases only; first, when 
their planes form a linear pencil about a cuspidal generator and, second, when 
the nodal curve is a proper cubic and the surface is itself developable. 


4. Systems of conics on the Steiner surface. 


The intersection of any tangent plane with the surface is a quadrinodal quartic 
and therefore breaks up into two conics. The developable of tangents to the 
surface along any such conic can not be of more than third class; for if it were 
of fourth class the plane of the conic would have to be a double tangent plane 
to the surface. The conics of any system, therefore, which is chosen so that the 
conics do not all pass through a fixed point; all touch a fixed curve. 

It is well known that the equations of the surface can be put into the form: 


Xi — 04 - biu tarvt di^ HF euo tr fir’ $—1,2,3,4 


To the points of any line: aud Boty=0 


in the (u, v) plane correspond the points of a conic on the surface. To any curve. 
on the surface corresponds another curve 
F (u, v) = 0. 

The system of tangents to #=0 determine on the surface a system of conics 
touching the corresponding curve. Hence, any curve on tlie surface such that 
the corresponding curve in the (u, v) plane is the envelope of a system of lines i is 
itself the envelope of a system of conics. | 

No curve on the surface is either osculated or touched twice by a system of 
conics since the corresponding curve F= 0 can not be osculated or touched 
twice by a system of lines. 


c. Quintic surfcces. 
1. The planes of the conics form a linear pencil. 
The equations of the system are of the form: 
| Liu + Ly = 0, 
Qi i? + Qv + Qyu + Q, — 0. : 
The nodal curve is the triple line Z, = L, = 0. The surface may have 
one or two additional nodal lines under the conditions mentioned on page 104. 


It can not have three double lines because a quintic surface with a nodal curve 
of order six must be ruled* and a ruled quintic can not have on it a family of 





* See Picard in Crelle's Journal, Vol. 100. 
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proper conics. When the surface has two double lines it contains another system 
of conics, whose planes form a developable of class three. The double lines may, 
in particular, be consecutive with each other or with the triple line. 

The eight pinchpoints of the system are the intersections of the line 
L, = L, = 0 with the envelope of the system of quadrics. All the conics of the 
system will touch the triple line when, for all values of u, the quartic curves: 


hw + 2Q, u + Q; = 0 

QW +2 Qu + = 0 
meet-that line. Two tangent planes will then coincide at each point of the triple 
line, the third being torsal along the line. ` 


2. The planes of the conics envelope a quadric cone. 
The equations of the system are: 
L,w + Did es 0, 
Qiu + Q = 0. 
: The nodal curve is the (proper or composite) quartic curve Q, = Q, = 0. The 
surface may also contain an additional nodal line under the conditions mentioned 
on page 104. 

The eight pinehpoints of the system are the intersections of the nodal quartic 
with the cone z 
I2 — L, L4 = 0. a 

Any curve which is enveloped by all the conics of the system lies on each 
of the quadries:  — 
-Qr =o, Q, = 0, I$ — Ly, L; = 0. 

The component so enveloped may be either a conic or a cubic or a quartic curve. 

The nodal curve may also be touched twice by all the conics of the system. 
When this happens we may, without restricting the surface, put Q,=4—L,J,, 
Q, being arbitrary. The curve thus enveloped is, in general, a quartic; but it 
may break up into two conics each of which is touched once. 

As in the corresponding case of quartic surfaces, the system of planes of the 
conics may degenerate into a linear pencil, each plane of which contains two conics 
of the system. Two conics of such a system are coplanar with the conics consecu- 
tive to them and the equations of the system may be put into the form 


Lu’ + l = 0, 
Qut = 0. 


*- 
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E Désdopait of the third class. 


It will be convenient to distinguish two esses. First, let 


oL w 4-3 L4? + 3 zu ++ L, — 0, 
Diet E Le. 


(The case in which the family of quadries i is of the form: 
| (3 L; Ls — L; Da) u + L, L; = 0 


is. a sub-case of the above.) 

The line Lj = £L, — 0 is a triple line ard L = L,—0, L = L,— 0 are 
double lines on the surface. The surface therefore also contains another system 
of conics; namely, those in the pencil of planes through the triple line. 

The system has eight pinchpoints: the four intersections of L = L; = 0 with 
the envelope of the system of planes; the two points L = L1, 3 L2 — 4 L4 L,— 0 
and the two points 4,—=L,—31;—4£,£,=0. It can not envelope a component 
of the nodal curve for the surface enveloped by the planes: 


LwW+3L,v+ 3iL,u+ L,=0 


can not have a rectilinear directrix. 
one other systems are those of the form: 


L w + (D — DL) uw’ + (L; — L) u + L = 0, 
L Deu? + [s + Ly) Ly — LiL; — L, Ls) u + L L; = 0. 


By combining these two equations we obtain: 
Li Lyw? + (Ls Ls — Ly Ly — L Ly) u + Ls Ly + Li Ly — (fy + Ls) Ly = 0. 


At any point of the nodal curve the two quadratic equations have two 
common roots. The nodal curve is thus seen to be the intersection, other than 
L;=L,=0 of 

Pr ie ge n 
Dy L; Dy + L R= L LR uc LE Ed. 


It is a quintic curve with a triple point at Ly ai = l= 0. This nodal quintic 
may decompose into a quartic with a node at L; = L, = L; = 0 and a straight 
through the node meeting the quartic again, or into a cubic and two straight lines 
both meeting the cubic at the same point and each meeting it again or into a conic 
and three concurrent lines each meeting the conic. 
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In each case where the curve is composite, a pencil of quadrics can be passed 
-= through the entire nodal curve exclusive of one nodal line. The residual inter- 
sections of such a system of quadrics with the surface is a system of conics whose 
planes envelope a quadric cone. 

The system has eight pinchpoints. One conic of the system may be coplanar 
with the conic consecutive to it. The developable of the planes of the conics 
must then degenerate into a cone of third class. 

The conics can not envelope the nodal curve. To see this first consider the 
case of a proper quintic. The conics can not be doubly tangent to this quintic, 
for if they were, each generator of the envelope of the planes of the conics would 
have to be a bisecant of the quintic. This is impossible, for of the two inter- 
. sections of each generator of that developable with the cone, 


on which the quintic lies, at least one must lie on the residual curve of intersection 
of the surfaces. It follows that the conics do not envelope the quintic at all. 

For, the two conics through an arbitrary point of the quintic would be consecu- 
tive, yet each conic would have to meet on the quintic two conics not consecutive 
with it. When the quintic breaks up into a quartic and a line, a similar proof 
holds for the quartic. The line can not be enveloped since it is met by each 
conic but once. ! a | 

When the quintic breaks up into a cubic and two straight lines, we may take 
these lines, since they intersect, for fundamental lines and a point on the cubic 
for fundamental point in a quadratic-quadratic Cremona transformation which 
transforms the surface into a quartic surface and the system of conics into a. 
system of conics. If the original system touched the cubic, the transformed 
system would touch the conic into which the cubic is transformed. When, 
however, the inverse transformation is performed on such a system of conics on 
a quartic, the planes of the conics are seen to envelope a surface of class two 
instead of class three as here supposed. 

The case -of a nodal conic may be disposed of like that of a nodal cubic. 
The nodal conic may, however, be a cusp locus on the surface. When this 
happens, all the conics of the system meet this conic in a fixed point and the 
conic is nodal because two conics of the system coincide with it throughout. 
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III. Systems of genus greater than zero. 


Any algebraic system of conics is determined by three equations of the form: 
L+ Lut Ivot... ar 
Qi + Qu + Qv. —À . vu m) 
Fn (u, v) = 0 


wherein u and v are parameters and f, (wu, v) is a polynomial in u and v of 
degree n and with constant coefficients. To each point on f, = 0, considered 
as a curve in the (u, v) plane corresponds a conic of the system and conversely. 
. The genus of the system is, therefore, equal to that of f, — 0. Since the genus 
of the system is supposed greater than zero, we must have n 2 3.. 

If the equation determining the planes of the conics is considered as the 
equation of a curve in the (u, v) plane which meets f, (v, v) — 0 in m points 
and if the equation of the quadrics, similarly considered, determines a curve 
which meets J, = 0 in m! points, then the order of the surface determined by 
the system is, in general, 2m + m. 

= For certain pairs of values of u and v the corresponding quadries will be. 
composite. When such a point (u, v) lies on ^, —0, and when the corresponding | 
‘plane coincides with a component of the quadric, then the equation of the plane 
is a factor of the equation of the surface. As in the unicursal systems, when a 
plane is a component of its corresponding quedric, the equation of the system of 
quadries may frequently be reduced. 

It is usually true that only one conic of the system lies in an arbitrary SE 
of its developable. We may then take two of the non-homogeneous point ' 


coordinates of the planes foru and v. Since the coordinates (a, 6, y) of the .. 


planes of the developable satisfy the equations: 


— Fin (4, B) ae 
y= F Es F._, (a, B) 8) Jak ; B) 0 


it is seen that the equation of the planes of the conics may, in this case, be written: 
a y * p ` 
L,- Lu + lo + Anu, L= 0: 
; f l Ja 


At an arbitrary point of the nodal curve of the surface determined by the 
system, there are two pairs of values of (u, v) which satisfy the three given 
equations. The nodal curve is, therefore, determined by the condition that the 
three equations determine two common points in the (u, v) plane. 
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The pinchpoints are determined by the condition that the three given curves 
touch at a common point. This is five conditions on the five quantities u, v and 
the ratios of the coordinates of a point. The system has, therefore, in general, 
a finite number of pinchpoints. When, at a point, a conic meets two consecutive. 
ones, the corresponding three (u, v) curves have contact of the second order at a 
common point. A curve which is touched by all the conics of the system is 
therefore determined by the condition that the three (u, v) curves touch at a 
common point; and one which has contact of the second order with all the conics, 
by the condition that the three (u, v) curves have contact of the second order. 

Additional nodal right lines, through an arbitrary point of which passes ` 
only one conic of the system, may arise as in the case of unicursal systems and 
under similar conditions. | | 
|. When a point (u, v) is a double point of f, (u, v) = 0, the corresponding 
conic is, in general, a ‘double conic on the surface. Moreover, if the multiple 
point is a cusp, the conic is a cusp locus, if the multiple point is a tacnode two 
sheets of the surface touch along the conic and similarly for higher singularities. 
This is seen by putting: | 


u — w = i” v — v = q t + a È + — css 


and determining the form of the surface in the neighborhood of the conic ¢ = 0. 

When, as is the case in the surfaces in which we shall be interested, the first 
two of the three given equations are linear in u and v, it is obvious that, at any 
point of the nodal curve other than that determined by multiple points of f, — 0 
and the right lines mentioned above, these two lines in the (u, v) plane must 
coincide. The nodal curve is, therefore, determined by the equations: 


A Lm ds cb 
Q Qe 3 


It 1s, in general, of order seven and of multiplicity » on the surface. 


a. Quartic surfaces. 


The system of conics : 
i L + uU Le — 0 


| Li +v Q, = 0 
(ay v? + dou + out +-(a, 0? + 5,0) w+ (agt? + bat) 4? + a ut av? = 0 


determines a quartic surface. The system is of genus one, and the surface has 
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no nodal curve, unless f, = 0 has an additional double point, in which case the 
genus of the system is reduced to zero. In each plane of the pencil: 


7 ^ L-tvwL-D 
lie two conics of the system which touch at each of the points: 
L = L, = & = 0. 


These points are tacnodal points on the surface. For four values of u the 
coplanar conics are consecutive. These four values of u are determined by the 
four tangents to f= — 0 which are parallel to the v axis. 

On the Steiner surface are systems of conics of any genus whatever, s lying i in 
the planes of the developables of tangents to tae surface. 


b. Quintic surfaces. 


The system of conics satisfying the equations: 


L, +uL, = 0 
Li + vQ, = 0 
- (ag v? + by F co) u” + (av? + 5v +) u! + (as? + b,v) &? + (ass? how 
+a utap — 0 


lies on a quintie surface. Two conics of the system lie in each plane of the pencil: 
L,+ul,=0 


and touch at each of the tacnodal points: 
L, = L, = Q, = 0. 


. The system is, in general, of genus two, but the genus may reduce by the 
appearance of additional double points in f, (u,v) = 0. The surface has no nodal. 
curve when the system of conics is of genus two, but, with decreasing genus, it 
has one or two nodal conics. These nodal conics may be cuspidal, consecutive, ete. 

The number of consecutive coplanar conics is, at most, six. 


The system of conics 
! L,4*.L,-—0 


L, Ls + v Q= 0 
(a, v? + bov + e) w+ (aiv? + bv +e) v? + (a5? + b, v) wu + ao = 0 


is of genus one and lies on a quintic surface. 
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The conic I = Q, — 0 is nodal, or, in particular, cuspidal, on the surface. 
The surface may have an additional nodal line. L, = L,--0 is such a line when: 


ag = 0 Q= Li + L Ls b, Ls + a l= a L + BL, 


where qa and @ are constants. 


The two conics in an arbitrary plane 
L +uL,=9 


_ meet twice on the nodal conic and also at each of the points 


L = L Q,-— 9. 


Four conics of the system are coplanar with the conics consecutive to them. 

When the plane determined by an arbitrary conic of the system does not 
contain another conic of the system, the planes of the conics envelope a cone of 
class three. Since the imposition on this cone of the condition of being unicursal 
is equivalent to bringing an additional nodal conic on the surface, it is seen that 
the nodal curve is of order three. 

This nodal curve can not be a proper cubic, however, for the surface would 
then be rational as is seen by letting correspond to any point of it the point in 
which a fixed plane is pierced by the bisecant to the nodal cubic through the . 
given point and conversely. Neither can the nodal curve be a proper conic and 
a line for such a surface is easily seen to be either rational or composite. | 

There do exist, however, quintics determined by systems of conics, whose: 
nodal curve.consists of three concurrent straight lines. Each conic of the system 
intersects each nodal line and, since it must meet four other conics of the system, - 


passes through the vertex of the cone determined by the planes of the conics. 


Taking two of the lines for fundamental lines, and the vertex of the cone 
for fundamental point in a quadratic-quadratic Cremona transformation, the 
surface is transformed into a ruled quartic of genus one, having the fundamental 
point for simple point. The tangent cone to the quartic at this point is of | 


the form: ] 
Liu + L,v + L; = 0 


Ja (u, v) = 0. 
It is easily seen that an infinite number of cones of class three exist which 
are tangent to the quartic and whose equations are of the form: 
Lj u + Liv + Lj-, 
wherein w and v are joined by the same cubic relation fj = 0. 
16 | 
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Performing, now, the inverse transformation, we have the system of conics 

determined. by: | | | 

mE Lu + Lv + L.—0 

Qi o + Qu 4-0; = 0 
fs (u, v) = 0. 


These equations can be still further spacialized. When the surface is a 
quintic, there must be four pairs of values of u and v satisfying f, = 0 for which 
the first equation is a factor of the second. It is easily seen that three of these - 
four points in the (u, v) plane are collinear. Hence, except in the particular cases 
in which some of them are.consecutive, the equations of the system may be written: 


Lyu -+ Lv +L =0 
Li (La + L) u + L; (L, — L) — 0 
| aw o bus -pe(w —u) d duv evi fv — 0. 
The equation of the surface is: | 
a L, (L — Ly — b Ly Ti (L — Li) (L + L) + eI (Ls + L) Un — L) 
t d L Lj L; (Ly — Lu) (L; + Ly) — 6 Ly L; (Ly + L) (Ls + Ly) + f T L s + Ly)’ = 0. 
' The three nodal lines are: 
! Ic 50 
Ly = L,= 0 
Ly + Los =L + L, = 0. 


These lines may become consecutive. - | 
All the conies of the system touch L, = 0 at L = L = L,-—0. On each 
nodal line are four pinchpoints of the system. The conics obviously can not | 
envelope any of the nodal lines since they meet each line in only one point. 
l U. 8. NAVAL ACADEMY, June 10, 1906. 
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On the Canonical Forms and Automorphs of Ternary 
Cubic Forms. | 


By L. E. DICKSON. 


Gordan has given” a complete set of canonical types of ternary cubic forms 
and has determined the algebraic irrationalities occurring in the reducing linear 
transformations. There does not seem to be at hand a reduction theory in which. 
the coefficients of the form and those of the reducing transformations belong to 
= a given field F. The case in which F has the modulus 3 is essentially different 
from the contrary case and will be treated in the present paper. After treating 
the reduction problem rationally in the initial field, we consider, in $$ 19-20, 
reductions involving irrationalities and obtain eleven ultimate canonical forms. 
This result for modular fields is in contrast to Gordan’s results for the field of all 

complex numbers. | 
| 1. Let F be a field having modulus 3, and let 


1,2,8 l 1,2,8 ; 
(1) i J= x ai + 2 Caj 27 w + bx, 9, 23 
t ty) 
have its coefficients in F. The Hessian of f is | 
(3). SAs? — Q {E cy wh ay +.B, ong, 
where , 
(3) ! (0 QE D — Cg Cg, — Ci Cae — Cis Cis; | 
(4) | A,= Ci Che + Cop Cji — D Ci; Cik (4, Ds eat, 2, 3). 


We infer that Q is an invariant of f and that 
12,8 


(5) | | = (A; + Qa) az 


is a covariant of f. These facts indicate the exceptional character of the case 
in which the field has modulus 3. | | 





* Transactions American Mathematical Society, vol. 1 (1900), p. 408. 
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2. Suppose first that the c;; are not all zero. By an evident transformation, 
we may set ¢,=1. Applying in turn" Bes, Bay, Bew, we may make 
Coy = Cg = b = 0. The resulting form may be given the notation | 


(6) f (a) Sw} x, — Qaka, + Rada, + Sada, Xa]. 
Under the transformation - 
(7) . vı =Y — t Eys, t — ty t ys UC E ys, x = Yz, 


J (x) becomes j” (y), in which 
PEEL i-i aA 
al = a, Q = az + tê R?a, — È R? a —t E S —CQR—t* R. 
Henceforth, let F be the GF'[3"]. Then 8’ = 0 requires 
(9) ¢Q—#R=—S, BQ—PRLS,...00.Q" —tR = 8. 


The determinant of the coefficients of t0, ...., 7 equals 


(10) A=Qie-v_ RI, 


If A0, i, £, 09, .... are uniquely determined by (9), and the resulting 
‘value of ¿° is seen to equal the cube of that of ¢, etc... Hence, if A ¢ 0, we may 
set S=0 in (6). Then, if Q — 0, we multiply x; by a suitable mark and get 


(11) | x} te + eas + xac. 


But if Q 0, we apply B4 and make Æ —0. Then if Q is the square ofa 
mark v, we introduce 2, + v2, and c, as new variables, and are led to the case 
treated in §3. If Q is a not-square, we multiply 2, by A, and a, by ~~*, and 


choose 4 to specialize the new Q; there results 


(12) DF Lo — V Ct + Zaw (v a particular not-square), 
Next, let A — 0. If R= § = 0, (6) becomes 
i (13) ag, + £a; x2. 


If R= 0, S30, we set y, = ts, Ja = Sm, y= S-* a, and obtain (11). 
Finally, let R= 0, so that, by (10), Q isa square +0. Multiplying a, by A, 
a, by A7?, and a by Au, and taking w= Q7, 2? = Ru, we get : 


(14) | . LI Lo — cas + $us + swin + Xi. 





* In the usual notation, Byz; alters only z,, replacing it by z, + £z,. 
Any mark p of the GF [3^] is the cube of thejmark p^. 
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In view of (8), this can be transformed into a similar form with 
(e) ds 2s —t+ 23 
Now t®?-—¢t=c is solvable in the G-F[3"] if and only if 
JOER TETE TE 8" | 
vanishes. Hence, if $ (s) — 0, (14) is equivalent to a similar form with s = 0. 
To the latter apply By 1; there results (y? — y2) y; + E, which obviously falls ` 
under the case treated in $3. Since Q? = $, there remains the case $ (s) = + 1. 
Under the transformation æi = — qı, the sign of s in (14) is changed. Hence 
we may set $(s)— +1. But if $ (s) = 9 (s), then Q (s — s) — 0, and (e) is 

solvable for t in the G.F[3"]. Hence we may restrict s in (14) to be a particular 
solution of (s) — 1. In case n is prime to 3, we may set s = 1. 

3. Next, let every c,; be zero. According as b + 0 or b = 0, we get 
(18) | 7,22, + 30,28, 
(16) | | > a, 03 | (ai, as, ag not all zero). 

4. No form in one of the six systems (11)-(16) is reducible to a form in 
another of the systems by a ternary linear transformation in the GE [3"]. 

Indeed, let fj, J2, Js denote the partial derivatives of f, given by (1). The 
number N of sets of solutions æj, x,, x; in the GF [3"] of f, — f, =f = 0 is 
‘invariant under linear transformation.* For (1 1)-(16), we have N = 8", 3", 
3°", 1, 3"*1 — 2, 3°", respectively. The only case needing comment is (14). 
| Eimine 21 between f,= 0 and f,= 0, we get x3 — m x? —sx3 = 0. But 
i — t —s = 0 is irreducible since 4$ (s) T 0. Hence x, =a, = 0, and then 
= 0 by h= 0. 

For (11) and (12), we have the same value of N. But for (12), Q is a not- 
square y; while for (11), (13) and (16), Q = 0; for (14) and (15), Q — 1. 
Under a transformation of determinant D, Q MN D’ Q, so that the quadratic 
character of Q is an invariant. ` 

5. In view of §4 the problem of the reduction to canonical forms falls into 
six independent problems. Consider the forms S (a,, az, a3) of any one of the six 
systems, and let 7 be a transformation of one of its forms S (a1, aj, al) into a 
second. Since the modulus is 3, T transforms > b æ} into a similar sum X 8, %3. 
A system of forms is invariant under every transformation which replaces one of its 
forms by a second. | 








* There exists an invariant (other than Q) involving b and the c, ; alone. 
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We proceed to determine the groups of transformations leaving. invariant 
- the various systems of forms. As the usual direct method would be laborious, 
special devices have been invented. 
6. “Group of the system (11). Suppose that a particular form 
EF" oh, alg = 21 2 + x4 HZ + Talay? 


becomes Fi, ma, given by (11), in view of the transformation 


. 3 
(17) | 8: ei = X aga, e (= 1, 2, 3), 
with coefficients taken modulo 3. Then | 
F . : A 
Ce pm 2; PEA — = vj (15 42x + 044 do) + 9 (aij 01% + Xp; Ask + aok (3j) + cj (c5 j Agy = V, 


since aa! /da,= = q,;. Hence 
0 — s == 4a, S = Do vo — = da = Ys, X3 — des - 


From 0= 4%, we get as =a = 0. Hence ag + 0, since |a; £0. Then a, = 0 
from O= dys. Next, 444 = ai, xz, bog = Qo Og xo. Hence aj = ay Ag, and 


Oy, ag O (1X9. Qr €4» F 31 Age 0 
S=70 a0 eee 0 akı 0 
2 „~l ee 2 2 
Q3; Og, ii Age i Aig Aoa Oye 22 Aag Q»» 


The necessary and sufficient conditions that $-!,$ = I are - 
i | Qj Ong = 1, dy = ai Q3 - 

Hence the transformations leaving system (11) invariant are 
(18) vi = ary + ay 25, Le ee, La = a? a v, F Agg My F A*a . (a + 0), 
For the G.F[3"], the order of the group is 3?" (3" —1). | 

7. Group of the.system (12). Evidently (a? — v x?) o, is invariant under 
(19) T, e: z1—a« + Bx, cj— v! Bo, 4- Atg, y= v | (a? — v-1 BP, 
where a and @ are any marks not both zero, and under 
(20) ' LL: G3 = — ig. | " 

Let S, given by (17), be any transformation of the group of the system (12). 
We prove that S is generated by 7,, and 4. Now S and S7,; do not both 
have a, = ag == 0; let S’ denote the one with aj, and a not both zero. Then, © 


for suitable AR a, B, Top S =, replaces x, by x,—ta,. From the con- 
. ditions that S, shall replace cj z,— vara, by a form (12), we readily find that 
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S, is either the identity J or L. Now L transforms. T.s into T, &. Hence the. 
group 1s composed of the 2 (3*^ —1) transformations TT, , and T. , 1L. | 
A simpler method of determining the group is to introduce the irrationality J, 
. where j? — v defines the GF[3?"]. Then j? — —j. Introduce the conjugate 
variables 
"n | | ya, cm, y= n mj. 
The form (12) becomes 
(21) yy o, + aes + A? (A9, Az —a,— 3|. 
By inspection, or formally by $10, this system of forms admits only the 
2 (3? — 1) transformations T, and. T, L, t any mark + 0 of the GF eh where 


(19%) T: y = ty, m=i a, 
(20’) L: yoy. 
| 8. Group of the system (13). Asin $6, we pel 


or nm 
$ du du. = 24 (035051 F 041 655) F Tiag. 
j RU s 


For j =k = 2, we get ap =0. For k= 3, we get 4; ae -+ 04505; = 0. 04; a5 = 0, 
for 7 = 1, 2,3. For ï= 3, the latter gives a — 0. Then 4; 03 = 0 (= = 1, 2, 3). 
Hence ag = 0. For — 1, k= 1 and 2, we get 
gy = — Ti oy 0 + wah, Tı = 91 Ay, Apg 

Then S,$-! — I requires that af, aeg = 1. System (13) is invariant under exactly 
the 3?" (3”—1} transformations | m 
(22) Ti = Oy Hy, Lh — yy Vy F An Xy, C3 = Ag Lı F Os Lo + Asg Ws (an + 0, az 0). 

9. Group of the system (14). This case is the most difficult of all and 
requires a new device. We introduce a cubic irrationality i such that the 
' determinant" of the enlarged field F(t) yields a ternary cubic form belonging 
. to the system (14); the factorization of this determinant in F(t) is known.* 
For (14), 9 (s) F 0, so that x? — w — s is irreducible i in the @F{3"]. Hence 
(23) e" =i s : 
defines the G F'[3?"]. To construct its determinant, expand f 

| (a + at + æt”) (ys + Yt + ys i9). . 


* Dickson, Transactions, vol. 7 (1906), pp. 388, 389. 
'.' +The interchange of subscripts 1 and 2 is made here instead of later on. 
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"The expansion may be exhibited with detachec coefficients thus: 


E Yı Ye Ys 





"The determinant is congruent modulo 3 to 
(24) LÄ Ly — WO, F L3 My A 505a — 8 VI — a3 — sa. 
This form belongs to the system (14); indeed, it 1s the only form (14) differing 
from its Hessian (2) only by a constant factor (here — 1). 
- In view of its origin, (24) has the factors 
(25) Ezza-Fam6-- ai, FS pat? + ait, Ew +i + M i2 
It follows from the theory of conjugate variables that (14) equals 


(26) EEE 8E T 87 E) +B E, 
or, as we may write,  — | | 
(26!) | pra 8E (8 EDE E (8 Ep". 


In ease we wish to pass from the forms and transformations in the GF [38] 
| to those in the G F'[3"], we need the value of 8, viz., 


(27) - B= — (a, + s) i? — (a, + 1) G*—1) — ( + 8) 
On applying to (26’) the respective substizutions 
(28) -— PLUGS | 
(29) (0 gag, (pereas 1), 
(30 — dx di 
we obtain forms of type (26) in which the new Ó's are 
(31) Be, Bern, grum, 


Further, every automorph of the system (26), which preserves the conjugacy of 
the variables £, £,, &, is given by (28), (29), or (30). The group of the system 
(14) is of order 3 (1 -+ 3" + 8?"); it is generated by two operators U and V such that 


(80). e ,'" ues e Ursy. 
10. Group of the system (15). An immediate application 'of the method ` 
of §6 shows that the 6(3" — 1)? transformations are 


(33) Mya, w= x, w =a m, (4, J, & = 1, 2, 3). 


aN 
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11. The group of the system (16) is the general ternary group of order 
(34) q zz 3°" (38% — 1) (3? — 1) (3" — 1). 

12. Asa check on the results in $8 2-11, we note that 

g gön g Q8n g 33^" g 38r g 397 q (33n— 1) 
3°" (3^ — 1) x 2(3°" — 1) T 3°" (38"—1) F 3(1 $37 +4. 3°") "m 6(3" — ly a+ T 
equals 3” —1, the total number of forms (1), not identically Zero. | 

13. Lteduction of forms (11). The available transformations are given by 
(18), which replaces (11) by a similar form with 
(35) aj= aqa" Faso ais, a= dias + da + Aai + a aint €. ag, d= aza” 

Let first a= 0. Since every mark is a cube, we may take a, = 0 or 1. 
Then for a=1, ag — 0, dg — —a,, we nave ai = 0 or 1, a4 0. We reach 
types 1 and 2 of the Table. 

Let next d; £0. We may take a; = - 0. Then for ap = 0, dg — a? 2, 

(35/) ai = 0, a =a’ a, aza? = d, + a2 -+ z. 
By choice of a and z, we can make a; = 0 or 1, if n 71. Indeed, suppose that 
A =a, + as? +2 is a not-square for every z in the GF[3"]. Then 
AS D — 1 (for every z). 

In the final factor, we replace 2° by z. Then the product is of degree 

(3 + 9 4-97 4-.... 4 8"7D) + 3°14 (5.3"-!— 3) < 83". 
Hence the relation must be an identity in z. The coefficient of the highest 
power of z is af, q—1-- 8 4p ....3?-?, if n 7» 1; but is q +1, if n — 1. 
| Excluding for the present-the case n = 1, we thus have a; = 0,.a,= 0 or 1. 

For a, = a; = 0, ag + 0, the only further normalization is the specialization 
of aj by the choice of a”, Let p be a primitive root of the G.F[3"]. Ifn is odd, 
the even. powers of p are 12th powers, since 

ry ^ pm dgio, em qe 
viuis the odd powers m L are not-squares and hence not 12th powers. Hence 
for n odd, we may set aj = + 1, and reach types 3 and 4 of the Table. If n is 
even, the greatest common divisor of.12 and 3" —1 is 4, so* that the only 12th 
powers are pf, p°, ...., p 121. Hence we may set aj — 1, p, œ, or p*, and 
reach types 5 and 6 of the Table. 


* Linear Groups (Teubner, 1901), p. 45, § 63. 
17 
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Next, let a, = 0, & = 1, aa = —a £0. We first seek the conditions under 
which this case can be reduced to the preceding. Such a reduction occurs if 
and only if | | 
(36) 0=1—af +z =Z 
is solvable for z in the GF[3"]. Now 
(7) Z+aZ pat Zp... pages ee r9 
where 
(38) pa` El tata a... 4p attt tet 
Hence the equation 0 = Z is solvable for z in :he GF [3"] only in the following 
cases: either a is a not-square, or æ is a square such that ẹ (a) = 0. ! 

Let therefore a be a square such that (a): 0. We discuss the values 
taken by a! = Z?a, when z is chosen in the ŒF [3"] so that 7=1—a2+4 2 
is a 6th power (Z= af). Set 4 = 4 (a), 4/ == (a). In view of (38), with 
a replaced by a’; we get | 
(39) ZV= Zu a Z + at VA. ee peg ht Bt 43775 Zar 


Since a is a square and z? =z, we deduc» Z4/ — 4j from (87) and (89). 
To make Z a 6th power, it suffices to make it a square. Hence a necessary 
condition for- the equivalence of two forms with the parameters a and a’ is that 
W/V be a square. We next show that this condition is sufficient. Let a and a! 
be given squares such that 4/4 is a square. Now | 
4 — a4 —1—a19 -»- p. 

Hence 1— a4, 1 =a’. Hence the equation a’ = Za is satisfied by the 
square Z = *j[4/. For this value of Z, (37) m (39) give 


—— 


Z^ — (a) + a— ait -Dgs 


0 =g -— z’ 
$o that Z =1— az -+z is solvable for z in la GF[3"]. For the forms (11) 
in which a, = 0, ay = 1, a; = — a, a being a square ¥ 0 such that 4 (a) + 0, 


. those with ẹ (a). a square are bo likewise those with (a) a not-square, 
while the two sets are not equivalent. The two resulting canonical.forms are listed 
_ under 7 in the Table. 

It remains to treat the case n = 1, a; £0, a, = 0. By (35), for dy = 0, 
ai = 0, a} = a, + (@ + 1)ag, a =a. If a; =1, we can make a; — 0, and 
reach type 3 of the Table. If a4— — 1, no normalization is possible, and we 
have types 4 and 8 of the Table. 

-~ The determination of the automorphs of pe 1—8 follows readily from (35). 
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Comment is needed only in the case of 7; viz., a = 0, a, = 1, a4— — a x 0. 


Then 


Op = 0, at = 1, 1 =a? — aad, + ag. 

The case a? = 1 leads to the automorphs listed. The case a? = — 1 is excluded, 
. since z==az, would then be a root of (36), whereas the latter was shown to be 
not solvable when a is subject to the conditions on type 7. : 

14. eduction of forms (12). The available transformations are T, , and 

T, L, given by (19) and (20). Now T. , replaces (12) by asimilar form with 

ai= 0,0) rag? v 2, ag =q B? + asa’, as = as/(a? — v^ D^. 

If a, and aj are not both zero, we can determine a and 6 to make a! = 1, a, = 0; 
the resulting type is 11 of the Table. If a; = a; = 0, we can make aj = 0 or 1; 
the resulting types are 9 and 10 of the Table. Since L leaves unaltered types 
9, 10, 11, no two of them are equivalent. | 

15. Reduction of forms (13). Applying (22), we get 
ai 705,05 + aah + a5 65; + aa, Ay = Aaj + is Orig d$ = dg s. 
For ds; = 0 we reach type 14 of the Table. For a= 0, we first make a, — 0, 

— 1, or — v, where v is a particular not-square. For ag = a,=0, we take 
Gy, = 1, ay, = — a, and reach type 12. For a4, —0, a, = — 1, we take a, = 4-1 
to preserve a; = — 1. The problem of the specialization.of a1 =E + a, + aq, — ah 
is essentially the same problem as the specialization of s in (14). As at the end 
of $2, we may take aj to be zero or a particular solution of $ (c) — 1. The- 
resulting types are 15 and 16 of the Tables. 

Finally, for a, = 0, a, — — vy, we take a, = +1 to preserve aj -— —» 
Setting ay = + z, we have tajma,+z2—v#?=W. Then | 
Wet v W3 + ok W? p... p ott teete TW" = a A g nte" a", 

a zza + va? -+ vta? --....4- »! *3* eed art 

Since »#@°-D = — 1, the equation W — 0 has the root* z=a. Hence we may 
set aj = 0.and have type 13 of the Table. | 

16.: The reduction of the forms (14)-(16) to the types 17—23 of the Tables 
offers no difficulty in view of the results of §§ 9—11. | 

17. In addition to the check in $12 on the six systems, we note that the 
canonical forms within each system and their automorphs were checked by 
making two counts of the forms of the system. 


* The existence of a root also follows from a theorem on the analytic représentation of substitutions, 
Linear Groups, $81, p. 57. — ` 


f 
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Canonical form Automorphs Number of automorphs 
1| AS aia, + xis, (az, HEt, a7 m, & Bu, — a^ Bx, + ates.) | 3" (8" — 1) 
a) A+ a \ (2, + Eta, ty, Ba, — (E + P) x, du) 3” 
8 A + a3 (n odd) | (Etis m, 2) 2 
4.) A — x3 (1 odd) (Ez, ty, Pata), =P 6 
5j A + p'r (n even, i = 0,2) | (221, 02, B2, +a), é= l, p =e 19 
6) A + pla; (neven,?—1,8) | (az, cm, v), o* —1 4 
7| A + a—axj(nl) (dm, tas Bm, ux), af = fp 6 
8| A zx — ay (n = 1) (Etis v, BX, + m) 6 
9| B= aia, —vam, Top, Tage L (87) 2 (8*"— 1) 
10| B+ 2 Peas Tag hy =t Pml . 2 (8" + 1) 
11| B+ a+ a,23 (z,, Bs E). 2 
12 | air, (22) with a, — 0 8'"(gn — 1) 
18 | ata, —v2i (ET %, PU + 7%, + az) 2.3°"(3" — 1) 
14 | aia, + 2 (at, a gz, a7 a, 9, + eL) 2. {87(3"—T) | 
15 | xa, — 2 (E2 BX +4, yum + 04, dem), P= 8) 6.37" (3 — 1) 
16 9, — Xz + dig (z,, B9, 3,, yd, 0m, em), P=  13.9'^(3" — 1) 





17 | (24) ~ (28) 8 zo 


(28)-(30) ` o [8(1 + 8" + 3°”) 
18 | (14) ~ (26) exo ! 


I, (89) with ¢ = Bae ie at aee 


SR | tte E PPP tie a iun | REN RRM Mn À 


" "EE Nw 3 
(30) with ¢= 89" 7-977 
I9 |2,2,2, (33) 2 | 68" — 17 
20 | 2 2,2, + mi (2,, et, 7T), 1,7 = 9,8 | 2 (8" — 1) 
ALi L tt t B+ a3 Lo COE EA 3 
22 m 0%, + aa Permutations of z,, Zy, 2 6 
23 | at . (v, Fam, 28; 2) | 35^ (8?^ — 1) (8^ — 1) 


Specification of the parameters in the canonical forms. 


5, 6 | pis a fixed primitive root of the GF [3^]. 
7 | a has two values, each a square in the G.F'[3"]. For one, 
(0 Xzi-aa-a)94.....-4-g1t89*9 45697 
| is a square; for the other, 4j is a not-square. 

9,13 | v is a fixed not-square in the GF [3"]. 
dila, ranges over the 3" marks of the GF [3"]. 

16 | a, is a particular solution of $ (c) zze + e? ore +" =1, 

18 | B ranges over the 3* —1 multipliers in a rectangular table of the marks ` 


+0 of the G&[3°"], those in the first row being the roots of 
gita’+a™ — 1. 


22 | a ranges over the 3" — 1 marks + 0 of the GF [3"]. 
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Thus for system (12), with the canonical forms 9-11, 
2 d 1) + 2 (3°" — 1). 2 (2^ aa 1) 3” = gön 
2 (3*" — 1) 2(3” + 1) 2 | 
18. Aside from 17 and 18, all the canonical forms and automorphs in the 
Table have their coefficients in the initial field G'F'[3"]. A similar treatment 
of 17 and 18 for n= 1 will be given for illustration. We may set s= 1; then 
the roots of (23) belong to the exponent 13. As the three canonical forms, we 
may take (14) with s = 1 and 
(40) (a, d»; a5) = m (=L —1, cT (0, 0, 0), (0, 0, esty | 
Indeed, for these, B given by (27) equals 0, — i? + 1, — 2? — 1, respectively ; 
while (— 4? —1)/(— i? +1) = 1 —4 belongs to the exponent 26, so that no two 
of the forms given by (40) are equivalent. For ¢=1, (28) gives - 


(41) (OU: ay +m, tho, ah = 2 (=n. 
For 8 =1 — i’, we get 97— —1 —1?*. Hence (29), for ¿= —1-—4?, gives 
(42) B gi = m + s, Wy == Xy — Lp, X= — tı — He (Piss), 


an automorph of LÈ at, — IÈ To + 2523 + rx. Hence (41) and (42) generate the 
group (32) of the system (14); its 39 transformations are the automorphs of (40,). 
The 3 automorphs of (40,) are the powers of V. The 3 automor phs of (405) are 
obtained similarly. 

In (26) for n = 1, set £ = By. For B e a e gi — 1, we find that the 
form vanishes for 13 values of y, since y? -+ y? + 5? +1 divides =, modulo 8. 
For 8? = —1, the form vanishes for 7 values of y, since — y? + 43+ y?+1 and 
y —1 have the greatest common divisor j^ — y* —1. Hence the forms (40) 
vanish for exactly 1, 7 and 13 respective sets of values œ, modulo 3, since 1 —4? 
is a not-square and —1 —?° a square in the G F[3*]. | 

As the basis for a similar treatment for n > 1, we note that, at least "ie 
n = 1, 2,8, 4, a root i of (23) is a primitive root in the aad ao when s isa 
primitive root in the G.F[3"]. _ 

19. Instead of forms 9, 10, 11, we may, on the basis of $7, employ 


Canonical form | Automorphs . | Number 
y am 2 T, T, b, defined by (19^, (20) | 2 (3?* —1) 
y y? as + o) Preceding with /9' +! — 1 2(3" -- 1 


yy zy FP Ry amd LL | 2 


` 
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Hence under transformations with coefficients in a higher field, types 9—11, 
17, 18 reduce to types analogous to 19-22. 

20. Theorem. Every ternary cubic form in the G F[3"] can be reduced, 
by a ternary linear transformation rational or irrational with respect to the given 
field, to one and but one of the eleven ultimate canonical forms 1, 2, 3, 12, 14, 15, 
19-28. E | | 

. For systems (12), (14) and (15), the invariant Q is not zero. In view of 
$19, the ultimate canonical forms are 19-22. For the remaining systems (11), 
(13) and (16), Q — 0, so that reduction to 19—22 is impossible; while (16) alone 
is reducible to 23. As in $86, 8, no form (13) is reducible to a form (11) by a 
transformation of modulus 3. In the reduction of forms (11), in $13, the case . 
a; —0 led to types 1, 2. For a4 0, conditions (35) may be satisfied for a and 2- 
in a higher field, when we set a$—1, a; = 0. After the determination of o? as a 
fourth root .of as’, o? follows rationally; the determination of z requires the 
solution of a cubic. Hence (11) with a; + 0 can be reduced to type 3 by a 
transformation in the GF [3727]. 

In the reduction of forms (13) in $15, the case a, = 0 led to type 14, the 


case az = d, = 0 to type 12. For a, — 0, a, zE 0, we may make a, = —1, a, = 0 


by using a quadratic and a cubic irrationality ; thus in the G#'[3°"] we reach 
type 195. i 

The present list of ultimate forms for modulus 3 differs from Gordan's list 
of non-modular forms. His G, G, Cy are here equivalent to 23; C, to 22, 
C5 to 21, C; to 20, C, to 19, 6; to 14, C; to 1, Č to 12, while none correspond to 
2.8.15. 


Tur Universiry or CHICAGO, September, 1906. 


The Elliptic Cylinder Function of Class K. 


BY Winwram H. Burrs, 


The object of this paper is the synthetic treatment of the Elliptic Function . 
of Class K and the computation of tables of values that may be useful to physicists 
in studying the properties of elliptical membranes and elliptical cylinders. The 
literature on this subject is very limited, as the only serious attempts to discuss 
this function have been made by Mathieu and Heine.. The investigation of 
Mathieu in his Mémoire sur le mouvement vibratoire d'une membrane de forme 
elliptique (Jour. de Liouville) made some progress in the theoretical treatment 
of the function, but did not lead to definite conclusions. Heinrich Weber, in 
Annal. von Clebsch und Neumann, Bd. I, says of Mathieu's work: “Die Inte- 
gration ist dort durch Reihen bewerkstelligt, von denen mit grossem Fleisse eine 
betrüchtliche Anzahl'Glieder berechnet sind, für welche aber ebenfalls kein all- 
gemeines Gesetz angegeben ist. Diese Untersuchungen mógen daher für den 
Physiker immerhin von grossem Werte sein, mathematisch scheint mir das 
Problem dadurch der Lösung wenig näher gebracht zu sein, als durch die Auf- 
stellung der gewöhnlichen Differentialgleichung selbst.” 
| E. Heine, in Kugelfunkitonen, Bd. I, II, makes greater progress in the 
anal ytic treatment, but does not give a satisfactory proof* of the convergence of 
the series and does not carry the investigation far enough to make the results 
useful to the physicist. 

Lav] eV. eV ; 

aplace's equation 2 = 2 T sr zm + 32 — 0 is reduced by Heine, after various 
transformations and the introduction of Lamé’s elliptical coordinates, to the 
convenient form | ! 
(1) 7 du + (G oos 2h + 42) E — 0. 


* Since the above statement was written, a satisfactory proof has appeared in the Inaugural Dissertation 
of Simon Dannacher, Ziirich, 1906. 


x 


f 
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Our investigation will be limited to the function of the Class K, 
(2) — | | E = 5 ay + > G4 COS ‘2nd, 
i n=l 


in which a is independent of $ but a function of z and of the argument b. Under 

what conditions is this a solution of (1)? | 
Substituting this value of Ein (1), we find the following recursion formulas, 

showing the relation between the coefficients : 


(8) m = — bb, 
a; = b (1 — z) Qi — à, 
az = b (4 — 2) d — 3, 


$ 


a e y 5 & a & > à Y E * à @ * È E k *^* * 


p a C" A a 5» ù © k k 9 © y y * 8 y n G H 


To determine the necessary E T for the convergence of (2), it is 
necessary first to show that 7 a, = 0. 
Substituting a finite portion of (2) in (1) gives 
2 l 
(4) Tor + T cos 2p + 42) E=* 5 (dn cos an + 2) ¢— n- cos 2n¢).. 
If values of z can be found that will make a, and On arbitrarily small, 
the first member may be made to approximate zero. 


Assuming that ag = 1, a, a, ...., a, are rational integral functions of Z, 
and equations (3), in the form a, = f (z) = 0, can be solved for various values: 
of the argument b. Equations (3) give the following values of a1, ag, ...., a, 
explicitly in terms of b andz. Placing these equal to zero we compute the 

- values of z that wil make a,, .../, a, appr oximately Zero. à 
oo 1, 
(5) (d, — 56a ee. 
H 2 N 
d, = + =O (#—2— 5 == 0, 


J f 4 3 SN. 
a= —; P (2 —52  (4— 5 )* 3) =. 0, 


a= +10 (4 — 1a) + (0 ME aC "t g))-5 


ey 


2220 


RIs - 


k 


255 


add 


aig 


fy 





es 


es 


F6. / 
g-o 
/7 
H242 7^7 


a7 


; f 
dc / 
FIG. 2 
d / 
| / 
3X i 
g =0 i l 
z 
A vu > DUE MO" oce 
/ / 
b-/Q i 
EE 
/ j 
/ 
J F / 
E d e d o 
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/ 
t os y | 
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— —— P —— 
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a, = — Z0 (45 — 80¢! + (23—5, z +(— 820 4-57 2 


+ (sm — Es. +3). a+ (1n. 40) — o, 





a= dz TIG — 552° + (1023 — 5) 2 ee 7645 + Er ao 
+ (21076 — 9577 ta)? Epei +; oe 








A g E. 2) =o, 


Oy = — S" (7 — 912 + i ge = p)” d + (— 44473 + E) " 








+ (296296 — S a)? 2 + (— 773136 + Di SE 
658944 , 8960 7 1036800 39744 | 112 
(oio Spit, sh 1o, (10HE00_ BETA by o 


In order to.study these equations and to ceduce from them properties of the 
equation € = 0, we compute tables of values showing the roots to four decimal 
places and the values. of the functions a,, d,, ...., a, for these approximate 
roots. The Tables I, IT, III are given for b= 0.1, b= 10 and b= 100. The 
last figure of every result is given exactly as found, ands is not increased by unity 
if the next figure is five or more. 

Tables I, IT, III and Figs. 1, 2 show how rapidly these roots approach a, . 
constant limiting value as n increases without limit. This line of argument 
forces us to use aw as a function of z of infinite degree and to treat a œ = 0 as 
an equation of infinite degree. This extension of the function concept may be 
justified by the same necessity which forces-us in certain problems to use infinity 
as a limit. 

From equations (5) we deduce the following: 








2 
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a,— 4 91 Vo. 1) (d — 142 — 3512 + 3564s - 12800) = 0, 


— _ (oa) (25 — 302“ — 2272 + 96802 — 146242 — 284800) = 0, 


= 
| 


= + 40.1) (2 — 5555 + 4932 + 167550 — 221524 — 9756002 
| /— 4 5840000) = 0, 
a, = — C (Z — 9125 + 280375 + 45272! — 8020042 + 67312642 
| + 172240002 — 181760000) = 0. 
6 = 10. 
(7) a=} (9-0 


` 2 i 
d = + (2 — z — 0.02) = 0, 


ved g? — 52 + 3.972 + 0.08) = 0, 


= + v (it 142? -- 48.962? — 35.642 — 0.7198) = 0, 


= lam (s — 302 + MINAS ah 569.4805z + 11.516) = 0, 


(dj = + (2 — 552 1022. 942! — 7642.562 -+ 21042.7409 
| — 14225.1401z — 287. 392802) = 0, 


T 
Ay = — (z — 9122 T 3002.932 — 44468.12 -+ 296172.17142? 
— 771755. 6232" + 511811.455993z + 10364.025712) = 0.. 
| b — 100. 
10? , 
(8) % = — 7- (2) = 0, 


"s uw o 10 
yd oem E nent ee. 


4 (9 
as = — 5 (f — 5a + 3.99972 + 0.0008) = 0, 
_ 108 
a, = Ea of — 14 + 48.999622 — 35.9964; — 0.00719998) = 0, 
a, = — iO. (2b — 30t + 272.99952 — 819.98952 + 575.93480005z 


+ 0.1151996) = 0, 
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12 l oo 
= + 55:5 + 1022.9994 — 7644.9756% + 21075.667400097 
— 14398. 251202012 — 2.878989280002) = 0, 


14 
a, = — IO (gi — 912° + 3002.9993/5— 44472, 95124 + 296294.761700142 


— 113122.19560632 + 518332.105689599993z 
+ 103.679602560112) = 0. 


These equations (6), (7), (8) are solved by Horner's method, and the last 
remainders are multiplied by the factors before the parentheses in the equations 
under consideration. By zę we represent the third root of a, = 0, and by as the 
value of a, for this approximate Zæ- See Tables I, II, III. | 


MAXIMUM AND Minimum VALUES OF a,, 


The maxima and minima values of a, can not be found by the usual 
methods when n increases beyond all limits; since a, can not be expressed 
explicitly in terms of z, and a! = 01s an equation of an infinite degree.. — 

Substituting a, = b” (n — 1) /? 9,,* we compute the values of z in ',— 0 
for finite values of a, z,; being taken graphically as the abscissa corresponding 
to the maximum or minimum value of 6, between the 4^ and 4+ 1” roots of 
Ba = 0. We compute z from (/, —0 by Horner’s method, accurate to one 
décimal place. Substituting these values of 2 in @, by Horner’s method, we 
: DEOR close a for By: | : 


I: Jano b — 10. 
An, | 


9) B= RET 
(10) 6,— ri d M 
| —Ü — bz TRES. 
Cs + 35 (a — 1423 + 48.962 — 35.642 — 0.7198), 


b; = — nsa- — 302 + 272, 952° — 818.952 + 569.4852 4: 11. 516), 


e i a eR rele d B A AR rH aeo 


5 See Duunddlion p. 16. 


s 
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Bs + iie — 552° + 1022.94 — 1642. 567 + 21042.74092 | 
— 14225.1401z — 287. 892802), 


r= —393so; (V — 912° + 3002.932" — 44468.12 + 296172.17 1452 
— 771755.62382 -+ 511811.455993z + 10364.025712). 


From these equations Table V is computed. 
Substituting (9) in the recursion formula, - 
(11) a, = b ((n — 1)? — 2) 4.5 — are, | 
O(n — 1) /? 8, = b ((n — 1)? — z) b! (n — 2) 1? — b"? (n — 3y!* Be, 


(12) | mE 8, = (E mé 8,31 — PELIPE b 


The first minima for @, are a by computation to have the relation 
‘Bal >| Ba |>|Ba|, and all are — See Table V. 


(13) Ba = (1 Hio ^3) Ba — 10? X - x “TO? x Bx 12 i for z fg — d- 0.4. 
(14) ba = (1— “ar ) Bu — os X cote jn Ba, for Za = + 0.4. 
(18) Ba = (8 Fr) Ba — ry grscgr Bm for oid 


(16) bo = (1 — 591) Bex HAV uS rus B es —2, 15 for Z s. 

The first two roots of 2, — 0 must lie between —2 and 0, +1 and +4, 
respectively, as proved by Heine.* Hence the first minimum lies between 
—2 and +4. Beginning with Z4, the parenthesis of (15) cannot vary from 
unity by more than one-fourth, and the parenthesis rapidly approaches the limit - 
unity in @,, as n increases without limit. The last term in (15) equals 
— 0.0007 B4, and in subsequent equations rapidly vanishes, so that the first term 
in (15) and in subsequent equations controls the sign and Ba, approaches the 


limit 8,1, forz,;. Hence |Bnil<| Bui] -<| Esl and 


(17) | l | nm Ba ES — Basi 1. 


From computations it is evident that. the first minimum of 6, = 0 is 
numerically less than 0.11 and negative ; approximately, — 0.09. 


* Kugelfunkticnen, I, 412. 


6f 


IL 


sc 


EILA. 
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0/79 
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By similar reasoning, the first maximum z is + 0.33, approximately. 
By further computation and reasoning from the recursion formula, it is found 
that the succeeding minima and maxima of (, converge to limits for n =o, 
each larger than the preceding numerically, and all differing from zero. 

The general form of the curve, 8 œ = 0 is shown by Fig. 3, the nullpoints 
being determined by 2.51; 2555, ----, 4,5, a8 subsequently computed and given 
in Table II. . | 

| II. Argument b = 100. 


‘For argument b = 100, Bœ — 0 has nullpoints still nearer 0, 1, 4, 9, ...., 
(n —1)*, as.shown in Table III. The locus of 2, = 0, for b —100, has the same 
general form as Fig. 3, the first minimum and the first maximum being nearly 
the same as for 6==10. In no case is a maximum or minimum zero. 


ITI. Argument b = 0.1. 


The maxima and minima values of B, for b — 0.1 present greater diffi 
culties, due to the fact that (0.1)* occurs in all yalues of §,, and to the fact that 


the roots of 9, -— 0 do not fall in the regular intervals — 2, 1, 4, 9, ...., 


(n — 1), v? until | 7 
(18) b (n — 2) 1. 


See Table I and Heine's Kugelfunktionen, I, 407. 
To determine the laws governing these maxima and minima values, we 
compute z and @ found in Table IV, using the following equations: 


"1 2 1 
(19) B= tg (¢—2—-p) = + g(—2— 200), 
(20) B= — > (2 — 52? — 296z + 800) , 


(21) B= + 2; (z — 142° — 35127 + 3564z + 12800), 





(22) B; =— Em ; (&— 304 — 2275 + 96802 — 14624; — 284800) , 


(23) Bs = + 3:855 (2° — 552° + 4932* + 167552? — 2215242? — 2156002 | 
- 3 -+ 5840000) , 

(24) B, — — A985503 (2! — 912° + 230325 + 45272 — 8020042! + 67312647 
| -- 172240002 — 181760000) , 


a 


6, = 0 (2,3 --. 


O= Foos of 


b=0/ 


Scale LAS: 2 
(8.50 


7/ 


Lim. 
/soo 


PUG. 





qr 


(188) 
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(25) Bs — 106—499 


(26) 8; = — " aC 332 — 983) = 0, 


(27) 8, — + 5 (^— 103 d — 1753s + 891) = 0, 





28 Pus oy z — 2428 — 13642? + 387322 — 29244) = 0,. 
3 1152 ! 
(29). B; = + 35800 (5 — 45824 + 28 228 + 837742 — 7384142 — 469334) = 0, 
+7 
(30) gj = — TETIN (2 — 782 + 16452 + 2301422 — 34371627 + 192321832 


+ 24605711) = 0. 


In Fig. 4, we locate the nullpoints of 6, — 0 from the values of a, , toa,, 
in Table I, and draw the curves representing 0, = 0 to 8, — 0. 

In studying these curves the following tendencies should be considered. (see 
Table I and Fig. 4): 

a) The nullpoints of these curves always approach the nullpoints of 8 œ = 0 
as n increases. 

b) The first z,, and the corresponding m:nima values of G always increase 
| numerically with n. ,L* Bai must be examined. | 

c) The first maximum increases from 24— 0 to 8,==0 and afterwards 
decreases, apparently to a small positive limit for Dosis. .: 

d) The other minima and maxima between two successive roots of C=O + 
always decrease numerically as n increases, apparently toward a very small 
limit for 6, = 0. | | 

e) In each curve, the maxima and minima for the first Lalf of the arches 
retrograde and for the last half advance beyond the middle of the interval. 

To discuss these tendencies and eventually to discover properties of Ba = = 0, 
return to the formula 

an = b ((n — 1Y — 2) a4, — 84. 5. 


Substituting a, = b” (n — 1)/? Êa gives 


(31) cen TENTI cy) Dic: 1 -EGEL D, Ls. 
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First Minimum. 


To explain tendency b) and to determine the limit of the first minimum, 
use equation (31) and Table IV. The first minimum evidently lies between 





Zæ ıı, = — 16.9015 and Z% = — 5.0524, the first two roots of a, — 0 and of 
= 0. 

^» beginning with Bs = 0, 

(32) Ba =( + gl) By — sepu Go for Za = — 12.6, 

(33) | Ba = (1 + Lgl Ba— oe Ba, for Za = — 13.0, 





. m E 1 ; - __ ‘9 6 
(34) ba = G + al) Ba — 0.01 x 6x 5” Bes » for Bri — — 13.3, 


s FF n 1 
(35) Bni = G " ey) By hy Vor IF BP Pas, fors. 





Since E, Bu, Bu are known by computation to be negative and 


[Bal<|@unl< Bal; it is evident from (35) that \Pal<lBul<-- me es als 


and that they are all negative, since the first term in the second — of (38) 
has the greater multiplier from 3, to B 1, the last multiplier being a proper 


fraction and decreasing rapidly while the first multiplier 1 + EET remains 
greater than unity. E l 

: The relation |ga|« l8]... «|, | is preserved when 2, , is substituted 
. for Z4, Zg,...., and the inequalities are still greater, since less ordinates are . 


substituted for maximum ordinates. 
(36) However, 


Bal <| (1+ rs) ad and isle (o ael») Baal; 


—— — 
0.01 (n—1y (n— 2^ "3 


(37) Hence | | 
Wale lit) (1 edge Dit 


for Zæ. PForn-o,2,— — 13.5 approximately, the last figure being deter- 


since 








has some small positive value while n is finite. 


1 
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mined by the recursion formula. Computing Bu = 1224.4 for Z , = — 18.5 by 
Horner’s method, - 


(38) i Bal < (+c oy x (tgp) x 


For an infinite product, 


a) x 1224.4. 








ct 


(89) n iu $ tn) = aoe iie z= nw 18.5. 


=t V-B 


40 B iaia. Co cane” E 
(40) [Bes A188 — às | P 


TY 13.5 Ei 2 


(41) B op 1 = — 8826.7. 


The first minimum is therefore a finite number. 


Second Minimum. | 
The second minimum first appears in £, = 0, and by Table IV, 
(42) | | [£s 
. and both are negative. | 
By equation (31) and Table IV, 





à T) 9.5 N 1 - u 
in Ba= (1— 35.) fa — ias. ig Bar for n= + 9.5 
0703 9.5 | 1 " 
(44) ' Ps — (1 M =) Bes Tot 0.01.38.95 Bes, for ^8 — -+ 9.5; 
3 9.4 1 p 
l (45) Bes — (1 ns =) Bag — 0.01.49.36. Bes, for Za = + 9.4. 


By computing the coefficients of (43), (44), (45), it is found that s con- 
tinues negative and of decreasing numerical value. Since the second term of 
the second member is decreasing rapidly, on account of the factors (n — 17 


(n — 2Y in = denominator, toward the limit zero, and 1— EST. more 


Slowly increases toward the limit unity, it is seen that Ba equals By — 
by a positive proper fraction, plus a much smaller number. Thus Ba, Bog, - » 
Ba A remain negative and |Bs|77 [Bs] - - - - 7 |B sl. 

"um de 87 dct and Bœ is a small negative number. By repeated use 
of (31), | 


(46) . Pat = 27. See Fig. 4 
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Third and Subsequent Minima. 


The third and subsequent minima can be treated in the same manner. We 
observe that the first minimum in any set or range may be large as compared 
with the minima in the preceding sets. For example, Bes, for zy == + 29.8, is 
— 497.6. This irregularity is due to the fact that the first minimum in a set lies 
between the last two roots of an equation of an even degree; e. g., Ba = 0. For. 
b< 1, as in the case under consideration, the last root does not, in general, lie 
between (n — IF and n? until b(n — 1) 1.* 

In such a case z may be greater than (n — 1)’, as in zy. Hence 


P o 1 | "H 
(47) Bea = (1 -— nip) 0.01 (n—1y (n—3y D, has irregularities. By 


computation, 


29.8 


(48) Ba = (1 — 5) (— 1678) — à (+ 3276.8), for à = + 29.8. 
(49) Bog = (1 — 1.192) (— 1673) — 1 ( + 3275.3) =— 497.6 approximately. 


The first parenthesis changes sign, since Zag > (n — 1y, and Ge therefore 
becomes a large positive number. However, the coefficient of the next term is | 
comparatively large, so that the last term controls the sign of Ba 

However, 


| - 25.7 1 : 
(50) B. = (1 = =) Bos — 5 Bas = — 152.1, for gg = 25.7. 


Here and subsequently in Bæ, ...., Bæ s the parenthesis is positive, slowly 
approaching the limit unity, and both terms are negative. As the last coefficient 
decreases rapidly toward the limit zero, the values of Gy, ...., Boos decrease 
numerically with increasing n and are always negative. Hence, as in the second 
minima, | 


(51) Te Bas = Buca; 6 


and Bas isa very small negative number, and not zero. 
The same argument applies to subsequent sets of minima values. 


* Heine’s Kugelfunktionen, I, 407. 


~~ 
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(59) For z = 5.58135, a, 


= + 0.998476975 


a, = + 0.054793576 
d, = + 0.009429440 
ag = + 0.000197600 
Q4, = — 0.007939170 


Here a, is positive but aj is negative, and z= 5.58135 locates a point in the 


Z-axis between the nullpoints of 
Computing ài, 45,....., Œy 


(60) For z= 5.53134, a, 
| d, 
Q5 

Qu 

ds 

Gs 

Gs 

Os 

. ag 


Aig 


ag = 0 and ay = 0. 
by Horner’s method, 


— — 0.279087000 

= — 0872149970 

— + 0.416988556 

= + 1.014702419 

= + 0.640200395 

— +- 0.228482548 

— + 0.054808073 | 

= + 0.009687298 2 | l 


= + 0.001783414 


— + 0.003763039 


It is evident that 5.58134 is the value of z,, 3, correct to five decimal places; 
Since Gy <M, «d... <a, by (56), and all the curves ay=0 toa, = 0 are 
still above the z-axis for z = 5.58134, but below the z-axis for zg = 5.58135. 


Substituting (60) in (55),. 


(61) E (Q) = 0.5 — 0.2790 cos 2 — 0.8721 cos 4$ + 0.1169 cos 6$ 
| + 1.0147 cos 8$ + 0.6402 cos 10$ + 0.2284 cos 12 
+ 0.0547 cos 14$ + 0.0096 cos 16$ * 0.0017 cos 189 
+ 0.0037 cos 209 + ar 


The accuracy of these coefficients is proved by the recursion formula (56). 


Convergence of the Series. 


This series is computed for 


a root Zp, accurate to the fifth decimal place. - 


By a careful consideration of the last remainders in Horner’s process used in 
computing 44, aa, ..--, ag it is evident that the first thr2e decimal figures in 
these coefficients will never change, if an infinite number of figures of 2,,4 are 
computed and substituted in E ($), since an increase of a whole unit in the sixth 
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figure of z does not cause a change in the first three decimal places of a,, dp, 
ios gis | | | 
Calling the finite sum of the first four terms F, we write, 


(62)  |E(Q)|« | P + (1.0147 + 0.6402 + 0.2284 + 0.0548 + 0.0096 + ....)], 


., and using the --sign 
when F and the following series have like signs, and the — sign when they have 
opposite signs. | 

We must now define a root of a,, = 0 more carefully. 


substituting maximum values for cos 8$, cos 10$, ... 


(63) Definition of a Root of aœ = 0. 


From a certain a, onward indefinitely, for an exact root of a, = 0, à,,, 1s 
less than a, and has the same sign ton — o. | 
Otherwise one of the following relations must exist: 


(64). 1)a,,.,-^ an, with the same sign. 
(65) 2) Qy4, and a, differ in sign. 
(66) 3) d 4.1 < &, for one or more terms and then 054377 an- 


Supposition (64) can not be true for z%ı a root of a, = 0, since an4, 
Antsy +++) Gey Would form an increasing series, as is shown by the formula 


(67) a, 4 = b ((n + 1} — 2) à, 4 — an. 


"When b((n + 1)?— 2) becomes greater than 2 with increasing n and 
Qn+12> Un, npo must be greater than a,,,. Hence 725 a, would not be zero. 

The second supposition (65) is false for a root of a,, == 0, because (67) shows 
` that, when a,,, and a, have opposite signs and the coefficient of dp; becomes 
and remains positive with increasing n, an+ must, under condition (85), have a 
. larger absolute value than a,,,. Hence 175 a, is not zero. 

The third supposition (66) reduces to (64) or to (65) and therefcre can not 

be true. . | | 
Hence (63) defines a root ofa, = 0. 
This definition gives the following rule: 


(68) ^ Rule for Computing Roots of a, — 0. 


Find the successive figures of positive roots of a, == 0 as great as possible, 
so that as, az, 0$, ..-., @ shall have the same signs. 
20 
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For negative roots, each succeeding figure of 2,5, is one less than the least 
figure that gives a permanence in the signs of aj, dy; ag, ...., Qo- 
For a root of a œ = 0, as above defined, (67) gives 


an4 = b ((n + 1)? — 2) 444 — On <L 041; 


STERNE. NNNM 
(69) 41 S En x iy — 2j — ih 
From a certain.n onward to n =o, 
(70) ; l Ay, 4.1 < i An » 


Therefore the last series in (62) may be written 
(71) 1.0147 4+0.6402+0.2284+ ....<1.01474+0.6402(14+4f44+4+....), 


‘which is clearly a converging series, | 
Hence from (62) and (71), when z,,, is an exact root of a, = 0, 


a | 
(72) E($)-$a,-4- X a, cos 2nọ is finite and the series is convergent. 
n=] c . ; 


IL Argument b = 10. 
; e oo i 
(73) E({p) = sa) + X a, cos 2nd. 
. Ql ` 


The computation of the values of a, with sufficient accuracy to show that 
a, converges toward the limit zero and that the series representing Æ (@) is con- 
 vergent when n increases without limit, involves difficulties due to the rapidity 
with which the curves a, — 0 approach perpendicularity to the zaxis at. the 
nullpoints. 

For example, we compute the third root ‘of a, = 0 by Horner's fatto’: 
carrying the remainders to eighteen decimal places, and find the values of Ag 
and a, for this root as we obtain the successiv2 approximations. These compu- 
tations are continued until the corresponding values of agg and ag give a negative 
value for a; by the recursion formula. 

We find z = 4.00133 +, and observe from the recursion foraivle that 


a, = 10 (49 — 4.00133) a, — a, = 450 a, — ds, approximately.. 


“sy 
te 


— M 


zt LE PT 
rc : | | l 
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Evidently a, will not become negative until 450 a; is less than ag. When 
these values of a, and f are found, z,,4 can be found as follows: 
ag Arg j eg 
(74) 4 3232143580.000000 . 10100579.000000 
0 T: e£ i 
0 uc ger: « 
1 814029735.7991924 2543960.28 2771 
3 88386514.036511 276223.188814 
3 15816887.536327 49430.563659 
ds 6 1302846.520815 4076.625965 
5 93341.361791 291.709237 
3 20771.043732 . 64.914147 
8 1418.958754 4.435519 
5 208.453440 0.655601 
8 15.932590 0.050815 
6 1.418526 0.005456 . 
5 0.209021 0.001676 
8 0.015500 0.001071 
6 0.000956 0.001026 
8 0.000231 0.001023 
9 0 000013 0.001023 
M: 5 0.000001 0.001023 
Substituting the last results in (67), using Z to eighteen decimal places, 
(75) . a} = 10 (49 — 4. 001336538586586395) .0.0000012 — 0. 0010230 . 
== — 0.000490. 
Since a, is negative, z is too large by (63). 
Taking z to seventeen decimal places, 
(76) aş = 10 (49 — 4.00133653858658639).0.0000133 — 0.001023] 
= + 0.0049617. 
Since as is here positive and in the former case negative, Zong lies between 
the two values taken. | | 
£5,3-— 4.00133653858658639 +. 
Subsequent figures may be found as in (57) to (60). 
Se 


ES 1.142740 cos 209 + 0. 166280 cos 220 +. 


It sil be noticed in these equations, that, in general, the smaller the roots 

are algebraically the better are the coefficients obtained for an approximate 

solution in the form of a finite number of terms of the infinite series. From 

Fig. 5, we should expect the best approximations for Æ, and #,; and this is 

doubtless in general true, since the maxima and minima are here less numerically 

and the slopes of the curves at the nullpoints are not so great, but the possible 

difference in the fifth and subsequent decimal places of z,,,, ...., 2,, , make 
it impossible to determine this fact definitely without further Ten 

To obtain, for b= 10, as good approximate results as the above, the values 

Of 2,51, ----., £«, , Must be computed to eighteen or more decimal places and, 


for b — 100, to many more places. 
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Hence, | 
5 . ; 
(77) H(o)=0.5 + X a, cos 2np+0.0010231 cos 129--0.0000013 cos14p@+..... | 
n=] 22. 


The trial divisor in Hornér's process contained twenty figures when the 
contract method was used in determining the last fifteen figures of z To secure 
values for a, to a, that will satisfy the recursion formula, twenty-one decimal 

| places should be used in all remainders and the contract metkod should be em- 
ployed later in the work. | 

It will be noted that even with seventeen decimal places of 2,,4 accurately 
computed, ag is greater than a. It.is evidently practically ;mpossible to find 
a value for z,,4 so near the exact root that ay, G4, ...., a,53 shall form 

 & rapidly decreasing series. Heine* remarks that when such a value is found, 


a 


* 
ncs eL RR O a 
ru -—— DRE, | 
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As a general conclusion, it is evident that small values of b and z are the 
best values. 


| General Proof of Convergence. 
Granting that a, = f (b, 2) = 0 is an equation of an infinite degree in the 
' general form of equations (5) and that the coefficients of the series in (2) satisfy 
, the recursion formula (3) for exact roots of a, — 0, we have shown that these 
roots can be computed to any desired degree of accuracy by rule (68). We must 


now show that the series in the solution E (9) = $ ag + 5 d4 COS IN is con- 
; n=l 


vergent for values of a, computed for z% :, any exact root of a = 0. 
Beginning with a certain am, definition (63) gives " 


< Y | 
n1 < Pm + 1 —3) — 1: (69) 
Os LX S as. EE | (70) 
oO 
(82) E(¢?)=2a,+ X a, vos 2n@ 
' n=] 
= ($a, + a, Cco8.29 +... . + a4, ., cos 2(m — 1) ĝ) 
+ (am 608 2mà +....-+ Ay eos o» Q). 
If dm is the first term of the decreasing series that charasterizes a root of 
Ag = 0 in definition (63) and satisfies relation (70), 
|E (9) | « I($ as + a, cos 29 +++- + Am1 COS 2 (m — 1) 9) 

+ (am + am F- Hao), 2 
substituting maximum values for cos 2mó,...., and using the plus sign when 
the two parentheses are alike in sign, and the minus sign when they are of 
opposite sign. 


las cic tem |< lam (HEHEH amle (70) 


The quantities @;,-az, ...., am are finite, since a, is a rational, integral 
function of g with finite coefficients; hence ay, as, ..., Q4, must be finite for 
finite values of z. | 

Henee, 


E($)|« |(Finite Sum + 2a,)|, and 
oo 
E(Q)—*a tx à, COS 2n$ is a convergent series and a solution of 


d*E 8 
de -+ (= cos 2$ + tz) BaN: 


x 


NN NN NUN 


NNNNNNIN 


NNNNNNN, 
SSsssyy 
"I 


e oc 
t2 


de 


Z o £98 


= T =F v9-Y 9-3 c—c* 7i 
-~ C9 V5 oe COS HO o 


—18.6509 | A 
4 14.6509 


—16.24'79 
+ 3.6470 
+ 18.6009 


— 16.8064 | A 
— 2,8853 | A 
+ 12.8982 | Aj. 
21.9985 | A 


— 16.8984 | A 
— 4.0582 | A 
+ 7.7970 | Ass 
---18.0760 | A 
425.6784 | A 


— 16.9011 
— 5,0188. 
+ 5.9979 
4- 15.7525 
-- 91.9884 
4+ 88.1754 


—16.9015 
— 5.0500 
+ 5.0198 | A 
+14.7525 | A 
+20.7688 | Ay; 
+28.6580 | A 
+ 43.1526 | A 
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TABLE I. 
b O0. 


+ 0.0000 | A,, 


— 16.9015 
— 5.0524 
+: 5.5813 
+14.5616 
+ 20.4705 
-+ 27.1931 
T87.3476 


+ 


-+ 0.00000 


— 0.00000 
— 0.00000 


— 0.00002 
— 0.00000 
+ 0.00002 


— 0.00000 


. 0.00002 


-+ 0.00000 
—0.00001 


+ 


—0.00015 
+ 0.00003 
4- 0. 00001 
— 0.00002 
T 0.00034 


—0.00013 
+ 0.00008 
+ 0.00004 
— 0.00002 
-+ 0.00003 
—0.00074 


— 0.00109 


4-0.00008 


4- 0.00000 
— 0.00004 
+ 0.00006 
— 0.00021 


+ 0.00348 : 


NNN NNN 
e 


ca 
We 


=] =y 
b m 


~- -t -I 
- o) Cc 


E 


0.0196 | A 
1.0196 | A,, 


TABLE II.. 


- 0.5 — 10 


0.0000 | A, 


0.0196 | A, 
1.0163 | Ago 


+ 4.0033 | As. 


eae he | 


— 0.0196 | A 
+ 1.0163 | A 
+ 4.0013 | A 
+ 9.0005 | A 
+16.0003 | Ag. 
+ 25.0011 | A 


+ 16.0003 
+ 25.0002 
+ 36.0009 


0.0196 | A 

1.0163.| A,, 
4.0018 | A 

9.0019 | A, 


0.0196 | A. 
1.0163] A 
4.00131 A 
9.0005 A 
16.0014 | A 


— 0.0196 
+ 1.0163 
+ 4.0013 
+ 9.0005 
+ 16.0003 
+ 25.0002 
+ 36.0001 


-+ 


. x 108 


bli 


+ | + | 


i+ i 


ae) 


+ 
-+ 


—- 195., 55479 
+ 1084.883159 


0.00000 
x10 


0.00002 
0.00002 
x 103 


0.00018 
0.00006 
0.00071 


0.00112 
0.00082 
0.00110 
0.01295 
» 104 


0.01875 
0.00476 


0.01315. 


0.09021 
0.28200 
x 105 


0,52699 
0.08015 


0.27626- 


1.44069 
1.59149 

10.02866 
x 108 


16. 90846, 
3.86881 
3.33880 
7.26798 

31.69049 


x 10* 


z z i * 
p----—-——————————————————X———— 9 .—— À —————————— —— Aa VOAR ONAA AAE On RR c CM ————————————————————J("——— te, 


n" ——— — M ——————— M a e 


N 


BR; 


NNS NNN 


> 
e 


N 
- -f =F o -D =F oF E 
-3 Ci UA B C PO x 


NNN NNN 


NNNN NN NS 


8888888 
em He BN e 


+++ | ++ | 


cR] 


0.0001 | Ay 
1.0001 | A 
4.0000 | Ag, 


0.0001 | A 
1.0001 | A 
4.0000 | A. 
9.0000 | A 
16.0000 | A 


TABLE III. 


b — 100 


0.0000 | A,, 


0.0001 | A,, ^ 
1.0001 | Az 


0.0001 | A,, 
1.0001 | Ajo 
4.0000 | Aj, 
9.0000 | Ay, 


Ags 
Åg 
4-16.0000 | A.. 
Aes 


+ 86.0000 


+ | + | 


+] +! 


153 


+ 0.00000 
x 102 


— 0.00004 
— 0.00004 


x 104 


— 0.00019 


0.00009 


+ 0.00020 


x 106 


— 0.00179 


0.00079 


T 0.00040 


0.00359 
x 108 


— 0.02879 
0.01199 
0.00480 
0.00719 
0.14400 

x 1019 


0.71997 
0.28791 
0.10080 
0.11520 
0.28798 
— 8.83001 
x 10r 


— 25.91922 


— 10.07714 
+ 3.22507 


— 3.11034 


+ 5.76028 


— 20.16004 
+1088.63940 


x 1014 





[4 
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TABLE IV. TABLE V. 
b= 0.1 +p =Ma b= 10 + B Max. 
— B= Min. — 8 = Min. 
0, — 0, f), = 0 z | B | a 6, = 0, 3, — 0 z | 3 | a 
Z4, | —18.0509 Za | — 0.0196 : 
: + 0.5 | — 100.1 | — 1.00100 + 0.5 ~- 0,18 | — 0,00130 x 104 
Loo +14.6509 Zə | + 1.0196 
Zn — 16.2479 - Z | — 0.0196 
~ 8.4 | — 292.6 | — 1.17040 + 0.4 — Q.11 — 0.00048 x 106 
Za T 2.6470 : Za | + 1.0108 
‘| +11.7 | + 218.2 | + 0.87280 + 2.8 + 0.75 | + 0.00800 x 106 
Zos +18.6009 Zas | + 4.0038 , TE 
Za — 16.8064 Za | — 0.0196 N 
—11.4 | — 497.4 | — 1.79071 + 0.4 — 0.10 — 0.00036 x 108 
A | — 2.8853 Zo | + 10163] 
+ 44 | + 289.6 | + 1.04256 + 39.7 + 0.52 + 0.00187 x 108 
Zis +12,8932 Z, | + 4.0013 ` ; l . 
i +17.8 | — 188.0 | — 0.67680 + 7T ~~" 8.43 | — 0.01235 x 108 
Zu 421.2985 | . Z,| + 9.0019 
Za | 10.8984 j Z; | — 0.0196 
"| —12.86 | — 708.8 | — 4.08311 . + 0.4 ~~ 0.10 | — 0.00062 x 101° 
& | — 4.6582 Za | +. 1.0103 
. + 0.7 | + 252.4 | + 1.454383 ||, + 2.7 + 0.45 + 0.00261 x 1010 
58 + 7.7970 Ze, | ^ 40018 i 
+12.9 | — 156.7 | — 0.81259 , + 7.0 — 1,96) — 0.01134 x 1010? 
T 718.0760 Z; | + 9.0005 
' +22.7 | + 192.9 | + 1.11110 ||. +13.7 | . +15.84 + 0.09129 x 1019 
EQ 129.0784 | + i Zs | + 16.0014 
Za | 716.9010 Za | — 0.0196 p e S 
—18.0 | —1187.9 | —10.37018 + 0.4 ~- 0.10 | — 0.00158 x 105 
Za | — 5.0133 Ze | + 1.0108 . 
— 0.5 | + 205.5 | + 2.96017 “| + 2.6 + 0.88! + 0.00558 108 
Les + 5.9979 Za | + 40018 
i + 9.5 | — 86.1 | — 1.24016 + 6.9 -— 1.41 | — 0.02041 x 1012 
Zu 415.7525 Za, | + 9.0005 , 
tap? +19.2 | + 49.1 | + 0.70788 4 18.4 4 7.20 + 0.10364 x 101? 
Lge + 21.9884 : Ze, | 710.0008 . 
499.8:| — 497.6 | — 7.16590 | . © + 23.8 —69.33 | -- 0.99847 x 101? 
Ze 4 93.1754. Ze | +35, 0011 - 
Z4 | —16.9015 Z,, | — 0.0196 
—18.3 | — 1227.4 | —63.63132 + 0.4 — 0.10,} — 0.00547 x 101 
Z,, | — 9.0500 : Z, | + 1.0108 " 
— 1.0| + 165.9 | + 8.60357 + 2.6] . + 0.85 + 0.01850 x 10H. 
Zng + 5.0198 Zi, | + 400183 i l i 
l + 9.1 | — 47.0 | — 2.44122 i + 6.9 — 1.14 | — 0.05941 x 1014 
Z, | +14,7525 j| Zu | + 9.0005 j | 
+17.8 | + 28.2 | + 1.20588 +13.2 + 4.51 + 0.23893 x 1014 
Zu + 20.7688 i Z | 16.0003 | 
425.7 | — 152.1 | -— 7.87878 +21.9 —206.20 | — 1.86291 10 
Lng + 28.6580 Zag | + 25.0002 
-+39,5 | +41481.7 | +74.22189 +34.0 | +1551.9% 4-80.45630 x 1014 
Lin + 43.1526 Z, | +36.0009 : 





a,—b(n—1/f, .. ä = b" (n— 1/28 


Burts: The Elliptic Cylinder Function. of Class K. | 155 


LITERATURE. 


MarHrEU: Mémoire sur le mouvement d'une membrane de forme elliptique. 
Journal de Inouville, YT Série, T. XIII, p. 137. | 


Mararev: Cours de Physique Mathematique. Paris, 1873. 


Hre: Handbuch der Kugelfunktionen, Bd. I, S. 401; Bd. II, 8. 202. 
Berlin, 1878/81. 


LINDEMANN: Ueber die Differentialgleichung des Hlliptischen Cylinders. 
^ Math. Annal., Bd. 22, 8. 117—123, 1883. | 


Danwacuer, S.: Zur. Theorie der Funktionen des Elliptischen Zylinders. 
1906. | : 


21 


On Elliptic Modular Equations for Transformations of | 
"ORGOES 29, 31, 3 is 


Bv ARTHUR PEERY. 


$1, Introduction. 


The problem of the transformation of elliptic functions gives rise to the 
problem of calculating modular equations corresponding to a transformation of 
any order; i. e., of algebraic equations connecting some modular function of the 
ratio of the periods (v) with the same function of the ratio of the transformed 
periods, which can in general be taken to be nv, or v/n, where n is the order of 
the transformation. Jacobi* used the modular function u= k, for which 
Hermite introduced the notation $(v), and computed the modular equations for 
n = 8, 5, as rational equations between u and the transformed modulus v= 4/2. 
Sohncke T subsequently dealt with the cases of n — 7, 11, 13, 17,19. As far as 
I know, no higher cases have been worked out in this form, but a large number 
of modular equations have been worked out in terms o? various irrational 
functions of k, A conjointly. The two most extensive sets of equations have 
been given by Schroeter, $ who used irrational functions differing from order to 
order and computed the equations for prine orders up to 31, as well as for cer- 
tain non-prime orders, and by R. Russell,§ who worked systematically with the 
functions kA, W'A’ and their square roots and fourth roots anc obtained equations 
for prime orders up to 59, with the exception of 41 (for which case his work is 
not quite finished) and 37, as well as fcr several non-prime orders and for 
various higher prime orders. A number of irrational mocular equations were 
also given a little earlier by E. W. Fiedler || in his inaugural dissertation. 


* Fundamenta Nova, 8&8 18, 15. 

T Crelles Journal, vol. 16 (1896). 

i De Aequationibus Modularibus, Königsberg, 1854, and Cretle’s Journal, vol. 58 (1860). 

§ Pr oceedings of the London Mathematical Society, Series I, vol. 19 (1889), vol. 21 (1891). 

| Ueber eine besondere Classe irrationaler Modwlargleichnagen der elliptischen Functionen. Zürich, 1885 
also in Wolf's Zeitschrift, vol. 30. 
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In 1858 Hermite * introduced a new modular function y(v) zz (kk). The 
corresponding modular equations were given by Schläfli y for prime orders up to 
19, and the equations frequently bear his name; the case of n = 238 was given 
by Weber] as an illustration of the theory of complex multiplication. 

Klein, in a well-known paper,§ considered the modular equations formed with ` 
the absolute invariant J, and gave explicit formulae for J and the transformed 
function J’ as rational functions of a parameter, in the cases n= 3, 4, 5, 7, 18: 
. In the same volume Gierster worked out the remaining cases in which the modular 
equation is of deficiency zero; viz., the cases of n == 6, 8, 9, 10, 12, 16, 18, 25. 

A comparison of the modular equations formed respectively with J, u, x 
shews that the first are functionally much the simplest and the last the most 
complicated. For example, the deficiency (genus) of the u, v equation for n = 8 
is already 7, and for n= 5 is 15; while the deficiency of Schláfli's equation for 
n = 5 is 28. But the order of numerical simplicity is the reverse. The modular 
equation in J for n=8, which I believe to be the highest which has been 
explicitly calculated,|| consists of 17 terms and contains the numerical coefficient 
215, 55. 22973; whereas for the higher case of n = the u,v equation consists 
of only 6 terms with no coefficient greater than 5, and the Schlafli equation ina 
a slight numerical modification) assumes the extremely simple form 

+ qf — xy + Ax ba = 0. 

The object of this paper is to establish what I believe to be a new property 
of-the Schläfli modular equations ($8), and to compute the equations for the 
cases n = 29, 31, 37, the last case being ore for which, as far as I know, no 
modular equation in any form has been computed. | 


$2. The Modular Function az). 


I find it convenient for numerical purposes slightly to modify Hermite’s 
function and to work instead with | 


9-1/6 A/ (Kk!) = 9-1/6 x (v) = gel Ii (1 + q?71). 


* Sur la résolution de léquation du quatrième degré, Comptes Rendus, vol. 46 (1858), reprinted with other _ 
papers in the pamphlet, Sur la théorie des équations modulaires et la résolution de l'équation du cinquiéme 
degré. Paris (1859). 

t Crelles Journai, vol. 72 (1870). 

t In his book Zlliptische F'unctionen und Algebraische Zahlen, § 99. 

8 Ueber die Transformation der elliptischen Functionen und die Auflósung der Gleichungen fünften 
Grades, Mathematische Annalen, vol. 14 (1879). 

[| It is given in a slightly different notation by H. J. S. Smith, Proceedings of the London Mathematical 
Society, vol. 9 (1878), and Collected Mathematical Papers, vol. 2, p. 242, 
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This,is the reciprocal of Weber's function /(o) ; I denote it for convenience 
by a(v), and denote the corresponding transformed function z(nv) by y, 80 that 
the required modular equation appears as an equation in x and y. 

It is known that c (—!/«) — « (2); «(2 + 7) = ex (7), where e= 6%, The 
modular equation for a transformation of prime order n, greater than 3, is of 
order n + 1 in either x or y and symmetrical in them. The n -+ 1 values of y | 
are y, = c (nv), and y, zz x ((48r + 2)/n) (r—0,1....n— 1). When æ vanishes 


_all the values of y vanish also, and the corresponding approximations are given .- 


by y" = xw, and y — x". Also the modular equation is unaffected if v is replaced 
by ex, y by y; since a term y”*! must occur, it at once follows that if a term 
2"? occurs a + ng zz mn + 1, mod. 48. The high modulus cf this congruence 
explains why the number of terms is small compared with the number in the 
corresponding u, v or J, J’ equations. Further by means of the quadratic trans- 
formation fv, (1 + 7)/(1— «)| it can be shewn that the modular equation is 


unaffected if in it we write 277g (s ) 271? 473 for x, y respeczively,* where (2) 
i 4 


is Legendre’s symbol and denotes + 1 or — 1 asn is of the form 8m --1 or 
8m + 8. We shall refer to this property briefly as reciprocity, 

These properties enable us to write dowr. the possible terms in the modular 
equation, and to assign coefficients to four of them; viz., we uu have the 
four terms 


' iN 
44 n+l 2'* om—2/2 PE 
hb yH oy — (Da g” yj”; 


moreover, a large number of the remaining ccefficients are not independent, since 
the coefficient of æ" yf is equal to that of a? 57, while that of gt- y*t** can be 
at once derived from either by reciprocity. Lastly, the coefficients. are all 
integers, and save for the four “known” terms just written Gown, they are all 
multiples of n. | 


83. The Branch Places of the (z, y) Modular Equation. 


The approximations at the origin and at infinity given in the last paragraph 
show that y, regarded as a function of x, has at «=0 and w= n branches 
which are cyclically permuted when a describes a circuit round the place, and one 
distinct branch; in other words, the Riemann surface has at each of the places 
x -—0,c-:o a winding-point of order n and an isolated sheet. 


* These properties and their proofs are all zo > be found in Weber’s book. 
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The remaining branch places are given by z” = 279, or « = i+ 2p, where p 
is an integer. To prove this and to. anvestieete the nature of the branching let. 
us first consider g = 2-4. yg — d. — | 

The substitution .7 or (z,—1/7) applied to v leaves z (r) unchanged, and a 
slight modification of a familiar process shows that this substitution interchanges' 
the roots yọ, y,, of the modular equation and also the roots y,, Ys, where 


“1+ 487. 7.s=0, mod. n. 
Thus y,, becomes 
x (n Tr) = «(—n[v) =a (z/n) = gi 

Further; y, becomes 

a -- me — EE 1 +- Eje « (— 1— 48*.r. s + 48r (48e + Ty 

nT 

If now we choose s a positive integer less than n to satisfy the congruence 

1 + 48° rs = 0, mod. n, say 1+ 48* rs = en, where c is an integer, we have 


—c-+ 48r. T) 
\— 48s H nT, Z’? 


; 


where q, is written for z (48s -- v)/n. This expression is of the form 
o x (c + dv,/a + bz,), 


where a, b, c, d are integerssuch that ad — be = 1; also b,c are odd, a,d are even, 
and b— c =n — MINE 0, mod. 48, since n is a prime 
number other than 2 or 3. Hermite’s formule for linear transformation of the 
function c (7), or y (2),* show that our expression reduces to c(v,) or y,. Now 
the congruence 1 + 48? rs = 0, mod. n, always admits of a solution for any value 
of r from 1 to n — 1, since n is prime to 48; also the congruence is symmetrical 
in 7, s; hence in general'the substitution T Wende the two roots y,, 7,. The 
exceptional case is when r coincides with s, in which case the corresponding | 
root is unaffected. The congruence 1 + 48? 9? = 0, mod. n, evidently admits of 
solutions under the same conditions as the congruence. P | -- 772: 0, and therefore, 
by a well-known result of the theory of numbers,f there are two solutions or 
none as n is of the form 4p + 1 or 4p— 1. Hence the substitution 7 applied to v 
intérchanges in pairs n — 1 or n + 1 of the roots of the modular equation, while 
* See for example Tannery and Molk’s Théorie des Fonctions Elliptiques, vol. 2, fable PE ` 
LA Theory of Numbers, § 37. 
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there are two or no isolated roots. Since 7i —4 and w(i) = 27", we thus see 
that: E 
When v= 27, the Riemann surface has (n —1)/2 or (a+ 1)/2 simple 
| windng-points, at each of which two roots are interchanged, while 2 or 0 sheets are 
distinct, according as.n is of the form 4p + 1 or 4p — 1. 
Further, it can be shown that the two isolated values of y, when they occur 
(i. e., in the case n = 4p + 1), are always equal to the value of « multiplied by 
+1 or +i. This can be established by using the quadrati» transformation 





(s, = =), of which v — isa fixed point. This substitution converts œ into. 


gea d into ¢ ) gen T (nz)* Now if c= (1 + 2)/(1— «), 
| E —n N n(—1 +r) 
af + 482) [n] = a (s T T) Sd E + 48r 4- (i— aes] 


Choose r so that 1 -+ 48? 4? zz 0, mod. n, or 1 -+ 48? ?? = nn’, where n! is an integer. 
Then our function becomes « Iz EET, (where z,—(v 4- 487) /n), which 





‘4 (1— 487) ¢ 
is c : z Dm where Ug = te and 2a =—1— 48r +n, 20-1 — 48r + x, 
9e = — 1— 48r +n, 2d = — 1 + 48r-4- n. Here a, b, c, d are integers satis- 
fying the relation ad — bc = 1, and it is easy to verify that (a Td) abd) a 


or 0, mod. 48, according as n is of the form 8p— 3 or 8p + 1. Hance x ame zi 





zx O(a ( Ue.) == AN 2-12/æ (t,) by Hermite’s formulae for the linear trans- 
n y | 


formation of c (v). 
Now if v — 4, 4! = ti also, so that we have proved that for shis value of «, 


y. (2) i 2? /y,, where r is either root of the congruence 1 -+ 48? = 0, 
n 


mod. n. . Thus, if n = 8p — 3, y, = + i274 and, if n = 8p +1, y, — OM 
Moreover, the two isolated roots of the equation, corresponding to the two roots 
of the congruence, are of the form x(-t: œ + t£), so that by a known result one 
is always conjugate to the other. Hence in one case the two isolated roots are 
t2-“* and —42271^4 E and in the other they are both. 2*5 or both 
29-4 


* Weber, loc. eii, § 76. 
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I have not succeeded in finding any simple criterion distinguishing these 
last two cases. It is however quite easy in any concrete case to reduce 
y, =æ {(i+ 48r)/n} by continual application of the substitutions Tor (v, —1/«) - 
and §* or (7, 2 + 7) to the form e'x (i). For example, if n — 118 the roots of 
the congruence are r= 35 or 78; now using in succession the identities 
98?-- 1 = 118.85, 72° -+ 1 = 85.61, 50°- 1 = 61.41, 32? + 1 — 41.25, 18? -- 1 
= 25.13, 8? -+ 1— 13.5, we obtain i | 




















I =r i ae ye) ="? à «(ut 
H9) eese) (eam 9 
Meu a(S) = s( 25 sal Fa 











=t )= éa( ur) = -ir3)*^ Cu 
eR) CIg)-e 6-0) 


1 : . = : 
= a(— a) — c(t) — 27^, so that in this case à = 24, 





I have tested in this way all the primes of the forms 4p + 1 up to 113. In 
all those of the form 8p —3, A is Æ 6 in accordance with the theory; for 
n = 17, 41, 97, Ais 12; and for n — 73, 89, 113, 2, is 24. | 


It is obvious that exactly like properties hold at each of the 24 -— given. 
by w= 2-5 and it is easily seen that there are no other branch places, since a : 
branch place is clearly a fixed point of a substitution belonging to that subgroup 


LES 





of the modular group (=,2 Ls) which leaves z(7) unaltered. From the known 


properties of the modular n: it readily follows that of the three fundamental 
— 1 -r i3 | 
2 


singular points t =%, v7 —4, T=: of the modular group, the last 


gives rise to no fixed point of a substitution belonging to our subgroup, while 
the first two give the branch places 0, œ, 4/ 2-9 already considered. 
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$4. The Modular Equation for n= 29. 

Using the properties quoted in 32, we have for the equation 
— ay (1 — 914 a y8) 
+ 29aa* y? (1 — 219 a? y”) 
+ 29b (x yt 4. 9 # 9710) ( (1 + 98 gii 4/15) 

- -- 29 (oe, 2 oF + e, a? y? --.c, 2? y”) (1 — 925 a? y!) 

-- 29 (di oy” +. d. a y+ de ao yt + a, o? y^) (1+ ata 8 y?) 
+ 29 (e x” y ee? y + eg x9 y? + e, c! y” + ei xy”) oe y*) 
+a? p y? + 29 (fig? y! d fuat y+. f, x? y” 4- f, a? y?) = 0, 


where a, b, Ci, Ca, d4, de, €, €, 63, Ji, / are eleven integers which have to be 
deterniined. l | 
Substituting for æ; y the q functions, g!74/(1 +q) (1 +)... and 
q?^*| (1 4- g*) (1+.9°")..--, we have an identity in g. It is convenient to 
divide by cy so as to get rid of fractional powers, and then to multiply by a 
power of (1 +g) (1+ g?)...., so as to avoid as far as possible high indices in 
the binomials. If we retain only terms up :o g? we have 5 equations giving in 
succession e, — 1, d,—9, a= 97, 5b — 93, aT. 
We next consider the factors of the modular equation corresponding to the 
case of complex Wr RUE given by y =x. Making this substitution and . 
writing for brevity z for a, the modular equation reduces to | 


f(z) = — 1 + 29az + 5852? + 29 Od + 29D2 + 2982 + (2 + 29 Fz" 
E) 99. E. gt... o] 24 Zt = 0, 


where C= 2e, +o, D=2(d,+4,), E= 2e + 2e; t+ €, F= 2 (A+A), and 
the coefficients not written down can be at once supplied if wanted from 


reciprocity. 
| 1. Corresponding to the expression of 29 as the quadratic form 4 + 13, 
we have = | 
iis. 1 — -€———! — 
s(a ) 2 Graig) 7 8 tt IS = ete i9) 
| ET it readily follows that | 
— 4 13 
yg ee) (a a suce iudi )= «(6 + iV 13.) 


Thus y =x E= -) =a(r), when t=6 ri^ 13, and similarly y; = æ (7r). 





an 
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Thus z= xt (6 + i718) is a repeated ‘root’ of f(z) — 0. But the modular. 
equation for n = 13 gives a4 (4/13) = MEE so that yin eS ; ration- 
alizing this we have 42? — 6z—1 as " repeated factor of f(z). 
2. HAT from the expression of 29 as 1? + 28, we deduce 
(28 + iV 28N — tz D vm C 
gen des cue EEN, 
whence 


CE Edid BIER, ds (ab iT = Px (iv T) = æ (6 + iN T), 


and muss Ys = æ for the same value of the argument. From the modular 
equation for n = 7 we have æ(iv 7) = 1/2, so that z= xt (6 +iV/7) = — 1/4; 
we have therefore the repeated factor 4z—- 1, and by. reciprocity we have asso- 
ciated with this the factor z + 1, and therefore the repeated factor 42? -+ 32 — 1. 

3. We have obviously » D = (iv 29), i.e. yy =x, when « = iW 29; 
and there are also associated with this two values SCENES , for which we 
have respectively y, =æ and y,=&. We might quote the values of æ (iv 29) 
from Weber’s table,” but I purposely use only results connected with modular 
equations of lower order than the one under discussion. 

We have now accounted for all the factors of f(z), so that. 

| M Lc +- Moa (1 + 32 — 42°" (1 + az ai + yz? — d 
! + 24 az — 2° a 

where A last factor corresponds to the values just discussed. 

Equating coefficients of z, 2°, 2°, we have 

O=- 18 -+a : | ‘a 
— 29a == 101 +'18a + 8- | 

— 58b = 108 + 101a + 188 + y, | 

whence, a and b being known, a = —18, 5 —20, y — 16. We have thus 


. Shown that d (iv 29) satisfies the sextic equation 


1 — 182+ 202? + 1625 — P. 2025 — 2f. 187 — 9558 — 0, 


~ „which agrees with Weber’s equation. 


* Loe. cit., po. 499-504, 
22 
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Equating coefficients of 24, 2°, 2°, z', we now deduce 


C=8, D= —376, E= 432, F= 2,966, 
whence | 8 - mE 
Co = — 46, dy L— 197, 2e, +- C2 — 430, A +f, — 1,4838. 


We now want one more equation connecting e, and e, and one connecting 
Ji and f,. These might be obtained from the complex cheory arising. from . 
y = x or y — e, and Í- originally obtained the missing coefficients by this 
method; but it is perhaps a little simpler to use the property given by $3.- 

When T= îi, or x = 2°“, two of the roots of the modular equation are 
isolated and equal to 4 ign; the rest are equal in pairs. On substituting 
æ = 271 and, for COS ence y = 271^», we have Fonseca unt 


opens 29 .e,— 2") + 7? 27. 29. oe 23, 29 . e, + 45. 2*. 29. b 

+ «9. 29, (25a — 2e) + 55. 29 . f, + 47.2.29 e, H 7%. 2% 29. d, 

p wf. 28,99 0, 2- 409. 99 . (2? d, + 9556) — 4 2.29.6, 4- 57. 29 . f, 

+ 45.2.29 . ey + 4". 2. 29 dy +n”. 0 + n”. 22, 29 d; — «7. 2. 29 65... 
+4 (— 2.29. e, + 27)-F y= (1+ a (1 + hyn + kn + hyn’. 

+ lrn’ — ken? + kon? — kyn” + e — kan? + k n? — xy. 


— vedi the coefficients of n, 7’, .. . . n5, we obtain successively 
k = — 35, bj — — 91, k — — 18, k= 44, he SM 46, Equating coefficients 
of n°, 7°, we obtain vis 100 uud Keg = + 54. Equating coefficients of 7°, 77, 
, we then obtain 7, = 185, e, — 0, whence, from the values already found, e, = 480, 
fo == 1298 — 2.11.59. Thus all the coefficients of the modular cee one 
ia Susanne If in our identity we further equate. coefficients of 7°, «t. 
7’, n*, we obtain 5 new relations between the ‘coefficients which may serve yl 
equations of verification. | 

Collecting the results, we see that the modular equation for n= 29 is 
of the form written at the beginning of this paragraph, with the numerical 
coefficients: 


a=7, b= 23, = 27, q=—46, d=9, d=— 197, 
€; 71,  &=0, &= 430,  /,— 185, J = 1,298 = 2.11.59. 
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$5. The Modular diim for n= 31. 
As before, the equation is 


— «y (1 + 215 g” y”) 
+ 31.a. oy (1 + 2? a*a”) 
+ 31 (b, a! y? + b, x y" +b, 2% 41) (1 + 2? 2055) | 
+ 31 (& g y? + e y aot 4j + ecc 10 yY + e, a? uy B. e, 2? 2 4/18) (1 E 96 x12. y?) 
+ 31 (d 29 y + ds a? 4° + dz atl y? 4- d L? y? + daa? y" + dy y” - 
‘ + di xy”) (1 =o 93 a y’) 
Fey + 31 (ao 28 y+ €; 0 9f? F e3 7 4 y? Ae w 4/19 4. e, aol gy : 

+ & q Sy + e at 479) = 0, 
where a, bi, ba, Ci, Co, cg, d, ^. ds, d4, €, E ,654,€, are fourteen” integers: 
to be determined. 

If we substitute, as before, the g-products for x, y, divide out by zy, 
multiply by {(1 + q) (1+ q?).... |”; and expand as faras g', we find successively 


| d,—1, 6-8, b,—18, a—3, a= 25, d,— — 256, c— — 208. 
Let us consider next the complex multiplications of the type y= x, which 
arise from the resolutions 31— 2427, 31= £+ 15. We verify at- once 


that «{(— 1 + iv 27)/31}. = &a(— 2+ iv 27), so that eta (in/27) satisfies ` 


the — y = x. From the known modular equation for n = 3 we find that 
—a* (is 27) satisfies the cubic equation 1— 60z + 482 — 6425 = 0, | 
Similarly y, = æ{(9 . 48 +-6 + iv 15)/31} — ea(6 +4715), so that 


æ (6 + 1/15) = ex (i^/15) is also à — of y = £s. From the modular | ` 


— b 
77 94 s 
fies the quadratic equation 1 — 24z + 642? = 0. 
If in the modular equation we put (to avoid imaginaries) x = e, y = EE, 
we get an equation of degree 10 in z=£°, satisfied by a? (64/19) and a*(i4/ 27), 
of which we have just found a quadratic and a cubic factor. Using reciprocity 
- we obtain the remaining factors. 
. We thus have the. identity - 
1 — 31a; — 31B'— 810! — 81D! sh + (1 — S125. 4.25720 
= (1— 60z +- 4827 — 642°) (1— 62 + 602? — 82) (1— 24z ba + 642”) (1— 32+ 2’), 
where p 


equation of order 19 we have a^ (i 19) =’ so that z= a (iv 19) satis- 


= — b + 5, i C! = — c — C + 6, 
. D! = 2d, — d4— d; +- di, B' = 26 — e, — eg + eG. 
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Hiquating coeificients, we obtain 
a = 3 (verifying the previous result), 
| Bi=—71, 0-884, D'=— 6,100, H! = 24,295; 
whence | ! 
b,— — 64, c= 637, d,— d= 6,858, ^6 + e — €, = — 24,245. 


We can now obtain two more equations from the complex multiplication of the 
type y==a. It is easily verified that if | 


uM. each of Yay == x oft) and nee (S) 


is equal to «(7); so that a(t 0879) is a repeated root of y =w, and this 


quantity is well known to be 27^, We have also obviously 
ir 
x 


5) = (i3), 





so that v(i 81) is another root of our equation, but we do not assume. this 
quantity to be known. | 
, Using reciprocity, we now have, on putting y — in the modular equation, 

and then writing z for 2°, 

(1— 8laz— 31 Be — 31 O08 — 31 Dc — (2+ 3LE) $5... . + 2/5 10) 

= (1 — w) (1— 42)? (1 + az + Oz + ye + 2? B + 25 ao -- 9? 25), 

where a, f, y are at present unknown, and 
B = 9h, + 5, = — 88, C= 20, + 26, + c4 == 248, 
D = 2d, + 2d, + 2d, + dy, E = 2e, + 2e, + 2e + &. 


Equating coefficients of z, 2’, 2°, we have . 


a — 192: — 81.8, |. 8 — 12a + 522: 81.88, 
y— 128 + 52a. — 96 = — 31. 241; 
whence : 
| a = — 81, b = 154, y = — 1,377. 


Equating coefficients of zt, 2, we deduce 

| D-—. 1,084, E= 3,598; 
whence | 
d= 1,928 = 2, 241, d, — — 4,430, e, = 17,846 = 2.3 17.59, e+ es — — 6,899. 
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We have shown incidentally that z = a? (64/31) satisfies the equation 
1— 812 + 1542” — 1,3772 + 2. 1542 — 2% 8125 + 99 5 = 0, 


. agreeing with Weber's result: 

.. We still want one more equation connecting e, andes. This can be obtained 

. from complex multiplication of the type y = ex. Corresponding to the resolution 
31= 5° + 5, we easily find that if | 


| 48\ S 
v — —1-- i 6, qed = ex (2), 


so that z (— 1 + 44/6) is a solution of y = ex. But from the modular equation for 
m==7 wehave g? (—1-+-ia/6) = 63 (2 —4/2)/4. If therefore we put y = ex and 


then a$ = ez, the resulting equation in z is satisfied by (2—/ 2)/4. The 
-equation is 


— 1 — 25 z^ + 31a — + 2 28) + 31D" z? (1 + 2259) -- 310" 22 (1 + 2525) 

| + 31D" 4 (1 RE 255?) +. (— 1 + 31.725 = 0, 

Wn | 
B" = b, + b, "E l OF = — o +04 6, 
D" = — 2d, —d, + d; + d, E! = — 2e, — ez + 6$ + ey. 


Putting 2 = (2 —4/2)/4 and substituting the known values of a, B”, C", D, 
we obtain i | 
E! =7,908, whence  e,— 65 — 9,393, 


and, since we know e, + 65, | | 
€,— 1,247, - € = — 8,146. 


Summing up the results, we see that the modular equation for n = 31 is of 
the form written at the beginning of this paragraph, with the numerical 
coefficients : 


a==8, Db,218, b= — 64, ¢=8, &= — 205, c= 637 = 7.18, 


d= 1, d= — 256, ` d= 1,928 = 2. 241, d= — 4,430, e, = 25, 
a= 1,247 = 29 . 48, es =. — 8,146, e, = 17,846 — 2.8 . 7. 59. 


. I have checked the accuracy of these results by carrying the expansions as far E 
as q”, and further by verifying that when « =i, œ= 27, the roots of the 
modular equation are all equal in pairs. 
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$6. The Modular Equation for n = 37.: 

The equation is | | 

— - LY (1 a 918 g8 y^) 
j 87 (a x? 9? + as x” yt + -—À + aga’ y* + as a* y+ a, vy") (1 + 2” a y^ 

+ 37 (bia y + by 279 y? + bga” y + b, e t + bp x y+ b xy + buy? — 

-+ b, a! y” + b; a? y + b, q Tal -F b, on 5 ya g- b, o? y +. by wy”) (1 — 2% w? y?) 

+a” + y” + 37 (aay + e a9 yt Htt aye ca? y" pu... 

| | + eat y™ + o a? y) = 0, 

where. di, Qz, 05, b,,..-:, Or, ¢,.-++, 064 are nineteen integers to be determined. 

If we substitute, as before, g-products for a, y, divide by zy, multiply by . 

1(1 4- 9) (1 + g)....1*, and expand as far as q”, we get in succession 


b, — 1, a j= 5, Co b, == — 108, 
Z "usse 119. hips iced 


and have "si one HAN inde serving as a ictus. 

It is now possible to complete the calculation by means cf the property 
of 83. When v—i,c—2 5, we have two isolated roots, viz. y= + i274, 
of the modular equation, and the other roots are equal in pairs. If therefore 
we put g = 2-5 y= 2-V*, the left-hand side cf the modular equation reduces 
to 1+7 multiplied by the square of a polynomial in n of degree 18. By 
reciprocity only 9 coefficients in this pm are. — and by means 
of the known coefficients ai, az, a5, 51, ....,05, 24, +e +) Cay they can readily be 
computed by | equating coefficients, or by eiea a square root. The left- ` 
hand side of the modular equation is thus found to reduce to | 

(1 + 5?) (1— 1085 + 1487? — 432? — 270% — 7924" — 1 023° 

— 864»! — sige — 900»? + 60559 — 864y77....— 8), 
. Equating coefficients of 7”, 4", 479, 479, n*, $18, 1, we obtain in turn 
e = 66,994, b,—11,5560,. cg == 1E7,454, | D,— 15,081, 
cı = 221,284, . Q = — Cy = 88,617. 
By equating the coefficients of 7", n we have two equations of verification. 
. Thus, finally, the modular equation is as written at the beginning. of this 
paragr B. with the numerical coefficients: 
a= 5, a= 51, a4,—188— 7.19; b=1, b =— 108, b= — 333 ` 
=— 9.87, b= 540, b= 4,806 = 2.3°£9, b= 11,553 = 2^ 3°. 107, 
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5,— 15,081, c= 8, 0—119—7.17, ¢=2,073=3.691, c= 16,558 
= 2.17.487, c= 60,994— 2.19.41.48, c= 157,454 = 2.11.17 . 421, 
Gy = 221,234 = 2.13 67.127, . 0,179,656 — 8.5. 7.29.59, c= 88,617 
— 8.109.271. | | 


We can now use complex multiplication for further verification of the | 


coefficients. I have in fact worked out most of the cases, but I reproduce only 


one. Corresponding to the resolution 37 = 3* + 2. 7, it is easily verified that, if 
TVLIW 7, Ys = Yo, =x (T); so that a (2+ iX 7) Sex (iv T) isa repeated 
root of the equation y = «x. Making this substitution in the modular equation 


and writing for brevity z= x", we have 


o J(a)z1 — 2? & — 37À2 (1 + 272) — 37 Be’ (1— 2 2) — (2 4-310)? = 


where | 

= 2 (a, + a, + a); Br2(h+....+6)+0,, C= 2(q + +a). 
From the modular equation for n=7 we have #(i77)= 2? whence 
z= — 9-5; associated with this by reciprocity we have z — 1. | 


Thus f(z)=(1+ 632 — 252 (1-- Az — 952, where the second factor 
corresponds to z — a (im 37). i 

Giving A its known value 378 ‘and equating coefficients, of z, we have 
à = — 14,112. — Equating coefficients of z, 72, we. have B = 47,955, 


C = 1,465,414, agreeing with preceding results. The residual factor gives 


8g = — 882 + 145/37 = (v 37 — 6); 
so that zn o 
| 2a (iv 31) = V 37 — 6, 
which agrees with Weber's result. 
I have.to express my thanks to Miss H. P. Hudson, of Newnham College, 
who has helped me materially. by carrying out some of the calculations | 
independently. 


Kine’s COLLEGE, CAMBRIDGE. 


On Translation-Surfaces Connected with a Unicursal 
Quartic. 


Bx Joan HEIESLAND. 


In a paper published in Vol. XXIX of the AMERICAN JOURNAL or MATHE- 
matics I have found and discussed all the types of algebraie translation-surfaces | 
that can be generated in four different ways. Surfaces thet admit of such fourfold 
generation were discovered by S. Lie, who in a series of papers * made known 
their general properties and method of analytical representation. A historical 
introduction to this interesting subject may be found in a paper published by 
Georg Scheffers in Acta Mathematica, Vol. 28, 1903, where also an. independent 
treatment of certain parts of the theory is given. 

With the exception of two theses by R. Kummer and teorg Wiegner} no 
detailed study of these surfaces has been undertaken, although, as G. Scheffers 
remarks,{ such investigations promise sufficient results to justify the effort. 

Owing to the large number of types of translation-surfaces admitting of 
fourfold generation, I limited myself in my former paper to the consideration of 
algebraic surfaces, reserying the investigation of transcendental surfaces to these 
and future investigations. 

As is well known, all surfaces of this kind are. closely connected with a 
quartic curve, irreducible or not, in the plane at infinity.. All surfaces corre- 
sponding to projectively equivalent quartics are said to belong to the same type. 
It was found that all algebraic surfaces correspond to a unicursal quartic having no 
double or triple points with distinct tangents. (The corresponcence here mentioned 
will be explained in what follows.) 

The remaining unicursal quartics give rise to transcendental surfaces, the | 
study of which is the eee of the present paper. 


* Berichte der Königlich. Sach. Gesells. der Wiss., 1896 anā 1897. (See Bibliography.) 
t Georg Wiegner, Dissertation. Leipzig, 1893. 
t Acta Math., vol. 28, 1904, p. 90. 
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Since the whole theory, according to Lie, is intimately bound up with 
. Abel’s theorem, the following pages may also be looked upon as a study of 
Abelian Integrals of the first kind with respect to a unicursal quartic. 

The method of constructing translation-surfaces with a fourfold mode of 
generation is based on a theorem by Lie,” viz. : 

If on a translation-surface that can be generated in more than two ways we 
draw tangents at any point along the four generating curves, the intersection of these 
tangents with the plane at infinity is a curve of the fourth order. 

Conversely, if we suppose given in the plane at infinity a curve of the fourth 
order, there exist always infinitely many («*) surfaces generated in four ways, 
whose tangents along the generating curves cut the plane at infinity along the given 
curve. y 

The coordinates of these surfaces are expressible as the sum of any two Abelian 
integrals with respect to the four pomis of intersection of a variable straight line ' 
with this quartic curve. 

Every direction in space is determined by a point in the plane at infinity ; 
the direction of a line joining a point to a consecutive. point is determined 


whenever the ratios = and rd are given. We may therefore, with Lie, con- 


sider these ratios as coordinates £, n in the plane at infinity. 
Let there be given in this plane a quartic curve F(E, x) —0; in order to 
determine the translation-surface, Recording to Lie's theorem, we form the 


Abelian integrals 
We 
Si, MM 


; ca 
p= E 
A (o) 
whose limits we fix as follows: We supose the quartic cut by a ‘fixed and a 
variable straight line; denoting the abscissas of the point of intersection by 
Eo EL, £2, EQ and £,, £j, Es, £j respectively, we choose the former as the lower 
and the latter as the upper limits, so that we have 

















* Berichte der Süch. Gesells, der Wiss., vol, 48, 1896, p. 197. 
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Now by Abel's theorem we have (the corstants £2 being properly chosen): 
40,4 4,4+6,=0 
B+ % ++ % 50, 
| X, +X, +X; +% =0, 
from which it follows that 
$ + p= h — @, 
| Jw — ui era Ny, 
X; T X% = E Xa — Ky, 
so that the equations 
s= + P, y=% +Y, z2z=X +X; 
represent the same surface as 
g = — p; — d, y = — ¥,— 0, z = — X; — X, 
a translation-surface generated in four ways, as is seen from the double mode of 
representation. 

If the quartic is irreducible, the integrals b; have the same form; the same 
is true of the Ps and X’s. The curves £, and & cover the surface twice and are 
- all parallel to each other and similarly placed. The curve £,— £, is a special 
asymptotic line on the surface and the envelope of the curves & = const., 
E,— const. The same is true of the curves č; and £, which have for envelope the 
special asymptotic line £; = £,. The surface may also be considered asthe locus . 
of the middle points of all chords of the curve £,— £, or of the curve f= £,. 
It should be noticed that the surface is symmetric with respect to a certain 
point which, by properly fixing the lower limi:s of the integrals, may be taken as 
the origin ; it has therefore a center. 

I. 

We shall begin with a quartic having three non-consecutive double points; 
by a projective transformation (real or imaginary) the curve may be thrown into 
the form, using c, y instead of E, 4, 

| a’ + y^ — ary + a? y^ — bay — eey’ = () 
in id the double points are placed at the vertices of the india of reference. 
In order to find a suitable parametric representation we intersect the curve by 
the hyperbola | 
wy + pe + oy = 0, | - (2) 
which passes through the double points; let it also pass through the point of 


Pio 


wn 
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intersection of y = mx with the curve, m being one of the roots of the equation 
2(6 + mc 
"Im ; 2 (b d- me). 


Now in order that the hyperbola (2) shall pass through this point, the following 
relation between p and o must exist: 


mo + p = — 2(6 + mo). 


m*—2am--1--0. This point is easily found to be 


Substituting the value of x from (2) in (1) we have 


(c? + 2co + 1)y? + 2 (p + aa — bo? + cop) y + 0? + e? +. 2aop =0, 
of which y + mo +p isa factor. There-remains therefore, after dividing the 
expression, Tu | 
(c? + 2co + 1) y + p + (2a — m)o, 


which gives us the required parametric representation: 


—(Z te) — (1— m?) p + 2(b + mo) 
I= 4 oti p F (4b + 2mo) p + m? + 4b. F 4bme ' 
s lot mp) |(1— mp + 2(b + mo) 
gc 2bp-+- 1^ m (p^ +. 256p + 1) i 
We also find 
(mp + 4(b-+ me) p + 46 (5 + me) + m? EE 








(p+ 2bp + 1): dp 
and - 
Py = rE CED: [ (oo — a)y + o+ ap] 
o oy — (1 — nh ght 4 + mo) p+ 4 be) etl] 
— (y + py o? + 2co + 1 
ac Gegen Ctr Grte) 
fy o? y (p? + 2bp + 1) ~ 6^ g? (p? 4- 2bp +1)’ 
but | 
ura o? y? (c -+ mp y ; 
= y+ pyr GE Hp rr 
hence 
de 0 dp 0 
Foy ` (1— m?) p + 2 (b + mo) ? 
ade ` dp " 
Fo mF% Co (3) 
ydæ dp 


Po. p? + (45 + 2mo) p + m? + 40 + 4bme ` 
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The surface may now be written, putting | | 

— m.X = X", — Y= Y’, (m? — 1) Z=Z! 
and dropping the primes, 


Apes 
p? a 2bp; c aed 


dpi: 


A= J 3T 35 + 1 


EM 


hu dp: | 
- 4 pi t (46 + 2mo) p, + m? + 46° + 4bmc (3) 
dp, ` 
de gi + (45 + nc) p, + m? + 4D + 4bme i 
—att sa * ASEL] 
2 (b 9 (b 


a p a i—m 





. The discriminants of the three quadratic equations 


pi + 2bp + 1 — 0, 
di 2mc) p+ m M 4bme = 0, (4) 
m? — 2am +1=0 


are b — 1, m (e — 1), a — 1, respectively. If therefore b, c and a be greater 
than unity, the integration will give rise to logarithmic functions. In case 
either b, c (or both) is less than unity, while a is greater than unity, antitrigono- 
metric functions instead of logarithmic will be introduced in the equation of 
the surface. These cases will be discussed later. If a is.less than unity the 
surface (3) is apparently imaginary, although in reality it is as real as in the 
three preceding cases; this case, therefore, needs separate treatment. For the 
present we need not distinguish between the different cases; we shall integrate 
without regard to the sign of the discriminants of (4), it being understood that 
- whenever 5, c, or both, are less than unity the surface may be thrown into a real 
form by introducing trigonometric functions in the coordinates X and Y.. This : 
remark is also applicable to the case where all three pararnetars are less than 
unity, but, as we have said before, a separate treatment is needed. The . 
geometric interpretation of each of the four cases will also be explained hereafter. 
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Calling the roots of the first two equations (4) 91, ; Bij ae, Be en 
we have after T 


Co 24) (p S aj) 

X= 5997 be (p — 83 (m — By’ 
o I (n9) (Pe — a) 
r= WET T '° (p — Ba) (p Ba)? 


| 2 (b + mc 
Z= log (p —h) (p—h), = — APSR, 
By using the transformation 9/@—1 X= X', 24/c—1Y-—Y! ZzZ, 
these equations may be written: 


ipapa r (n—9 oo) uu dn 
"—(n— £1) (95 — 01)" d — (p: — 03) (p; — B3)! - e = (pi ky) (ps ky), 


| pipe — Ay (pi + p») + ei — e? = 0, 
(= e7) pı po — (a — (i €*) (Pı + p2) + af — cu 
QM Pius — (8 — Bae") (Q1 + pe) + ag — 06 = U, 


or, 


from which by elimination we obtain 


1 sele à e 
leg — (a, — £i e*) oi— Bie. |= 
ie" (0077 (a, — pze”) ag— Bz eY 


which expanded may be written 
A+ Be* + Ce¥ + De? + He*t4 + Fe*t¥ F Oams + He*t**Z = 0, (5) 
where the coefficients have the following values: 


A= (a; — as) [o as — hey (o T 05) + ki], 
B = (as — £1) [as 91 — f (a + 81) + ki], 
O = (fa — a4) [o1 85 — ki (Bs + a) + A, 


D= Q5 — 03, 


Es 8; — ae, l 
f= (G1 — Bs) [21 85 — i (0, + l) T A], 
G = a, — f, 


H= 8,— £i. 


~ 
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These coefficients are not independent; in fact, the following identical relation 
is easily seen to exist between them: | 


EGAF—HDOB,. ^ - (6) 


which is of fundamental importance. 

We have then the 

THEOREM: To a unicursal quartic having iire double points with distinct 
tangents there corresponds a translation-surface of the form 


A+ Bex + Ce¥ + De? + EeX*? + FEY + Get ¥ — HeX***2-—0, (5). 
with the following identical relation between the coefficients: 
EGAF = HD OB. | - (8) 


There exist co? types of such surfaces corresponding to the oc? projectively non- 
equivalent quartics with three non-consecutive double points. 

Every surface (5) has a center which is found by putzng X = X! ——£, 
Y= Y'— n, Z = Z! — ý in (ë). After this transformation the new coefficients 
A, B', C',...., H! must satisfy the following conditions: 


A=—H, B=—@, € - — Et, D'=— F 
we find then the following equalities: | | 
Es Cm log (F), eee 


1 i-E- log (7), 
b E—n = log (25), 
Etat = log (7). 


Solving the first three equations, we have 
_ BH Er CH ‘EG 
E=tle(qq), n-ibe( ae), t548 (30) © 
which values are found to satisfy the fourth equation, owing to the relation (6). 
The surface has now the following simple form: 
A (1— eX+¥+2) + B! (e¥+2— eX) + Q! (eX 3 — eY) + D! (tt? e?) = 0, (8) 


whose center of symmetry is at the origin. 
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Remark. A translation X= X'— 2nni, Y= Y'—Annt, Z= Z'— Anni, 
where » is any positive or negative integer, leaves the surface invariant, while 
a translation X= X! — nm, Y — Y! — nni, Z= Z! —nm3 transforms it into 
a real surface whose center of symmetry is-at the point noti, nni, nz, Viz.: 


A (1 + e*Y*2) 4 B! (e 4 eX) + Ol (eX*2 4 6%) + Di (tY 4- ez) — 0. (9) 


Before proceeding further we shall introduce a few definitions due to Lie: 
If we transform a twisted curve in the space (a, y, z) by the transformation 


more, Quy, 4-5, (10) 


we obtain a family of o»? curves which evidently remains invariant for the trans- 
formation. We say then that these curves belong to the same species (Gattung). 
The same definition may also be extended to surfaces. * 
Another fruitful idea due to Lie is the logarithmic transformation: 
X —logz, Y= logy, Z-logz, - (11) 


where (a, y, z) is the so-called logarithmic space. T 
Consider now all the curves of the same species, 


2-—2A.9(), y=u.d(), s-—».x(t; 
transforming by (11), we have m 23 
X-log4$(t)--loggA, Y=logd(t)t+logu, Z--logx(t--log», 


by which we obtain in the space (.X, Y, Z) all the curves that are parallel to each 
other and similarly placed. Hence: | | 

To all the o? curves in space (X, Y, Z) obtained by the o»? translations of a 
twisted curve there correspond in the space (x, y, z) all the œ? curves of the same 
Species. This is also evident from the fact that to a translation in (.X, Y, Z) 
corresponds the affinity transformation (10). 


Moreover, to the transformation . X = — X, Y= — Y, Z = — Z (the 
so-called reflexion, Spieglung) corresponds the involutary transformation 
= wi gol 
a ae Any! pem: (12) 


- The general involutary transformation 


e x eres gi — (18) 


Nps 


* See Lie-Scheffers, Beriihr. Trans. ; pp. 331 and 334. t Ibid., p. 356. 
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may be considered as a succession of the transformations (10) and (12), so that 
we may say: ` 
To the general involutary transformation (13) in the space (x, y, 2) there corre- 
sponds a reflexion. of all the points of (X, Y, Z) with respect io the point (log A, 
log u, log v). | 
| If now we apply the logarithmic transformation to the surface (5), we ante 
the cubic surface 


A+ Bet Cyt De+ Haz+ Fey + Gyz + Heyz = 0, (14) 
the coefficients of which satisfy the same relation as before, viz.: 
EGAF=HDCB.  . | . (6) 


These œ? surfaces remain invariant by the involutary transformation (13). The 
transformed surface is: 


AnyztraByz+ uCaz M v Day +avEy+uùFz+vu Gat uv H=O, 


which is evidently of the same form as (14) with the same Enon (6) between 
the coefficients. 

From the above it is easily seen that there is one set of vilbes of A; u, v 
which will leave the surface invariant, viz. 


=a? . (15) 


as is easily verified, taking into account the icentical relation (6). To the trans- 
lation curves on (5) correspond the double set of twisted cubics on the surface 
represented by the equations 
r= (p= ay) (gy — %1) 
(Pı — B1) (py — Px)’ 
eo (e — Og) (pe ze Op) (16) 
(pı n Bo) (Pz ats Be) | 
z = (pı — ki) (ps — &). 
The curves p, = const., p, = const. constitute .a family of curves of the same 
species which cover the surface doubly and raay therefore be considered rather 
as two families, both made up of curves of the same species. By means of the 
involutary transformation 


a| 


3 ner, gc, | (13) 
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where A, u,v have the values given in (15), we obtain-the same surface, but in ' 
another analytic form, viz. | 
= (fs — — £1) (pa — 01) £1) 
(ps — 04) (pa E 0, — a)’ ! l 
— (ps (ps — Bs) Bo) (p — Ps) la) 17 
iu comm (ps — a2) (p — Be)” ; an | 


: ! 
2 omm MÀ nM M i 
À (ps — ki) (ps — hy)’ . | : 
on which the curves p; and p, are two families of the same species. We thus see 
that the involutary transformation (13) has transformed the curves p, = const., 
f» = const., into ps = const., p, = const., each pair of families belonging to the 
same species; while any ina curves Lelong to ia pairs are of different 


species. We may therefore say: 
The surface 


--—————— "—— (18) 


. contains two pairs of families of curves, each pair consisting of curves of the same 


species. The surface may be generated by performing on any one of these curves, œ! 
affinity transfor mations; that ts, the surface admits of a fourfold mode of generation.” 
This surface is thus seen to be analogous to the surface 


Ayz+ Bzæx+ Cey + Lat My+ Nz=0, 


which, as S. Lie has shown ,[f has a similar mode of generation; it has four 
families of eurves; viz. the two sets of generators and two families of cubic 
curves. By the inverse of the logarithmic transformation this surface is trans- 
formed into a translation-surface 


Ae*** 4 Bet 4 QeX^Y 4 LeX + Me + Ne? = 0, 


which corresponds to the case where the quartic degenerates into two intersecting 
conics. $ Whenever this happens the curves belonging to either pair (a set of 
generators and a family of cubics) are not of the same species; this is due to the 
fact that since the surface (X, Y, Z) corresponds to a. degenerate quartic (two 
conics), the functions db, and d (see p. 172) are of identically the same form, and 


* By fourfold mode.of generation we mean in this ease that the same surface may be represented in two 


different ways, namely (16) and (17). The phrase fourfold mode applies here to the logarithmic space (x, y, z). 


tG. Scheffers, Berühr. Trans., Vol. I, pp. 350 and 364. 
1 Ibid. 
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likewise b, and ®,, while e, and ®, and also €, and ®, are not; the same is also 
` true of the s and X's. | | 

Conversely, let the surface (17) be given. Since we know that it contains. 
two pairs of families of curves, each pair being of the same species, and that 
either pair by the reflexion (13) is transformed into the other, we conclude that 
the surface | 


A+ BeX + Ce + De? + EcX** 4 FeXtY.p GaYiz.L peX-Y^2 — 0 —— (18) 
is a translation-surface containing two pairs of families of | translation- -curves, and 
thus admits of a fourfold generation. 


Let the surface (18) be referred to its center of symmetry as origin, writing 
it as before 


A(1 — ere) + BY (eX —e8) + O (e) + D (ere). (8) 
Putting X= — X, Y = — Y, Z= — Z and subtracting the result from (8), 
we have 
A (eH YS) — qe) ER B! (e H2) L gY4Z 4. g-X ež) - | 
4r OM (e Y) — gX*Y 4 g72 — e) 4. D'(g- X2 Lez — eY 4 ey) = em. . 
If now we employ the transformation X = t X,, YriY,, Z =i Z, and 
reduce, this equation takes the form 
Asin (LX, 4- Y, + Zj) + B' [sin (Y, tZ) — sin X] + C' [sin CX, + Y) — sin 43 
+ D! [sin CX, 4- 4) — gin Y,] = 0, 
- which again reduces to 
A sin 4 (X4 + Yi + 4) + B'sin$ (Yi EZ; — X) + e sin 4 (X, + Y, — 4) 
+ D'snid(X + Y¥,;— 4) = 0, E 
and finally, putting 4.X, = X, 4 Yj,— Y, 1Z,—4Z, 
Asin (X + Y+ Z) 4- B'sin(Y43-Z — X) t C'sin(X+ Y— Z) 
| + D'sin (X + Z — Y) — 0. (19) 
This transformation, it will be noticed, has no effect on the corresponding quartic . 
in the plane at infinity. In the new space (?.X, ? Y, i Z) tae surface appears ae 
a real surface with three real periods, while in the original space it had three 
imaginary periods. They both belong to the same type, provided a, b and c in- 
the quartic have constant values. They are; moreover, very different in form: 


the surface (19) is contained in a cube whose side equals z, and the whole of | 
space being divided into such cubes, each one contains an exact reproduction 
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the surface in the original cube. The surface (8) shows no such periodicity, the 
periods being imaginary. It is thus seen that leaving the quartic curve in the 
. plane at infinity invariant, we can express the corresponding surface either as a 
. $urface having imaginary periods, or as one having real periods. 
We may express the above results in the following 
THEOREM: To a unicursal quartic having three non- -consecutive double points 
with distinct tangents there corresponds a translation-surface of the form 


A + Be* + Oe* + De? + Bet? 4 Fet*Y + ett? 4 Het = = 0, 
with the following identical relation between the coefficients : 
| EGAB-HDCB. | 
The surface, when transformed to its center of symmetry as origin, takes the form 
A (1 — eX) 4 B! (eY*2 — eX) 4 O! (eXXY — e?) + D! (e£ — ev) = 0, 
which by means of the transformation | i 
| A=21X,, Y-—2Y, 2-242, 
maj be put into the form | 
A sin (X1 + Y; + Z) + B! sin (Y, + Z, — Xj) + €' sin (.X; + Y, — JZ) 
| + D' sin (X, + Z; — F) = 0. 
Remark. If in (19) we put Y + Z — X= xX, X-Y—Z-—xN, 
X+Z—Y=Z,, the equation becomes | 
A sin (.X, + Y, + Z) + B! sin X, + C' sin Y, + D' sin Z = 0, 


which for certain purposes may be simpler and more convenient. 


II. 


In the case where the three double points have imaginary pairs.of tangents 
(the three vertices of the triangle being conjugate points), the parametric represen- 
tation of the quartic that we have used (p. 173) becomes inconvenient, if we want 
the surface in a real form; in fact, kı becomes imaginary with m, since m isa 

root of the equation m* — 2am + 1—0, a now being less than unity. To ayo 
this difficulty we must find a suitable parametric representation. 

We write the quartic as before, l 

HY — awy + ty — bt y— 2 ewy =O, © (1) 


or 


1 1 2a 2b 20. | 
Xy ai y «0 7 U 
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from which it is seen that a parametric representation of (1) may be found by 
obtaining one for the conic , 
ci + 2 y? — 2 BY — 26 oy, — 2ex, d 1 me 
(see Salmon’s Higher Plane Curves, p. 244 *), obtained by putting gc T j= t 
i ; 2 y ? 
= in (2). Since a, b and c are all less than unity, this conic (in general an 


ellipse) lies wholly inside the triangle of reference. Transforming the origin to 


the center (5 T = RD. 





— we have 


a? 4- P? 4- c jon QE 
1— g? a ee, 





-2 1 =2 =- = 
æi t Yi — 2a y = 


from which it appears that the disk and hence the quartic, is real whenever 
R? is positive. In order to express z, and y, in terms of a variable parameter p, 





we pass a line y = pæ +o through the point (-—— Ti R 2 0) and find the second 


and variable point of intersection, which is 


à (p— 1) R z=- < 3p(ap—1)R 
A eae 1S 1— a (1— Dap F g)' 











and hence, | 
AN (p — 1) K c+ab — 
| 4 — 8 o a gt bee” 
WT 2p(ap—1)R b 4-ac, 
n= ATE= Bisco Pp) 1— c 


so that we finally have the following values for x and y on the quartic: 


oo EERE Lore 1 bud 1. a. MERERI 
eene 1—a R+¢+ ab] 9° —2a(c--ab)p-Fcc-ab —^ 1—a E 
(Seer A! tet be "ANN 2) 


— er ime 3 v | 


We also have . | 
Fl, =y — 2cgy + ys? —a«c—bzy — x (f —1)o 4- 2(c -- ab) s -- a? —1 
and | 
= te THAR 9p) 
~ [(V1—@R+ cab) —2a(c--ab)p--cd3-ab—/1—a RJ 


* We refer here to the second editior. of this work, 
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By substituting in F}, the value of æ in terms of p, we have 
av 1— a R (ag — 2p +a) 
(4 1—«* R+ et ab) p? — 2a(c4-ab)pg4-c-- ab —^/1—a R 


The corresponding surface may now be written : 


x=2(1— e) f —pRE—— Dh +2(1—a) f d pz ; 


/ 
Foy = 


D, oz 
r d | 
y—-s(ü—e)f—— 5h _ m +2(1—a) [e _ —p»h—. [0 
ed apy app l 
" 2 fg : I 


where D, and D, are the respective denominators of « and y in (2). It should 
be observed that the discriminant of D, and D,, viz.: TI — a’) (D? — 1) and 
(1 — ey (c — 1) respectively, are both negative, b and c being less than unity. 
We have now, after integrating and transforming in a suitable manner to get 
rid of extraneous factors, 








| : a (c 4- ab) ; a (c 4- a 5): | 
UV X1—2a R-4-6é4-ab | /1—39 R-Fe-c-ab- 
— tan-1 Nl 9 de tr 6 T a0 = | 
^o Gav ine ote _ =a) VIF 
J1i—aR+e+ab ©  W1—@R+ce+ab 
gg Abbad+ VINER ab tad +vi-@R| y 
Y= tani B1 FOR ba AE pta 2 1 de +b ae 
Wi Terres 24/1--aaR 3-5 ac 
4 = tan! 7, + tan? ——— ——. B 


In order to facilitate elimination we write these equations in the form 
RICE —1 p1—04 —: 292—904 
an UAE -+ tan uS. 


Y = tan“ BE. 4+. tan" IA, (8) 


2 2 


Z = tan? PL + tant £L 
i view E TOS Aog 








which give rise to the following equations, p, and p, being eliminated D 


A tan X tan Y tan Z + B tan X tan Y + O tan X tan Z + D tan Y tan Z P 
+ HianX + FtanY + G tan Z — 0, (6) 
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in- which the constants A, B. vu " G have the following values: 


A = (a4— a) [o ag — a (ay + a5) + 2a?— 1] + a, k? — a, ki — a (k3 — £3), 
B=WV/1—@ (a? — a? + 2aa,— 2aa, + k? — ki), 

C = hy (kj — af +20,0,—2aa, + 28a? —1), 

D = k (a3 — k} + 2aa,—2a,a,+1— 20"), © 

E = 2/7 1—a@k,(a,— a), 

F = 24 1 — @ k (a — a), 

G — 24k (o4 — 23). ' 


It remains now to transform the origin to the center of symmetry and to 
find the coordinates of this center. If we start witb equations (6), putting 
-X= X' +k Yo Y'+y7, Z= Z'+%ğ, and express the ccnditions that the 
resulting equation shall reduce to the form | 


Al tan X tan. Y + Bian X tan Z + €! tan Ytan Z 4 D' = 0, 


we obtain a set of equations involving tan č, tan y, tan ¢ which appear somewhat 
difficult to solve by ordinary methods. To avoid this difficulty we substitute for 
the trigonometric functions their exponential values, so that we obtain the 
following equation of the surface :. | 


(—B — C —D + Ai — Ei — Fi — Gi) e Y*0 
+ (—B -——C—D —43 + Ei + Fi + Gi) rii 
+ (0+ D —B — Ai — Fi + Gi) ect Y 
+ (C+D —B + Ai+ Ei + Fi — G4) e tX FYZ) - 
-(B--D—O--Ai— Ei -- Fi —Gi exe c (6°) 
+ (B+ D—C—Ai + Hi-Fi + Gi) e 187m | 
J- (B4 CO —D — Ai + Ei — Fi — Gi) ei 6*2 
Se (B "E C—D -+ Ai — Ei +. Fi -+ G3) 4E X) — 0, 


— which may be written in the form 


A, -4+ B, etx + C, e? i Y F D, e? i4 * E, c? i (£12) -+ F, eg? OC Y) + Gy given 
+H, e: G*Y42 — Q, (8r) 
Putus now in (8^ Aou ur" + £, Y — Y +n, Z= Z! 4 £ and expressing the 
condition of symmetry, viz. l | 
A, = H, Biz, dini. D =h; 


we sa the following equations: 
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EHn = tant VT 
Eta i= tai pe | 
E4+f—n= tant BE PTS, T) 
nth imt PEU D, 


Solving these equations, we have, using all four equátions (7), 








af. C+D—B 4. B4D—C ] 
. E — 3 | tan G_A_E_ fF -+ tan EX + GLIZ FI 
| zm Ugo 4 Jg 0-D | 
n= Es CA—no aes 7G) 9 
_1f,, B+D—C 4 B+o—D l 
s=; [ta EG- A- F° acp ro 
Since, moreover, the relation 
EG, | HD, (9) 
CB, AM à m 


must necessarily be satisfied, if the'surface is to be symmetrical, the equations (7) 
are all satisfied, so that (9) may be replaced by the equivalent one, 


4 B+C+D v; 4 C+D—B 4, B4D—O 
1 ABRE IHE NU ES 7 qo eu Re RE E an ME Do ARES D 
WE ao A GA mMLQH 
i | | a B-TC—D 
d S mem muro 


We shall not verify this relation, as it would involve long and tedious algebraic. 
 ealeulations; it is moreover unnecessary, its truth being known a priori. 
The surface Ado now takes the form. 


A,(i+ eniro) + B (rene 4- e? 5X) -+ C, (ee! 4 ent a . 
i + D, (nS -+ gu = 0, (10) 
which may easily be reduced back to ‘ie form ` 
A! tan X tan Y + B' tan X tan Z + €' tan Y tan Z + D'z9. (11) 
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where the coefficients A’, ...., D! are found from the equations | 
A! 4- B! 4- C+ D'—X(BHCHEDY + (E+ F+ G — A, 
Al— Bi 0 + D' = /(O+ D— BY + (G—F—E — Ay, 
— A! + BI — 0 4- D! z J(B D-—0y 3 (A4 F—E-—9Gy, 
— A! — B! -- € -- D' 2 J(B-- O—D)* + (E— F—G — Ay. 
We have not carried out these calculations in detail, as they co not present any 
serious difficulties. We have then the 
THEOREM: To a unteursal quartic with thee E ugate points there corresponds 
: a translation-surface of the form 
A! tan X tan Y + B! tan X tan Z + © tan Y tan Z 4 D'=0. (11) 


If we transform (10) by means of the transformation X' = 24 X, Y'= 2¢Y, 
Z! = 2i Z, it takes the same form as was obtained in the case where the double 
. points of the quartic have real and distinct tangents [see p. 177, (9)], viz.: 


A, (+ eX Y2^ 4- B, (eY*7 pel) FO, (e€* 4 e*) -- D, (e*** 4 e?) — 0. (9) 
Now since a transformation of the form 
AE. o Ys oy, Z -—912 

leaves the quartic in the plane at infinity unaltered, we may collect the result 
obtained: in the following. form : = | 

THEOREM: To a unicursal quartic having non-consecutive. double m with 
distinct tangents, these tangents being either bo-À réal, or both imaginary, in pairs, 
there corresponds a translation-surface which may be thrown into either of the 
following forms: i 

A (1 + eX t¥+7) 4 B (e**? + eX) + O (e*** 4+. e*) + D (e +e)=0, (10) 

A! tan X tan Y + B! tan X tan Z + €! tan Y tan Z + D! — 0. (11) 

lf we put X = X'+ mi, Yz Y'-- mi; Z — Z4 m in (10) and 
X—X +a, Y—Y ^Lnzn,Z-—Z-pmxdn (11), these JOUEUR may also 
be written : . 

A (1 —e 7). B (e426) 4 Oe) + (Ye) =0, (10) 

A! tan Z + B! tan Y' + C! tan X". T D! tan X' tan Y' tan Z! = 0, (11/) 
. which are sometimes more convenient, inasmuch as the center of symmetry is 
here situated on the surface. 
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| | III. | 
Quartics Having Two Double Points with Real Tangents and One Conjugate Point. 

Let the conjugate point be at x» —0, y =œ. We have now to integrate 
equations (3^), p. 174, on the hypothesis, a «71, b 7 1, c >1, and after a suitable 
real transformation, in order to avoid extraneous factors, we have 








— dana B5 ptb 
A a / 1 =p / 1 — 6’ 


—] (e: — Ge) (pz = Oe) 
ond i: (py = Ge) (P2 — b) 
24 = log (pı — &) (pe — 4), | 


where as, B, as before, are the roots of the equation 


Q^ + (4b + 2mc) p + m? + 4b? + 4bme = 0, and ky = — 10+ me), 
Eliminating p, and p, we have the equation | 
1 ky k? — e?7 
1—e¥ mpe: at — Byer? = 0, 


— tan. X btanX+/1—6? (1— 98%) tan X—20VT LE? 


or, developed, 





(0 Ae® V4) 4 Be?Y 4 Qeiz D 
en X = awe RT POE 00000 
where m DS EE 
A zz-—AX1— p, =b + b, 
B= A/ 1— b (k, — B, (i EAE Nan — b) (1 — 20? — E, Ba — I, b — b20), (2 ) 
0 =Ţ74 1—8, C' = — b — t, 


fee A/1— 1— P (as — hs) TEN k -+ 25), JU ses — (a. — D — 2B? —ay E NR k 10). 


The equation (1) may be simplified just as in the former case by transforming: 
to the center of symmetry. Putting X = X'+, Y= V'4+y7, Z=Z'+%, 
and i pronmg the condition of symmetry, we have 


(A — A’ tan £) e089 = — (D — D! tan £), 


(B — B' tan £) e? 9 = — (C — C' tan £), | à 
(4 Atem?  DopDenb —— 


(B! + Btan£)e*-? — | C! 4- C tan £. 
25 | | y : 
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From these equations we find that tan f must be a common root of the following 
_ two quadratic equations: 
(a) (AD! + DA") tan? £ +2 (AID! — DA) tan £ — (AD! + DA') = 0, 4 (4) 
(b) (BC! + CB tan? E + 2 (B'C — BC’ tanE—(BC' + CB) = 0. 

The condition that these equations shall have a common rootis | 
(AD! + DA) (B' C! — BO) = (BC! + BC) (A'D' — DA), (5) 
which is seen to be identically satisfied by the values of 4, ...., D, A’,.... , D! 

obtained from (2). Calling the roots of (4) a and —Ż , we have, by solving, 


E = tana, - £ = tana —F, 


of which either value mày be taken without influencing the form of (1) as to 
pon Solving (3) we have 
(.D' tan £ — - D) (0! tan £ — 0) 
B(A— A’ tan £) (B — B' tan EV? 
_ 45,4 (D! tan £ — D) B — B' tan £) - 
Cae A a an an ento 
The surface now reduces to the form 
| Ay (P+ — 1) + B (PY — e97) | (6) - 
Ay (P9 3-1) + BL (Y 4 95 , 
E which 4, = D — D! tan £, B, = 0 — O' tan E, 41 — D' + D tan £, and 
= C'+ C tan ë. We have then the 

"ImzonEM: Toa quartic having two double points with distinct and real tangents — 

and one conjugate pani there corresponds a translation-surface of the form | 


Ae G2 4. Be? + Qe?? 4. D 


n = 4 log 


. tan X = 


tan X = deum Bina Oe p D EE. 
with the following identical relation between the coefficients : | 
— (AD' + DA) (B'C'! — BC) = (BC! + CB") (A' D' — DA). (5) 


The surface (6) has two imaginary and one real period. By using the trans- 
formation XY = i£', Y =i Y', Z = iZ', which does not affect the quartic curve, 
we may transform it into a ees having two real and one pasemany period, 


We have F 
e NEN ex _ tA, (e? FT — 1) -+ iB, (e** Y — e212) 
ga T ex IO A i( e? OX +1)+ 8 En Bi (e?*¥ ert Y- T e Mer ? 
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which may be written ! à 
oZ [(Aj —£4,) 102 + (Bi —LB,) e?! Y + (B1 + iB) e"? +A + 644] 
— eX (A1 4-14, e* 9 -- (BI --iB)) e?! * (BL iB) e" 4 Aid] 0. ©) 


By principle of symmetry this equation may also be written, putting X = — X, 
Y-c—Y,Z—-—2, | | 
eX [(Al —i4;) e? 9*2 4 (BI 4B) e? Y + (Bl 4iB,) e7?7 4 Al - EA] (9) 


— eX [(A1 --LA,)e?10*5 + (Bi 4G Be ?*Y + (B —£B,)e 7 4- A1 — i4] — 0. 
Adding (8) and (9) and introducing the trigonometric equivalents, we have 
ox séj|jLtanYtanZ-rFMian Y +N tan Z+ P (10) 
~ LtanYtanZ—MtanY—NtanZ+P’ S 


Bj — À 


K. / T A 
where L=——, pants manta Joani 


IV. 


Quartics Having One Double Point with Distinct Tangents and Two Conjugate Points, 

"We have in this case b< 1,.0« 1, a 77 1, the conjugate points being 
x =0, y =%; =æ, y=0. On this hypothesis, integrating equations (3/), 
p. 174, we have - | 








wee ee ae on a d pu pEb 
X = tan vi i t tan Vine’ | 
Y = tan d LA = + tan Ed | (1) 


Z = log (pi — Ay) (gs — &)- 
Eliminating we have ' | | 
ET — A tan X tan Y + B tan X + Ctan Y +D (1) 
A! tan X tan Y + B' tan X + C tan Y ’ 


where A, ...., D, A’,...., €' have the following values: 


A — (2b + mic) [1 + K + bme + 2b, + ky mc] + k (1— 28°) 

| + 6pm? (1 — eP) (b, + hy), 
B=mV1—@f[1 + + 2b? + 2bme + 4h, b + 2k mc], (2) 
C =N 1—U (8m? e — m + 2bme — Ki — 2h, b), 
D — 2m / 1— B A/ 1— e (b + mo), | 
A = b + mo, B' —mv 1—ë, Ca VY 1— Ë. 
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Transforming the center of symmetry, we have | 


ya — Etan X tan Y + FtanX OG (an Y+ A 2 (3) 
E tan X tan Y — F tan £ — G ian Y+ 7’ N 


where the coefficients have the following values: 

H=A—Btany—Ctané + D tan £ tan n = e (A! — B! tan y — C’ tan £), 

F = Atany+B—Ctan £ tan 4 —JD tan & = —e / A! tan n + B'— C: tan £ tan 7), á 
G = Atan £—B tan q tan £ 4- C—2D tany — —e ‘A! tan £— B! tan Z tann + C/), ) 
H= Atan£tang4-.Btan£-J- Ctan«-F- D — e ( A'tan £ tan -4-.B' tan £ -+ C' tan x). 


From these equations we obtain by elimination of e 


[(4— -D) (B +0) + Al (B+ C)] tan? (4 + 2)494'(A—D)tan(n +E (5) 
(0 —(A— D)(B +0) — A' (B + 0) — 0, 
[(4 4- D) (C —B) + A'(O—D)] tan? (n— E) + 24 (4+ D)tan(1— é) — (8) 
— (4 + D) (B' — 0) — A (8 — C) — 0, 
2.A'D tan (n + £) tan (n —£) + [CB! + €) (A -+ D)—(B + C) A" tan (x — £) (7) 
+ [A( —0) — (QI — 0") (4— D)] tan (s + E) + 2(80 — CB) =0, ©" 
2 (CB'— BC) tan (n +-£}tan (n—£)-+ [LA—D)(C— B!) —(C—B) A tan(n—£) 
(0 E [GP +0) (4 + D) — (B + 0) Al) tan (n + E) — 24D = 0. 
From (7) and (8) we easily find 
yg 0B — BC+ AD 
QUE T ADC A 


| 4 BO! + AID — OB! 
x cd ers E 
= 4 tan” yq OD Ba! 


(3) 


Calling one of the two reciprocal roots of (5) a, we have 


- A — D — (B 4- C)a 
$= 108 TE Oa 
which three coordinates will satisfy all, four equations provided the following 
relation exists : | 
. TU+ RSS | S? + U : 

(4— - D) (B+) + A (B+ C C) ~ 2.4! (D — A)’ 

" where 

R=2A'D, S=(B' 4+ C/A + D)—A'(B+ €) | 
T=A (B+ C)—(Bi—C)(A—D}, V=2(BO'— BO). 
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If we substitute the values A,...., D, A’, ... " C! from (2) in m relation it is 
seen to be satisfied identically.* | 

As in the former case, we may now. prove that by means of the trans- 
formation X = 4X', Y= iY', Z —i4Z! we may put (1’) in the form 
E! a a —1) + p Ca 2 e2¥) 

so that combining the results of IIT and Iv we-have the following 

THEOREM: oa unicursal quartic with two double points having distinct tangents 
and one conjugate point, or two conjugate points and one double point, there corre- 
spond o»? types of translation-surfaces that can be generated in four different ways. 
The general equation of these surfaces may be put into either of the two forms: 
A, (e 9*9 — 1) + B, (e8¥ — — e) ' 
y (c? XTA -4 1) +. Bi (eY + J- P 
E tan Y tan Z + F tan Y --GianZ4-H 
 Etan Y tan Z — F tan Y — G tan Z+ H^ 


The form (a) is transformed into (b) ey means of the transformation X = ix, 
Y =Y, Z =z. 


tan dh = 


(a) tan X = 


(b) | ae 


V. 
Quartics with One Cusp and Two Double Points. 
1. Let the double points have real tangents. Putting a —1 in (3^, p.174, 
and remembering that b and c are both greater than unity, we have 


(e: — a) ( p— Dp — 044) 
"dr (^ — £1) (gs io 9» — 81)’ 


(p; — — a) (P2 — %2) 
mag (pi — Bz) (7 Ps)’ 


= pi pee 
Eliminating p; and pp, we obtain the surface 
— (Bi— b) AY + (ag — 8:1) e* + (Bi — o1) e” + af — 
— (8&:— b) ** + (8, — az) €* + (a — By) e” + a, — 
and transforming to the center £, n, ¢, we find 
[A (e*** — 1) + 2 (E — e) | (1) 
Al (e^ ** 4-1) + Bi (e* + e*)! | | 


* The details of the algebraic work have been omitted as unnecessary. 
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where m T 

A= TNT ee es ae B= [ot — 63 4 Sa 831^ 
Al = a — a, | B= (a, — Be, 


the coordinates. of the center of symmetry being 





—— ] (a — 04) (04 Eus £5) = 4 (Oy m (a — a) (O (8 =< Oe). 
SRE ayaa)? ls (a. — Ba) (8, — By)’ 
$c [Lbs tÉTS) | 


2. When the double points are conjugate points, that is b< 1, c< 1, the 
surface, when transformed to its center of symmetry as origin, takes the form 


A tan X + B tan Y 
T (8 


a d nan X 5 Yo B" 


which may be derived from equations (3'), p. 174, by putting m -1. Hence the 


THEOREM: To a unicursal quartic with one cusp, and two double points whose 
langenis may be either real or imaginary, there correspond œ? types of translation- 
surfaces that can be generated in four different ways. The equation of these surfaces 
may be thrown into either of the two following forms ii o to real and 
imaginary pairs of tangents): 


A (eX+¥ — 1) + B (&— eY) 


Z= FERFE EFI 000 
7 A tan X + B tan Y pon (2) 
~ 4! tan X tan Y + BA Nf 


3. If only one of the double points is a conjugate. point, we have, since 
now a —1, <1, c 7» 1 (p. 174, (3), 


— at | tb 
A = tan UT ; + tan” E 








Y=] (pı — a) (pe — ag) 
^B (i — Ba) (ps — Ba) 
Z = p + p. | 


which gives rise to the following equations, eliminating p; and pp: 


(28 —1— 6%) tan X. e* + (od +1 — 95) tan X -- 206 / 1— Beek —99b4/1—lD 


d = C+ 3) tan A+ a)unX i1 Pe Ri—P 


— 


mit 


HiEsLAND: Translation-Surfaces Connected with a Unicursal Quartic. 193 


which by transformation to the center of symmetry takes the form 


Z= A tan X. (e +1) + B(e* —1) © (3) 
A’ tan X. (e* Cpu rap 1)" 
so that we have the 

THEOREM: To a quartic having one cusp, one double point with real tangents and. 
one conjugate point correspond o»? translation-surfaces of the form 
| A tan X. (e + 1) + B (e* — 1) (3) 
A’ tan X . (e* — 1) + Bi (e* -- 1)' 


It will be noticed that in this case the transformation X = 4.X', Y= iY’, 
Z= i Z' leaves the surface in the same form as before. 





357: — 


VI. | 
Quartics with a Double Point and Tuo Cusps. 


1. The double point has-a pair of real tangents. In this case we have 


b=c=1 anda>1. Equations (3’), p. 174, give us by integrating : 





xo ł 1 
Tu dq gu 
us 1 1 
"ETETE ie (1). 
NOE (a+; i=) (p + 2 


from which we obtain the uon 


my y 


4- A p XY 4- 2 (1 4- m) — 0, 


[X — Y — (14-m) XY]e — — Ua RU my Y 


which may be. written, putting (1 — my e?.— 


" ——. nm XY a(14m)(1— m} 
X—~—Y—(i+tm XY 
We now - Z = Z — logh, X=X'+ kh, Y= yy’ +h,, Ak, being a 
positive quantity, and express the condition that the coefficients of X and Y 
in the numerator shall equal the coefficients of X and Y in the denominator 
taken with opposite signs, while the absolute term and the coefficient of XY in 
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the numerator shall equal the corresponding terms in the denominator. We 
` -thus obtain the following four equations: | 
E, Hog (1 + m} (2m — 1) + I km (1 + m} (m —2) — 1 k kym (1 + m) 
| e — 2k (1 + m) (1 — m)? = kh, — ky — k E, (1 + m), 
E, m (1 4- my 1 +m, | | 
ky (1 + m) (2m — 1) — k kgm (1 + m)? = —1 + (1 + m), 
ka m (1 + mf (m —2) — hk, kym (1 + mP =14+4,(1 +m). | 
. Solving the three last.equations, we obtain 
— m—3 — 0m —1 a 1 
i —. 29(1-F m) c 2m(1 + m) hs = m (1 + my" 
which, substituted in the first, reduces it to an identity. The equation of the 
surface is: 
| | 0$ —1 m —1 
2m ` 





2(1— my — 











bem 
w—— 





pergo X4 iy. G+ m) XY 


or, putting ~ d equal to anew X and Z PIT d to a new Y, 








3(1— my — X —Y + siii 


os (1 — my 
20 —my + X Y+ Tone XY 


If now we make use of the transformation X= X! + VY, Y X! —iY!, 
which amounts to transforming the quartic into a limaçon with a conjugate point, 
we obtain a surface which has a striking resemblance to the Cardioid surface 
obtained in my previous paper.* The equation of this surface is: 


a (i 
4m (1 + m) m) 


pes 


Every section parallel to the XY-plane is a circle which for Z = 0 becomes the 


2 (1— my —2X 4- im (Em) gm | 
ie c LL m (3) 


2 (1— my + 2X + (X4 y» 


Y-axis. If we put gb ox 2fL C: B= den this section 


may be. written 
B (k — 1) (X? + Y?) + 2 (k 4-1) X -- A (k — 1) — 0, 





* American Journal of Mathematics, vol. 29, p. 378. (See plate of model.) : 


<p © 


wv 
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k-L1wy 
k—1/"* 
so that to any given type, that 4s, for any gwen value of m, the surface will have two 
umbilical points on the Z-axis at equal distances above and below the origin. This 
point will be at infinity when 8m(1+4+m)=1, or.m = —$-- $$. If the 


which shows that if the circular section be real, we must have AB < 


i product AB is < 1, there will be no real umbilical point. If AB is 7 1, this point 


is determined by the equation | ! 





aka +) = AB = $m (1+ m), 
which, regarded as an equation determining Z, has two real and finite roots. 
Examples: 1. m= = À The surface extends to infinity in both directions 
along the Z-axis and has no umbilical points (Fig. 1). 
2. m — —?2. The surface has two umbilical points at Z = + log $ (Fig. 2). 


In both cases the projection of the surface on the XZ-plane has been given. 
The surface (3) has an imaginary period, but if we transform to the 
imaginary space (iX, iY, iZ), we obtain one having a. real period. Writing 
the surface in the form | | 
ZI ARIK t+ BK * +Y’) 
AC 2X4 B(X a Y) 


and using the transformation, we have 


rp = 4 2 = ee Ey 
or, (0 tnZ- i—ÀiBUP y ^ (4) 
one branch of which is contained entirely in a space between the gaxallel und 
Z = —a«and Z-zs. Any section tan Z = const. is the circle 
B+ a= ip | 
or, | | (X+ sy) + P= ils (48 -- 1), | 


from which it is obvious that, whenever AB is positive, the surface will extend 
to infinity along the Z-axis. If, however, AB is negative, the surface will 
26 ` | 
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become imaginary somewhere between Z = 0 and Z = + m so that there will 


T" E | ^ 
be an umbilieal point at k= + mew pr 





- 
- 
—— ———— — 7 


Fra. 1. 





Fia. 9. . 


Example 1. If A= 4B, m is equal to 0.07 nearly; for Z = Z we obtain 
the unit circle X? + Y? = 1 (Fig. 3). | 
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Example 2. Let AB=—1, m= ea a 


=+ t (Fig. 4). In both examples the locus of the centers of the circular 


The umbilieal point is 


sections has been indicated by the dotted curve. 





Sir 
A 
T | 
^ - 
^ i 
4 
/ T 
, z 
j 
TT 
v 
\ 
\ RN 
x AL 
x 
M. 
N 
Bs 
o x 
TS v 
N "s 
S es 
` * ^ 
X fa] ži € e a 
\ T = n 
\ lup Dem 
~ 
~~. 
v 
N 
/ ‘Y 
/ ` 
vA \ 
f, 
4 zz i a 
2 4 
e" m j 


Fra, 3. "^ FIG, 4. 


VII. 
Quarties Having Two Cusps.and a Conjugate Point. | 
In this ease we put m==1, a=1, c=—1, in (3^, p. 174, while b is less than 
unity. Integraüng we have, omitting extraneous factors, 


ptb pHo 


—i 
VIPE ST 





X = tan 


TRYixXi:grrru3 
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from which by elimination we obtain 
(Z+ 2%) YV 1—8% 
2 (1 +b) Y + (b+ 1) ZZ — Z--9-— 345 
transforming, putting Z+ 2b — Z', this may be written: 
^A1—PYZ 

2(14-5)Y-r(14-5) YZ—2—25—292 
The center of symmetry may now be found just as before. We have 
tan X + hy __ (Y + ka) (Z + l) (1 — k tan X)V1—P 
l— itana X . 2(1-F 5) ( Y 4- k) .- (14-5) (Y + k(Z + 4) — Z — k; — 25 — 2 
in which the terms in YZ tan X, tan X, Y, Z must vanish. We have therefore 
the four equations: 

— sy 1 — bk — (1+ 6) = 0, 

/ 1— bh, — 2k, (1 + 5) — I k (1 + 6) = 0, 

A/ 1— Wh, — k k (1 + 56) + E = 0, 

— A 1 — b k Ib kg + k + 26+ 2— 2(1 + 6) e — (1 — b) e, k = 0. 
Solving, we find 


tan X — 


tan X = 














~ 1 
which values satisfy the fourth equation. Tke equation now reduces to the form 


(1+ 0)(1 + 25) — 2 (1-- 5) YZ 


14-5 
h = — oh, l=}, kg=—(1+ 6), 


ceed ViP IY) 
which may be simplified by pusing NY 7 Z—Z7,—241-—HDPYczY, 


so that we have 
(1 + 25) +o zr 
24+ Y 


Every section X = const. is a rectangular hyperbola; one branch of the surface 


tan Y = 


is contained entirely in the space between the planes X =7 X-—— 2" If we 


transform the surface, using the transformation Z = Z'! Es te) VS cy 5 
we have 
"TIMLIEE E g (2 rEY) (5) 
or 


EresLanp: Translation-Surfaces Connected with a Unicursal Quartic. 199 


€: by putting .X — xX + =, is seen to be of the same form as (4), p. 195. 


9? 
lt appears then that in.this case no new types are obtained. As in all other 
cases, the transformation X —1X', Y —4Y', Z —4Z! will transform (5) into 


a form involving e* instead of tan X, viz. : 


| x Ac2Z-4B(Y-Z) 
(^ — A— 3Z +e B(Y? + Z*y 


THEOREM: To a unicursal quartic with two cusps and one double point with a 
real or maginarg pair of tangents there correspond œt types of translation-surfaces 
that can be generated in four different ways. These surfaces may by proper trans- 
Jormations be brought into either of the two forms: 

A+ B(X*?+ Y? 
tan Z = A-BQn Y) 
ies A! — 2X -B'(X?4- Y?) 
Al + 2X + B'CX? + Y 


We shall now collect the results obtained in the following table: 


THE PLANE (vy) AT INFINITY. Space (X, Y, 2). 


a. Quartic curve with three double points | a. A (1 — eX *Y47) 4 B (e*** — 62) + O (e *2 —gT) + D (e*** —e?) = 
having real tangents. | 
b. Quartics with three conjugate points. | b. A tan X tan FY + B tan X tan Z + Ctan Y tan Z + D=0. 


I l : : ar. Ltan X tan Z + M tan Y + NtanZ +P 
‘ . Quartics having three double points OLTO. 7 == e ee 
" which two are conjugate points. - Lian X tan Z — M tan Y — N tan Z + P 


d. Quartics with three double points of | d. 
which one i8 a conjugate point. 


c> 


A (67t — 1) + Bie? — e?) 
t N um MNA er NT. 
us x A! (eY*7 4- 1) + .B' (eT + He) 


A (e? ** — 1) + B (e? — e”) 


a. Quartics having one cusp and two double | a. X = AGE EB Fae’ 


points, both having distinct and real 
IL tangents. 
b. Quartics having one cusp and two double | b. X = 
points, one of which is a conjugate 


A tan Z (e* +1) + B (e* — 
A’ tan Z (e* — 1) + B (ey + D 


point. , . 
a. Quartics having two cusps and one) a tan Z = AUAM tF’, 
2X 
double point. 


: A’ — 9X + B CX? + Y?) 

3 P a Z ——À Aae eA e eme a 

b. Quartics with two cusps and a conju- | b. e? = ar + FQ + Y5 
gate point. 


III. 
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VIII. | 
Quartics with a Triple Point (Real Tangents). 


A quartic with a triple point may be written yu, = uw, where us is homo- 
geneous of the third degree in « and z and wu, of the fourth degree in the same 
variables. If {= 0 be taken as a double tangent and œ = 0, z= 0 be two of the 
tangents at the triple point, the curve will take the form 


vyz (x — az) = (a? + Emu EY. (1) 
Putting now az —z, 9 — ay! « = «', this equation reduces to 
| xyz (æ — z) = (a? + aaz + be’), 
k k 


where a= 3, b =-4; or, in Cartesian coordinates, 
a a 


zy (x — 1) = (a Eu (2) 
The corresponding translation-surface. may now be written: | 
| de, 
4A pum d oe 1 + Ss To Imm i : 


(xj + ax, + by (s P amy bY 
ra femi "UW(m-—iy '4J am—i1y^ (3) 


da da 
AS luccm 1) . E (2a — D 
from which we derive the following equalities: 
X = log (x,— 1 —1) Z=lo (e — 1) (m 1) (a — 1) 
& ( 1 ) (£ ) | B 2,25 (4) 
y+ à. = e* 7 — e* + 1, tt. = e 7. 








4+; +) 2 («4122 


Ael m 5 +H(X—Z)— dcs ita) |: 


Y — 2, -- 2-2 (a 4-1) X 4- 22 — (a+ 1)*(~ 





| 1 
—3h(a--1) 





/ 


so that we have from (4) 


Y— 36-1) X36) Zona (ebur 


p (ata) ` (5) 


Wy He ys 
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ME from (4) m putting the left-hand side of (5) equal to a new Y, 
we have ~ | 


eX- x -Z 
Y=1+ 2 — zariy seo} = |a|” “ext |, 


€ 





which may be reduced to the form 


ycee—Dm» Sx — [e* — (a 4- b 4-1 e] +e | _ (a dus Je] 


Putting X = X'+h,, Y-—JY! Z-Z + hs, we shall determine k, and k 
so as to make the surface symmetrical with respect to the origin; the center 
is easily found to be 


k,— log(a-4-b--1), 1-0, miti, (a 4- 5 4- 13 0), 
so that we have, finally, | 
Y — b (e*-7 — e2-X) — (a +b 41) (X — eX) --b(a +b +1) (7 — ez), (6) 


which surface has two imaginary periods. | 
By means of the well-known transformation x- zx Yet ZH’, 
it may be transformed into the form C 
Y= b sin (X — Z) — (a +b 4- 1) sin X 4- £ (a +5 +1) sin Z, (6) 
which has two real periods. | | | 
1. If a4- b  — 1, the center of symmetry is imaginary. 


2, If a? — 4b = 0, the quartic has a point of undulation at x = — 7 ,¥=0; 


in this case the surface (6) becomes 


=F (eri a(S +1) E u ; 3 st 31 fe), (7) 
o or, : 


m æ. a a a? fa T s 
=f sin(X — Z)— (241) sin X 4- E (241) Fd | (1). 


TnuzonEM: I. Yo a quartic having a triple point with real tangents correspond 
0o? transiation-sur faces of the form 


a ada ae ln -x).E3(a-5-E D (f —e 7, (6) 
or, 


Y= b sin (X — Z) — (a+ b + 1) sin X +b (a 4- +1) sin Z. (6): 
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IL. Toa quartic with a triple point ane a point of undulation correspond o»! 
emere of the form 


2 3 2 
y= (ree) — (S41) (Fe) 42441) 4), e) 
or, | 


=" sin (x — z) -(S9 1) sin X + (S41) sin Z. (1) 


IX. 
Quartics Having a Triple Point with One Real and Two Imaginary Tangents. , 
We put the quartic in the form 


| yz (a? + 2”) = (a? + avs + bey, (1) 
or, putting z = 1, | 
2 y (s + 1) = (2 as D), (2) 
' from which we derive the surface (x, and : being the parameters): A 
X —log(zi-4-1)(z2--1) ^ Z = tan! æ + tan 125, 


Y= z + % +a log («e$ + 1) (v2 + 1) hi (b — 1) M + tan a) 
-+ à? (tan! æ, + tan x) — a (b — 1) P F t E ex | (3): 


b—1y-— b —1*— 
4,Je-y-- ) segs] s ) Je tot tania); 


. so that we have 
Y — 2aX— [2(b — 1) Z-- à? Z - $((b — 1?— a’) Z] = sin Z e 


— a (5 —1) pr 2e~* cos Z | + [O=] sin Z (2 e* —cos.Z), 











or, | 
v= erar O -l) Teos 2Z — anten 2] +Ë is (00 — 08 Z )]. 


Transforming to the center of symmetry, putting X = x! ede. 4 4E 
Z = Z!-- k, we easily find : 
| ky = —5 log [e + (b — 1F], % = tan? 





a 
| aes 
and the surface reduces to the form | | 

Y= (b—1)sin Z. (e + e*) + acos Z. (e —e3) —} [(b —1)’ +a] sin 2Z.* (4) 


* Here, as elsewhere, we have omitted the somewhat long algebraic calculations. Asa check we have used 
throughout the property of symmetry which characterises all these surfaces. 7 
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_If the quartic in addition has a point of undulation, we nave a? = 4b, so that (4) 
reduces to ` 


Y = (b — 1) sin Z (e* -- eX) + 2/3 cos Z (eX Lex) p iy sin 22. 


] X. 
Quartics with a Triple Point, Two of the Tangents Being Coincident. 
The quartic may be written 
yee = (a? + azu + bz’), 
in which a may be reduced to unity, 
yx? = (æ? + zæ + be"), 


of, 


ye = (a? +g + bF. © 
The corresponding surface is | 
Y= Xt bX (Ee be, (1) 
the center of symmetry being k = 0, k, = 0, k = logb. If 1— 45 — 0, the- 
quartic will have a point of undulation, in which case the surface (1) becomes 
YciX?—1iX(é-e^. 
We may now express the results obtained in VIII, IX ànd X thus: 


TurogEM: I. To a quartic with a triple point, the tangents being all real, 
there correspond | oo? types of translation-surfaces of the form 


Y = b (eX-4 — 673) — (a +b + 1) (et — =) b(a-- b 1) — -, (6) 


y ctu peer dhcp added 


II. Yo a quartic with a triple point, having real tangents and also a point of 
undulation, correspond œt types of translation-surfaces of the form 


Pa P(e) — (S41) Nt EH) a 0 
or, | | 


fet sin (X — Z) — G+ 1) sin X + : (Gt 1) age 


Ill. Toa quartic with a triple point, one pair of whose tangents are imaginary, 
there correspond o»? translation-surfaces of the form 


Y — (b — 1)sin Z.(e* + eX) + acos Z.(e* —e-*) — A [(b — 1 --a?]sin2Z. — 
27 l 
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If the quartic also has a point of undulation, the corresponding surface is ( œ! types) : 
Y = (b — 1) sin Z (eX +e) + 2 / b cos Z (e* — e-*) —4 (b + 1? sin 2Z. 
IV. To a quartic with a triple point, two of whose tangents are coincident, tere 
correspond œ! types of surfaces, | 
| Y-4X' 3X e. 
V. Toa quar tic which in addition to the trivle point (two coincident tangents) 
also has a point of undulation there corresponds a single type of surfaces of the form 


Y-—4X?—1iX(é-r-e^). 
The last two surfaces may also be put in the form 
) = — 4 X’ — 26 cos Z. X, 
y = — 4 X’? — 4 X cos Z. 
VI. Jf finally all the tangents at the triple point coincide, two tapes of algebraic 
surfaces are obtained which have been discussed in a former paper, * where the proof 


is given. 
We now give a résumé of the results obtained: 


PLANE AT INFINITY. | SrACE (X, Y, Z). 


I. Quartics with a triple point (real tan- { a. Y —b(e*? — e7) —(a--b--1) (e* —e7) + b(a4- 64-1) (e? — e^). 
gents).' b. n — Z) — (a 4- 56 -- 1)sin X 4- b (a -- 5 -- 1) sin Z. 


‘II. Quartics with a triple point and a point | a. Y= A E. g*7£ — gf-4) — (s +1) (E — e-*) + — E 5 + 1) (e? — e7?). 
of undulation. 2 
| i + 1) sin Z. 

- 2 

IIL Quartics having a triple point with one iid OL Z.(e* -- 877) + a co8 Z. (£*—6e 7) — 1 [(5—1Y' + a7] 8in 2Z. 
real and two imaginary tangents. ' 


. IV. Quarties having a triple point with one {* == (b—1) sin Z (e* + e77) + 246 eos Z (e* ~e*) —1 (b -- 1y sin 2Z. 
| / 


ug a m , t a a 
b. Y= 7 sin(x Z) a +1) gin X -26 


real and two imaginary tangents and 
also a point of nndulation. 
V. Quartics with a triple point, two of the { V=ixk?—bX(e +e”). 

tangents being coincident. 

VI. Quartics with a triple point, two of the t Y= iX*—1iX(e-re) 
tangents being coincident, and having l 
also a point of undulation. l 

VII. Quartics with a triple point, all three Algebraic surface. 
tangents being coincident. { 


VIII. Quartic with a triple point, coincident { Algebraic surface. 
tangents, and a point of undulation. 


* Am. Jour. of Math., vol. 29: On a Certain Class of Aigebraic Translation-Surfaces, pp. 384-385, 
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Quartics with a Tac-Nods and Double Point. : 


A. quartic with a tac-node and a double point takes the evens form after 
a proper projectiye transformation : 
PEE E E ead E (1) 
By means of an affinity transformation this curve may be tlirown into the form 
(2 — 1): 
at + ay + ey + ay? + bry? = 0, 
| which may be represented parametrically as follows: 
| app (acp py 
| PFE cC 9 77 pee by 
We shall distinguish between 5 cases: 
1. a 7» 1, the tac-node is imaginary. 
9. a <+, the tac-node is real. - 
3. a — 1, ramphoid cusp and a node. 
4. b — 0, tac-node and cusp (node either real or imaginary according 


v= — 


as a $ i) 
5. a =}, b — 0, ramphoid cusp and cusp. 
" The last case gives rise to an algebraic surface, as we have shown in a former 
paper, and will not be discussed here. .We shall not go into the details of the 
calculations, only giving the chief results. 
1. In the first case we obtain the surface 


sf do f WM 
fef erc» 


Y — log (2) 


Pi Pe 
(p1 + b) (gs + 5)? 
(p1 + O)dpr 4 dps 
"m ZEE + pir + or 


wish after integrating and transforming linearly, may be written (a > t 














conu AH? E + 3 
sag os 7r 


V=loo-—_Pife : 
7$ (6; 0) (p F 8)’ (8) 
| DIC et € | ( L5 —2a 
& d gp-pi- ++ ps 2b —1 
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Eliminating p, and p, from these equations we obtain a surface of the form 


A e'* tan? X -- Be’ + C tan? ¥ + De*tan? X + Ee tan X + Fe* tan X+ Ge’ + H tan X 4- I 


— 


 — alan) X 3- Bett O tani Y 4- D'e tan Y 3- Wotan Y Pe any + G'e? - H'tan X 1" s) 
We shall not endeavor to find the center of symmetry, as it involves very long 
calculations. 
2. In the second case we get the same form as (4), only, instead of tan X, 
we must substitute e*. 
3. Putting a = 4 in (3) we obtain the surface 
(201 1 
Suti pte 
Y = log — HP- : 
E (pF b) (FB) 
4 pbl 4 2b—1 
G d» (F (tF (pri 
from which, by elimination of p, and p, and tranforming to the center of symmetry, 
we obtain a surface of the form 
y — AF BX + OX? + DX’ + EZ i (5) 
. A — BX + 0X? — DX? — EZ | 


Z = 


4. When b = 0, we have the curve 
xi + ay + ay + ay’ = 0, 


and the corresponding surface may be written : 





"- ad] Pı + a Ppt? 
X = tan ga a pu eae 
Yai, (6) 
Pr P 
_ Pit 2a f» + 2a 


|». ator+ pi à 4- p, pi. 
and in ease a < 1: 


V i— a) (f Via 


A. = lo Se) i A iH 
> (ew SN +/4—a) 
1 1 e 
Y -—— —, 7 
AR (7) 
EK pı + 2a £s + 2a 


Gta tpi Gps 
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From (6) we obtain a surface of the form 
z AY ta X +BY? +0 tan’ X + DY tan’ X EY" tan X + FY tan Y + GY + Htan XI 


and from (7 j: a surface of the same form, e* being substituted. for tan x. 


. Remark. lf in the second case the node is imaginary, the curve may be 
put in a suitable form so that, in (5), tan Y will appear instead of e*. 


Quartics with an Osc-Node. 


This case has been discussed in my former paper on algebraic translation- 
surfaees* with a fourfold mode of representation. It was found that the surface 
may be represented parametrically as follows: | 


af oo. Lo 
oy a) 
> 67) Uy o8 EE 


~ (ata 2 = = do, | (o+ + LEN 1) do, 


(+$) ra =] Gre Ga) 


which we shall not discuss in detail. When c= + 2, we obtain an algebraic surface 
which has been treated in the previous paper. The classification of translation- 
surfaces connected with a unicursal quartic is thus completed. The cubic surface 
obtained on p. 178 deserves a closer study inasmuch as, from the standpoint of the 
theory of translation-surfaces, it holds a unique place in geometry. The existence 
and properties of such a surface fully realize the expectation of Georg Scheffers 
when he says (Acta Math., Vol. XXVIII, 1904, p. 90): “Die grosse Zahl ver- 
schiedenartiger Typen von Translationsflachen, die sich aus dem Lie’schen 
Theorem ergeben, ist bisher, so viel ich weiss, noch nicht genauer untersucht 
worden, obgleich ihre Betrachtung wegen des innigen Zusammenhangs mit dem 
. Abel’schen Theorem sowohl in geometrischer als auch in analytischer Hinsicht 
gewiss sehr lohnend sein würde." 





* On a Certain Class, etc.: Am. Jour. of Math. vol. 29, p. 382. 
27 
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The interpretation of this and ds previous paper from the standpoint of 
the theory of functions is so evident that we have not thought it worth while to 
dwell on it. The functions obtained are all degenerate Abelian ARRITE of the 


second and third kind * (polar and logarithmic ein guiaEiaes) 
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The Determination of the Conjugate Points for Discon- | 
| tinuous Solutions in the Calculus of Variations. 


By T. BoLzaA. 


In $88 and 9 of his Inaugural-Dissertation, ‘Ueber die discontinuierlichen 
Lösungen in der Variationsrechnung’’ (Gottingen, 1904), Caratheodory develops 
the general theory of the conjugate points for discontinuous solutions. The object 
of the present note is to derive Caratheodory’s results concerning conjugate points 
by a more direct method, to supplement them in certain points, and to give in 
particular, in explicit form, the equation which connects the parameters of a pair - 
of conjugate points. ` 


$1. -Sets of “Broken Extremals". 


In order that a curve P, P, P, with a “corner” at P, but otherwise of 
class* C", may minimizey the integral 


J = Á Fene !, y) dt, 


it is in the first place necessary that the two ‘‘continuous” branches P, P, T 
P, P, should separately satisfy the four necessary conditions for a minimum 
with fixed endpoints. In particular, each one of the two arcs P, P, and P, P, 
must be an exéremal.. ` 

Further, at the point P, (25, Yor Weierstrass-Erdmann's commento’ 
must be satisfied : 


y (2, 2 Yyy COS S9; sin a) = = F, A Yos COS So, sin 5); 
Fy (99, Yo, COS dy, sin Sy) = Fy (zo, yo, COS So; sin So); 


(1) 


* Compare for the terminology my Lectures on the Calculus of Variations, §2,¢) and §24, a). 

tIn the sense defined in §24,c) of my Lectures and under the assumptions concerning the function 
F (x, y, 2, y^) stated in $24, b). 

{Compare Lectures, $ 25, c). 
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where.3, denotes the amplitude of the positive tangent to the arc P, P, at Py, 
$, the amplitude of the positive tangent to the arc P, P, at Po. 

We shall call a curve P, P, P, consisting of two arcs of extremals P, P, and 
P, P, a “broken extremal”, if at P, this corner-condition (1) is satisfied. 


z P 
Jt 


T 
S c 


Qu 


P, 





Fra. 1. 


We assume for the following discussion that the curve P,P, P, lies in the 
interior of the domain of continuity R of the function F (compare Lectures, § 24, b), 
and that Legendre’ s condition is satisfied in the stronger form* 


t 


F >o (2) 
along each of the two branches P, P, and P, Po. 
Let now 
e= ota), y =+ a) | (3) 


. be any one-parameter set of extremals which contains the are P, P» for a = a, 
so that the are P, P, is representable by the equations 


ES y — (ta) t&tztzh. o (4) 
Q, ài, Qu; ap, V; Vee 


The functions: 





* Compare Lectures, 8 27, d). 
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are supposed * to be of class C’ as functions of ¢ and a in the domain 
—hetit thy, ja—ea|zd, 
— hy, h, d being sufficiently small positive quantities. 

The extremal of the set (3) .corresponding to a particular valué a will be 
denoted by ($,; further we write ©, for €,,. 

We propose to determine a point P (f) on a given extremal ©, of the set (3), 
and at the same time a direction $ passing through P, such that the direction $ 
together with the direction $ of the positive tangent to the extremal ©, at P 
shall satisfy Weierstrass-Erdmann's corner-condition for the point P. | 

We have, then, for the determination of the two unknown quantities ¢ and S, 
the two equations T: | | 
E, [0 (t, a), 9 C, a), 0. (52), * (4) — Fo [0 (4), 9 C, a), cos, sinS] =0, (., 
F, [0 (t, a), * (& a), e (4), e (t, aJ] — Fy [0 (5 a), (t, a), cos S, sin S] = 0. 
These equations are satisfied for t — 4, a = a, $- So , Since according to our 
assumptions the broken extremal JP, P, P, satisfies the corner-condition (1). 
Further, their left-hand members, which we denote by ® (t, a, 3) and P ( t, a, 3) 
respectively, are of class C! in the vicinity of the point t, a), 9. Hence we can 
apply the theorem on implicit functions,] provided that the Jacobian 

| | = 9 (b; V) | 
mE " IS) 
is different from zero at the point 4, a, 9). If we write for brevity 
cos $= p, sin $ = g; cosS= p, sin $ = q, 


and remember that along the extremal P, P, 


3 oF, 
leah, B= hy 


we obtain: 
- FF I_D a B — T 1 Cp 
a o; — fg, x= — Fp, 

* The existence of an infinitude of sets of extremals satisfying these conditions is a consequence of our 
assumptions according to certein existence theorems on differential equations; compare Kneser, Lehrbuch der 
Variationsrechnung, 327, and Bolza, Trans, Amer. Math. Soc., Vol. VII (1906), p. 464. 

tSince Fy, Fy are positively homogeneous of dimension zero in x’, y’, we may replace in these functions 


cos 2, sin 2 by ¢, (6, a), v, (6, a). 
1 Compare, for instance, Osgood, Lehrbuch der Functionentheorie, Vol. I, p. 52. 
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where the — of Fo, F, are: Q(t, a), v (t, a), ae! =O (ta) y ! zm (t a); 
those of E Fy my ete.: @ (6 a), V(t,a), p, q 

Making use of the homogeneity properties* of the iuo F and its partial 
derivatives, we obtain for the above Jacobian: | 

=a E y? FL ph, + gE, — TEL (7) 

where now the two last arguments in Fp, F, are p, q. | 

The first two factors of J,; are different from zero for t= b, a — 0, $= 3. 
Hence if we put, with Caratheodory; | | 


Q (£o, Yo) — Po Ey (25, Jo; Pos qo) T Qo F, (25, Jo; Po, q ) 


d à = 8 
— Po P. (2o; Vo; Pos Qo) — Qo F, (£o, Yo, Po» qo); l ) 
. where | 
| | 977 0083, Yo = sin Soy fy = cos So, do = — sin So, 
we have the result: 
If the condition | : 
| Q (xo, Yo) 3:0 . (9) 
is satisfied, there exists one and but one system of functions | 
| t=t(a), S=Sia), © (10) 


0f class C' in the vicinity of a = a, which satisfies the two anne 65) a and the 
initial conditions 
| tla) = 4, 3(a«)—5. — (11) 
The functions (10) represent, at least for the vicinity of the point Py, the solution 
of the problem proposed above. 

From our assumption (2), applied to the point P, and the branch P, Pa 
it follows that J 

F, (ẹ [t(4), a], [t (a), a], cos$(a), sin S(a)) 40 ` 
for all sufficiently small values of |a — a]. Hencet it is possible to construct 
one and but one extremal ` | | | 
&,: x = ĝ (t, a), y = Y (t a) l (12) 

through the point P in the direction 9 (a). . The parameter ¢ can be so selected 
that also on (E, the value ¿= £ (a) furnishes the point P, so that 


Pla a] =p [taa], V[t(3a] —&[t(2),a]. — a3) 


* Compare Lectures, $24, b) equations (8) and (10). 
+ According to Cauchy’s existence theorem on differential eqrations; compare Lectures, 825,b). ` 





Discontinuous Solutions in the Calculus of Variations. — 213 


We thus obtain a broken extremal ©, + ©, with a corner at P, on which 
the parameter ¢ varies continuously. If we let a vary, we obtain a set of broken 
extremals. We shall call the set (12) the set of extremals complementary to the 
set (3). On account of (11) it contains, for a = as, the extremal © of which 
the arc P, P, forms a part. | 

From the properties of the integrals of a system of differentiàl equations as 
functions of their initial values, * it follows that the functions ĝ (t, a), 4j (4, a) 
have the same continuity properties as the functions $ (t, a), 4 (£, a), in a domain 


ty — hy Ztz by + he, |a —a,| zd 


|$2. The Corner-Curve. + 


If we let a vary, the corner P describes a curve ©, which we call the 
“corner-curve’. If we define the functions g (a), y (a) by the equations 


(a) e [t (a), a], 3 (a) =4 [t (a), a], (14) 
or, what amounts to the same thing according to (18), | | 
&(a) =F [t (a), a], 9 (a) = * [t (a), a], (142) 


the corner-curve is given in parameter-representation by the equations 
| Č: e=5(a), y=7 (a), - | 

and any particular value of a furnishes that point of © which is the corner for 
the corresponding broken extremal ©, + Ç,- | 

We propose first to compute the Mope tan of the ‘tangent to the corner- 
curve © at the point P. 

From the definition of the functions x, y, we obtain for their derivatives 
with respect toa: -> 

5 w = pit (a) +a, Y= (a) + da; 

and from (5) we obtain, according to the rules for the differentiation of implicit 
functions, | 


ie 
2 (a) ees Ts? 

where i 
J __ O (o, T) 
ae 7" Q(a, S)' 


* Compare Kneser, Lehrbuch der Variationsrechnung, $277, and Bliss, The Solution of Differential Equations 
of the First Order as Functions of their Initial Values, Annals of Mathematics, Ser. 2, Vol. VI, p. 49. 
t Caratheodory's «Knickpunkt-Curve". | 
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But _ 


P, = Isa T Py Pa T Fy at Pea EE Ey u Vea — Pss — Foyys yc 
P, = Piya Pa + Fy ya + Boy a Pia + Fy y tia ‘ye Qa uiua 


the functions F PET F aty F wae “yy are positively homogeneous of dimension 
zero with respect to their last two arguments p, ĝ; hence we may replace p and ĝ 
by 4, (t, a) and 4L, (č, a) respectively. This being done, we express all the partial 
derivatives of # in terms of Weierstrass’ functions*: J^, L, M, N. The result is 
| P, = — A ba — By, — y A Fy— y Fipa Y" — vu), (15) 
P, = — B pa — O ha + x AA +e Foy" —w x") - 
where | 2 | 
a = P: (6, a), y' == h (t, a); a "eS $i (t, a), y = V (t, a); 
w" = Pit (5, a), y" = Wy (4, a); A (t, a) Tes P: pa — Wy Qa, 
A -—L—L, B=M—M, O=N—YN; 
the quantities L, M, N refer to the point P and the extremal €,, the quantities 
L, M, N to the point P and the extremal G,. Finally, the last two arguments 
of F, and F, are a’, y' and €, 7! respectively. | 
From (15) and (6) we obtain | 
Jus = (Œ? + y?) Fdo (Ag + BY) + d. (Bu + Cy) AF (a y —yy 2). (16) 
At the same time the expression (7) for J,3 may be thrown into another form, 
if we remember the homogeneity properties of F}, F,, Fy and make use of the - 
relations T | | | 
| Loc -+ My = Fp Mx 4 Ny = F}; 
we thus obtain 
Jus = (3? + y?) F, [Ao a! + BW + yw) + Cy y. (17) 
: The comparison between the two expressions for Jy leads to a second form 
for the quantity Q (a, y); viz., 


Q (x,y) - Appt B(p2-- a») + Cag. (18) 
We thus finally obtain m 
= a ee A(B a + Cy) + a! A, F, (a! y' —y' a) 
Ax +t B(w y 4- y x) t Cy y 3 (19) 
Att BY) +y AR y—ye) - | 


27 MULT M ME Plac East duo. PME rr 
y= Ax a + B(x y + ya) + Cy y 


-# Compare Lectures, Chap. IV, equations (11 a) and (35). 
t Compare Zectures, p. 132. 


Discontinuous Solutions in the Calculus of Variations. . 215 


Hence follows, for the slope tan $ of the tangent to the corner-curve © at the point P, 


the expression 
baut ee A (A a! +H B y) 4- y! AF, (a! y! — y! a) (20) 
ZABE OV) AP yE) 


$3. simenn Between the Slope of the Deron Curse at P, and the Focal- Points 
of the Set of Broken fatremals. 


We now consider in particular the question how the slope tan S, of the tangent 
to the corner-curve at P, depends upon the choice of the set of extremals (3): 
For this purpose we have to put a =a, in (20), and consequently, according to 
(11), the argument t — (a), in a, y; X, y', A (t, a), etc., equal to 4. In the 
resulting expression for tan $, the Jacobian A(t, @) and its derivative 
A, (fj, %) are the only quantities which e upon the choice of the set of 
extremals (3). | 

The function A(t, aj), in its turn, is determined to a constant factor by the 
condition that it satisfies Jacobi's differential equation * for the extremal &,, viz., 


d f m du. 
Fu G(AG)=9 = (21) 


and by one of its zeros. Let ¿= r7 be the zero of A (t, ao) next smaller than t, 
. so that the corresponding point of ©, which we denote by Q, is the focal point t 
of the set (3) on ©. Then 
| A (t, ao). = Const. © (t, 7), 


where O (£,v) is the function which determines in Weierstrass’ f theory the 
conjugate point to Q. We may therefore write 


_ 48 (b, 2) HLO (hv) 
ne y © (to, T) + 9 €. (5, T)? m 
where | 7 B , | 
a= Ag Po + By go, B — Qo F, (to) sin (So — 3) (xo? + yo), 


m zs : 23 
y = — (Bo Po + Code), — 9 = Po Hi (to) sin (Sp — 29) (wa + Yo"), (23) 


the subscript 0 indicating that the quantities to which it is affixed are to tE 
computed for the point Py. à 





* Compare Lectures, pp. 40 and 200. 
t Compare Kneser, Lehrbuch der Variationsrechnung, 24, and my Lectures, § 38. 
QUEE Lectures, p. 135. 
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The coefficients a, 8, y, 6 are therefore independent of v. Hence /he slope 
of the corner-curve © at P) is the same for all sets of extremals (8) which have the 
same focal point Q, the set of extremals through the point Q being included 
among the latter. — | 
| We examine next how the id tan $, varies when the focal point Q 
describes the extremal ©. For this purpose, we compute the derivative of 
tan $ with respect to v: 

d tan So _ (a8 — 8 y) 10 (h, J €. (to, T) — O; (h, 7) 6, (fos: 2L 
de | ; OMT S o E | 


But from the definition of © (t, 7) it follows that 
© (ty, T) On (fo, T) — 9, (h, 7) O, (fs, T) 
= [31 (4) Sa (to) — Se (fo) 91 49] [9: (T) Se (=) — 9 (7) 31 (7) ], 


' where 3, (£), X(t) are two linearly independent solutions of Jacobi’s differential 3 
equation (21). Hence from the theory of linear differential equations it follows * 
that | 


3, (910) — BWM) = Xy | 


where k is a constant different from zero. 
On the other hand we get, on substituting the values of a, B, y, à 


a à — By = == £F, (4) sin (3g — J) Q (25, Yo) (x^ + Yo") 
Hence it follows that 


d Qo og —— E (mp + yo) sin ( $5) 0 9). | 
dr EE FE, (v) 1y O (f, «) + 6 6, (h, 7) }? (24) 


We suppose for the further discussion that - | 
$4 — 9) £0 (mod 2), | -= (95) 
and that the inequality (2) holds not only for the are P, P, of the extremal Eo 
but also for its continuation beyond D, at least as far as the point Pj (t= t) 
whose conjugate the point P, is. 


And now we let « increase from 1j to 4j; i. 2., we let the point Q describe the 
extremal © from Pi to P,. The derivative of tan $, will then always have a 


* Compare, for instance, Lectures, t. 58, footnote 2. 


1 


z^ 


aem cwm 
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constant sign, since © (a; yj), which is independent of v, is supposed to be 
different from zero. For r= 4 and « = 4, but for no other value between them, 
the function © (f, 7) vanishes and tan S, takes the. value 


Hence we have the result: 
While the point Q. describes the extremal (E, from Pi to P,, the line* Sy revolves | 
about the point P, from the initial position 3, constantly in the same sense through 
an angle of 180°. The rotation takes place: 
In positive sense, when. Q (a, y) sin (9) — &) < 0; 
In negative sense, when Q (a, yo). sin (Sp — Sp) > 0. 


Tt passes therefore once and but once through the position $. We denote the 


value of « for which this takes place by e; and the corresponding point} of (E, 
by Ej. For the discussion of sufficient conditions, it is important to distinguish 
whether the line S, lies in the angle{ between the two branches P, P, and P, P, 
or outside of it. Four cases must be distinguished according to the signs of 
O (2, Yo) and sin (3, — &y. The result is: 

While the point Q moves from P! to Eo, the line S, revolves from the — So 
into the position 9, inside of thé angle between P, P, and P, P, when Q (2, Yo) 7 0, 


outside of it when Q(x, 4) «0. As the point Q moves on from E, to Py, the line 3. 


continues its rotation from the position Sy into the position 9y, outside of the angle in 
question when Q (ay, Yo) > 0, inside of it when Q (zy, Yo) < 0. 

Conversely: To every line $ through the point P, which is tangent to 
neither of the two ares P, P,, P, P, at Py, there belongs one and but one 
point Q, between Pj and P4, such that the corner-curve for every set of extremals 


. (3) for which Q is the focal point, touches the Jine 3, at P}. 


The value of ¢ belonging to a given line ES is obtained by solving equation 
(22) with respect to z. The equation may be thrown into the form 


[4o Poo + Bo (Poo + doo) + APEA Oo, v) (26) 
= (m + yo?) Fi (ta) sin (Sp — 3x) sin (Sp — 30) © (ti, v) = 0, 


where 
Ty = COS So ; qo — sin So . 


* I. e., the line through P, of slope tan $,. 
t Caratheodory denotes this point by #,; see Dissertation, p. 31. 
f. e., that one of the two angles formed by the half-rays 9, and 9,-t c which is less than r. 
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Case I: sin ($, — 9) > 0, Q Gys Yq) > 0. 





FIG. 2. 





Fia. 3. 


: as 


Fr, 5, 


Fra, 4. 
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In particular, the equation for the determination of the parameter e, of the point 
E, is obtained by putting, in (26), $, =. 


$4. The Conjugate Points of Discontinuous Solutions. 


Let, for a moment, the equations (12) represent any set of extremals con- 
taining, for a = aq, the extremal €. We may then propose for the set (12) the 
same problem which we have solved in $1 for the set (3). The only difference 
- will be that in the equations (5) the symbols $, J, S must be interchanged 
with $, 4, 3, and the same interchange must be applied in the results; in this 
process the quantities A, B, C are changed into — A, — B, — C. Accordingly, 
if Q (t = 7) be the focal point of the set (12) on (& the e of the corner-curve 
icc: to the set (12) at Ps: is ` 


z a(t, T) + B O: (f, T) 
tan ege y 9 (foy T) + à ©, (tos T)' | en 


where the quantities a, B, y, ó are derived from c a, B, Y, 5 by the above interchange, 
and © has the same meaning for (5, as © for &. 7 

Conversely, we obtain the value of T corresponding to a given line S by - 
solving equation (27). We denote the value of 7 corresponding to the particular 
line % by & and the corresponding point of & by Hy; this point lies between the 
point P, and its conjugate P} (t = t4) on &. 

Let now the equation (12) denote again, as in $1, the particular set of 
extremals complementary to the set (3). The two sets (3) and (12) will then 
have the corner-curve in common; hence we have, in this case, 


— & 


Su SO 


We obtain, therefore, the focal point of the set (12) complementary to the set (3) 
‘by equating the right-hand members of the two equations (22) and (27) and 
solving the equation thus obtained with respect to v. After some reductions 
the following result is obtained: | 

If t= xq be the parameter of the focal point Q of the set of extremals (3) on &, 
and t= * the parameter of the focal point Q of the set (12), om a to (3), 
on (&,, then the following relation holds between ¢ and T: 
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(Ao &— Bi) © (6, 7) (ho, *) 

| 9 O (ts, 7) z 

= (He ult) F (4) Uo pl + 2Bapoge + 4) 9 59 26 (6, «) 


a? +. gy F 2L oes - 08, A 28 
+ (2 + go) Fi to) (Ao pi + 2 Bo Po do + OTi) 9 (to; 7) 35 (to v) (28) 


— (ei? + y?) (a4? + H’) F, (4) F, (&) sin 2 (8$, — Sj) Ed T) 29,7) T) 


The two points Q and Q are called, according to Caratheodory,* a pair of 
conjugate points of the broken extremal © -- ($,. According to a previous remark, 
the point Q conjugate to Q on (5, + ©, may also be defined as the focal point on Cy 
of the sel.of extremals which is complementary tothe set of extremals through the point Q. 

In Figs. 2 to 5 the interrelation between the points Q and Q and the line $ 
is indicated. For instance, in Case I the point Q moves on © from Æ to Pj 
while the point Q moves on © from P, to E; at the same time the line Sy 
revolves about P, from the position dy), in the sense of the arrow, into the 
position $- 

' The conjugate points thus defined play for the discontinuous solutions a rôle 
similar to that of the ordinary conjugate points for continuous solutions, at least ` 
in the case when the line $ lies inside the angle of the two branches P, P, , Py Ps. 
We refer in this respect to Caratheodory's dissertation, § 9. 

TEE UNIVERSITY OY CHICAGO, January 29, 1907. 


"*Caratheodory restricts, however, the.definition to the case when the line 3, lies inside of ‘the angle of the 
two branches P, Po P, P,. l 


Mathematical Logic as based on the Theory of Types. 


By BERTRAND RUSSELL. 


The following theory of symbolic logic recommended itself to me in the first 
instance by its ability to solve certain contradictions, of which the one best 
known to mathematicians is Burali-Forti’s concerning the greatest ordinal.* But 
the theory in question seems not wholly dependent on this indirect recom- 
mendation ; it has also, if I am not mistaken, a certain consonance with common 
. sense which makes it inherently credible. This, however, is not a merit upon 
which much stress should be laid; for common sense is far more fallible than it 
likes to believe. I shall therefore begin by stating some of the contradictions to 
be solved, and shall then show how the theory of logical types effects their 


solution. 
Í. 


The Contradictions. 


(1) The oldest contradiction of the kind in question is the Epimenides. 
Epimenides the Cretan said that all Cretans were liars, and all other statements 
made by Cretans were certainly lies. Was this a lie? The simplest form of this 
contradiction 1s afforded by the man who says *' I am lying;" if he is lying, he 
is speaking the truth, and vice versa. _ 

(2) Let w be the class of all those classes acd are not members of them- 
selves. Then, whatever class c may be, “‘w-is a w” is equivalent T to “æ is not. 
an c." Hence, giving to æ the value w, “w is aw” is equivalent to “w is not 
a w.” | 

(3) Let T be the relation which subsists between two relations R and S 
whenever R does not have the relation & to S. Then, whatever relations Rand . 
S may be, “R has the.relation T to S” is equivalent to “R does not have the 


*See below. 
_} Two propositions are called equivalent when both are trus o7 both are false. 
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relation R.to S.” Hence, giving the value T to both R ind S, “ T has the m | 
tion 7Z to T" is equivalent to “ T does not have the relation T to 7" 

(4) The number of syllables in the English names of finite integers tends 
to increase as the integers grow larger, and must gradually increase indefinitely, 
since only a finite number of names can be made with a given finite number of 
syllables. Hence the names of some integers must consist of at least nineteen 
syllables, and among these there must be a least. Hence “the least integer not 
nameable in fewer than nineteen syllables’? must denote a definite integer; in 
fact, it denotes 111,777. But ''the least integer not nameable in fewer than 
nineteen syllables” is itself a‘name consisting of eighteen syllables; hence the 
least integer not nameable in fewer than nineteen syllables can be named in 
eighteen syllables, which is a contradietion.* . 

(5) Among transfinite ordinals some can be defined, while others cen not; 
for the total number of possible definitions is Nọ, while the number of bas 
finite ordinals. exceeds Nọ. Hence there must be indefinable ordinals, and 
among these there must be a least. But this is defined as “the least indefinable 
ordinal," which is a contradiction.+ | 

(6) Richard’s paradox f is akin to that of the least indefinable ordinal. It 


is as follows: Consider all decimals that can be defined by means of & finite 


number of words; let Æ be the class of such decimals. Then Æ has N, terms; 


hence its members can be ordered as the Ist, 2nd, 3rd,. . . .. Let N bea number 
defined as follows: If the nth figure in the nth de: nnd is p, let the nth figure 


in .V be p--1(or0,if p= 9). Then N is different from all the members of Æ, 
since, whatever finite value n may have, the nth figure in N is different from the 
nth figure in the nth of the decimals composing E, and therefore JV is different 
from the nth decimal. Nevertheless we have defined N in a finite number of 


' words, and therefore N ought to be a memoar of &. Thus N both is and is not 


a” 


a member of Æ. 
(7) Burali-Forti’s contradietiong may be stated as follows: It can be shown 


*'Phis contradiction was suggested to me by Mr. G. G. Berry of the Bodleian Libra: 

+ Cf. König, ‘‘ Ueber die Grundlagen der Mengenlehre und das Kontinuumproblem," Math. PPS Vol. 
LXI (1905); A. C, Dixon, "On ‘well-ordered’ aggregates," Proc. London Math. Soc., Series 2, Vol. IV, Part I 
(1906); and E. W. Hobson, "On the Arithmetic Continuum," ibid. The solution offered in the last of these 
papers does nof seem to me adequate, . 

t Cf. Poincaré, «Les mathématiques et la logique," Revue de Métaphysique et de Morale, Mai, 1906, especially 
sections VII and IX; also Peano, Revista de Mathematica, Vol. VIII, No. 5 (1906), p. 149 ff. 

$.* Una RAMS sui numeri transfiniti," Rendiconti del cireolo matematico di. Palermo, Vol. XI (1397). 
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that every well-ordered series has an ordinal number, that the series of ordinals 
up to and including any given ordinal exceeds the given ordinal by one, and (on 
certain very natural assumptions) that the series of all ordinals (in order of 
magnitude): is well-ordered. It follows that the series of all ordinals has am 
ordinal number, Q say. But in that case the series of all ordinals including Q 
' hag the ordinal number Q'+ 1, which must be greater than €); Hence Q is not 
the ordinal number of all ordinals. 

In all the above contradictions (which are merely selections from am 
indefinite number) there is a common characteristic, which we may describe as 
self-reference or reflexiveness. The remark of Epimenides must include itself 
in its own scope If all classes, provided they are not members of themselves, 
are members of w, this must also apply to w; and similarly for the analogous 
relational contradiction. In the cases of names and definitions, the paradoxes 
result from considering non-nameability and indefinability as elements in names 
and definitions. In the case of Burali-Forti's paradox, the series whose ordinal 
number causes the difficulty is the series of all ordinal numbers. In each con- 
. tradiction something is said about all cases of some kind, and from what is said! 
a new case seems to be generated, which both is and is not o? the same kind as 
the cases of which all were concerned in what was said: Let us go- through the - 
contradictions one by one and see how this occurs.. 

(1j When a man says “I am lying," we may interpret his statement agi: 
‘There is a proposition which I am affirming and’ which is false.’ Al state- 
ments that “there is?" so-and-so may be regarded as denying that the opposite 
is always true; thus “ I am lying" becomes: “It is not true of all propositions: 
that either I am not affirming them or they are true;" in other words, “It is 
not true for all propositions p that if I affirm p, p is true." The paradox 
results from regarding this statement as affirming a proposition, which must 
therefore come within the scope of the statement. This, however, makes: it 
evident that the notion of “all propositions" is illegitimate; for otherwise, there 
must be propositions (such as the above) which are about all propositions, and 
yet can not, without contradiction, be included among the propositions they are 
about. "Whatever we suppose.to be the totality of propositions, statements about 
| this totality generate new propositions which, on pain of eontradiction, must lie 
outside the totality. It is useless to enlarge the totality, for that equally 
enlarges the scope of statements about. the totality. Hence there must. be no 
totality of propositions, and **all propositions" must be a meaningless phrase.. 
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(2) In this case, the class w is defined by reference to “all classes," and then 
turns out to be one among classes. If we seek help by deciding that no class is 
a member of itself, then w becomes the class of all classes, and we have to decide 
that this is not a member of itself, 4. e., is not a class. This is only possible if 
. there is no such thing as the class of all classes in the sense required by the | 
paradox. That there is no such class results from the fact that, if we suppose 
there is, the supposition immediately gives rise (as in the above contradiction) 
to new classes lying outside the supposed total of -all classes. 

(3) This case is exactly analogous to (2), and shows that we can not 
legitimately speak of ‘all relations.” 
= (4) “The least integer not nameable in fewer than nineteen syllables ” 
involves the totality of names, for it is “the least integer such that all names 
either do not apply to it or have more than nineteen syllables." Here we 
assume, in obtaining the contradiction, that a phrase containing “‘all names" is 
itself a name, though it appears from the contradiction that it can not be one of 
the names which were supposed to be all the names there are. Hence “all 
names" is an illegitimate notion. 

(5) This case, similarly, shows ‘hae ‘Call definitions” is an illegitimate 
notion. | ' 

(6) This is solved, like (5), by remarking that “all definitions 7 js an 
illegitimate notion. Thus the number Æ is not defined in a finite number of 
words, being in fact not defined at all.* 

(7) Burali-Forti's contradiction shows that “all ordinals” is an illegitimate 
notion ; for if not, all ordinals in order of magnitude form a well-ordered series, 
which mast have an ordinal number greater than all ordinals. 

Thus all our contradictions have in common the assumption of a totality 
such that, if it were legitimate, it would at once be enlarged by new members 
defined in terms of itself. . | 

This leads us.to the rule: ' Whatever involves all of a collection must not 
be one of the collection ;” or, conversely: ‘If, provided a certain collection had 
a total, it would have members only definable in terms of that total, then the 
said collection has no total." T | 


* Of, «Les paradoxed de la logique," by the present andi JReeue de Métaphysique et de Morale, Sept., 1906, 
p. 645. 
T When I say that a collection has no total, I mean that statements about all its members are nonsense. 
Furthermore, it will be found that the use of this principle requires the distinction of all and an? y considered in 
Section II. 
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. The above principle is, however, purely negative in its scope. ‘It suffices to 
show that many theories are wrong, butit dces not show how the errors are to 
be rectified. We can not say: “When I speak of all propositions, I mean all 
except those in which ‘all propositions’ are mentioned;" for in this explanation 
we have mentioned the propositions in which all propositions are mentioned, 
which we can not do significantly. It is impossible to avoid mentioning à thing 
by mentioning that we won't mention it. One might as well, in talking to a 
man with a long nose, say: ' When I speak of noses, T except such as are inor- 
dinately long," which would not be a very successful effort to avoid a painful 
topie. Thus it is necessary, if we are noi to sin against the above negative 
principle, to construct our logie without mentioning such things as ‘‘all propo- 
sitions”? or “all properties," and without even having to say that we are 
excluding such things. The exclusion must result naturally and inevitably from 
our positive doctrines, which must make it plain that ‘all propositions” and 
“all properties" are meaningless phrases. : 

The first difficulty that confronts us is as to the fundamental principles of 
logic known under the quaint name of “laws of thought.” ‘All propositions 
are either true or false," for example, has become meaningless. If it were 
significant,.it would be a proposition, and would come under its own scope. 
Nevertheless, some substitute must be found, orall general accounts of deduction 
become impossible. | | | 

Another more special difficulty is illustrated by the particular case of 
mathematical induction. We want to be able to say: “If nis a finite integer, 
n has all properties possessed by 0 and by the successors of all numbers possess- 
ing them." But here “all properties" must be replaced by some other phrase 
not open to thé same objections. It might be thought that “all properties pos- 
sessed by 0 and by the successors of all numbers possessing them" might be 
legitimate even if “all properties" were not. But in fact this is not so. We 
shall find that phrases of the form “all properties which efc." involve all prop. 
erties of which the '' etc." can be significantly either affirmed or denied, and not 
only those which in fact have whatever characteristic is in question; for, in the 
absence of a. catalogue of properties having this characteristic, a statement 
about all those that have the characteristic must be hypothetical, and of the 
form: ‘It is always true that, if a property has the said characteristic, then . 
ete.” Thus mathematical induction is prima facie incapable of being significantly | 
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enunciated, if “all properties " is a phrase destitute of meaning. This difficulty, 
as we shall see later, can bé avoided; for the present we mosi consider the laws 
of logic, since these are far more. lündamentit 


‘TI. | 
All and Any. 


Given a statement containing a variable x, say a — 2," we may affirm that. 
this holds in all instances, or we may affirm any one of the instances without 
deciding as to which instance we are affirming. The distinction is roughly the 
same as that between the general and particular enunciation in Euclid. The 
general enunciation tells us something about (say) all triangles, while the par- 
ticular enunciation takes one triangle, and asserts the same thing of this one 
triangle. But the triangle taken is any triangle, not some one special triangle ; 
and thus although, throughout the proof, only one triangle is dealt with, yet the 
proof retains its generality. Ifwesay: “Let ABC be a triangle, then the sides 
AB, AC are together greater than the side BC,” we are saying something about 
one triangle, not about all triangles; but the one triangle concerned is absolutely 
ambiguous, and our statement consequently is also absolutely ambiguous. We 
do not affirm any one definite proposition, but an undetermined one of all the 
propositions resulting from supposing ABC to be this or that triangle. This 
notion of ambiguous assertion is very important, and it is vital not to confound 
an ambiguous assertion with the definite assertion that the same thing holds in 
all cases. | | 

The distinction between (1) asserting any value of a propositional function, 
and (2) asserting that the function is always true, is present throughout mathe- 
matics, as it is in Euclid's distinction of general and particular enunciations. In 
any chain of mathematical reasoning, the objects whose properties are being 
investigated are the arguments to any value of some propositional function. 
. Take as an illustration the following definiticn : | 

“We call f(x) éóontinuous for «= a if, for every positive number c, different 
from 0, there exists a positive number e, different from 0, such that, for all 
values of 6 which are numerically less than e, the difference f(a + 3) — (a) is 
_ numerically less than o." 

Here the function fis any function for which the above statement has a 
meaning; the statement is about f, and varies as f varies. . But the statement 
is not about c or e or à, because all possible values of these are concerned, not 
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one undetermined value. (In regard to e, the statement ‘‘ there exists a positive 
number e such that eic." is the denial that the denial of ''eic." is true of al 
positive numbers.) For this reason, when any value of, a propositional function 
is asserted, the argument (e.g., fin the above) is called a read variable; whereas, 
when a function is said to be always true, or to be not always true, the argument 
_is called an apparent variable.* Thus in the above definition, f is a real 
variable, and c, e, ò are apparent variables. 

When we assert any value of a propositional function, we shall say simply 
that we assert the propositional function. Thus if we enunciate the law of 
identity in the form “æ= x,” we are asserting the function “ax —2;" i. €., We 
are asserting any value of this function. Similarly we may be said to deny a 
propositional function when we deny any instance of it. We can. only truly 
assert a propositional function if, whatever value we choose, that value is true, 
similarly we can only truly deny it if, whatever value we choose, that value is 
false. Hence in the general case, in which some values are true and some false, 
we can neither assert nor deny a propositional function.f 


_ If ĝx is a propositional function, we will denote by ''(z). æ” the propo- 
sition ox is always true.’ Similarly “ (x, y) . $ (v, y)" will mean “@ (a, y) is 
always true," and so on. Then the distinction between the assertion of all 
values and the assertion of any is the distinction between (1) asserting (x). ox 
and (2) asserting x where x is undetermined. The latter differs from the 
former in that it can not be treated as one determinate proposition. 


The distinction between asserting ox and asserting (x). px was, I believe, 
first emphasized by Frege.] His reason for introducing the distinction explicitly 
was the same which had caused it to be present in the practice of mathematicians; 
namely, that deduction can only be effected with real variables, not with apparent 
variables. In the case of Euclid’s proofs, this is evident: we need (say) some 
one triangle ABC to reason about, though it does not matter what triangle it is. 
The triangle ABC is a real variable; and although it is any triangle, it remains 
the same triangle throughout the argument. But in the general enunciation, 


* These two terms are due to Peano, who uses them approximata in the above sense, Cf., e. g., Formulaire 
Mathématique, Vol. IV, p. 5 (Turin, 1903). 

t Mr. MacColl speaks of tt propositions" as divided into the three classes of certain, variable, ana im- 
possible. We may accept this division as applying to propositional functions. A function which can be 
asserted is certain, one which can be denied is impossible, and al. others are (in Mr. MacColl’s sense) variable. 

{See his Grundgesetze der. Arithmetik, Vol. I (Jena, 1898), $17, p. 31. 
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the triangle is an apparent variable. If we adhere to the apparent variable; we 
can not perform any deductions, and this is why in all proofs, real variables 
. have to be used. Suppose, to take the simplest case, that we know ‘ox is 
always true,” i.e. “(x).@a,” and we know “ga always implies yx,” 4. e. (x). {ox 
implies ẹ4æ}.” How shall we infer ‘ya is always true," i.e. f(x) . x?" We 
know it is always true that if @x is true, and if oa implies ya, then Ya is true. 
But we have no premises to the effect that ox is true and $x implies yx; what 
. we have is: $x is always true, and ox always implies ẹæ. .In order to make our 
inference, we must go from “ox is always true" to $x,.and from “x always 
implies Ya” to “oa implies wr," where the a, while remaining any possible 
arguments is to be the same in both. Then, from “ox” and ‘x implies yo," 
we infer '4jx;" thus «yx is true for any possible argument, and therefore is 
always true. Thus in order to infer (x). yx from "(x).$4x" and “ (x). {ox 
implies 4st," we have to pass from the apparent to the real variable, and then 
back again to the apparent variable. This process is required in all mathematical | 
reasoning which proceeds from the assertion of all values of one or more propo- 
sitional functions to the assertion of all values of some other propositional 
function, as, e. g., from “all isosceles triangles have equal angles at the base" to 
“all triangles having equal angles at the base are isosceles.” In particular, this 
process is required in proving Barbara and the other moods of the syllogism. 
In a word, all deduction operates with real variables (or with constants). 
=` It might be supposed that we could dispense with apparent variables 
altogether, contenting ourselves with any as a substitute for all. This, however, 
is not the case. Take, for example, the definition of a continuous function quoted 
above: in this definition o, s, and à must be apparent variables. Apparent 
variables are constantly required for definitions. Take, e. g., the following: 
“An integer is called a prime when it has no integral factors except 1 and itself." 
This definition unavoidably involves an apparent variable in the form: ‘If n is 
an integer other than 1 or ue given integer, n is not a factor of the given integer, 
for all possible values of n’ j 

The distinction between all and any 1s, therefore, necessary to deductive 
reasoning, and occurs throughout mathematics; though, so far as I know, its 
importance remained unnoticed until Frege pointed it out. | 

For our purposes it has a different utility, which is very great. In the case 
of such variables as propositions or properties, “any value" is legitimate, though 
“all values" is not. Thus we may say: “p is true or false, where p is any 
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proposition," though we can not say “all propositions are true or false." The . 
reason is that, in the: former, we merely affirm an undetermined one of the 
propositions of the form ‘‘ is true or false,” whereas in the latter we affirm (if 
anything) a new proposition, different from all the propositions of the form 
“p is true or false Thus we may admit “any value” of a variable in cases ` 
where “all values” would lead to reflexive fallacies ; for the admission of “ any 
value’’ does not in the same way create new values. Hence the fundamental 
laws of logic can be stated concerning any proposition, though we can. not 
significantly say that they hold of a// propcsitions. These laws have, so to . 
speak, a particular enunciation but no general enunciation. There is no one 
proposition which is the law of contradiction (say); there are only’ the various 
instances of the law. Of any, proposition p, we can say: “p and not-p can 
not both be true;" but there is no such proposition as: ''Every proposition p 
is such that p and not-p can not both. be true." 

A similar explanation applies to properties. We can speak of any property 
.of æ, but not of all properties, because new properties would be thereby 
generated. Thus we can say: “If n is a finite integer, and if 0 has the prop- . 
erty $, and m + 1 has the property $ provided m has it, it follows that n has 
the property Q." Here we need not specify $; $ stands for "any property." 
But we can not say: “A finite integer is defined as one which has every property 
@ possessed by 0 and by the successors of possessors.” For here it is essential 
to consider every property,* not any property ; and in using such a definition we 
assume that it embodies a property distinctive of finite integers, which is just 
the kind of assumption from which, as we saw, pene reflexive contradictions 
spring. 

In the above instance, 1t is necessary to avoid the suggestions of ordinary 
language, which is not suitable for expressing the distinction required. The 
point may be illustrated further as follows: If induction is to be used for defining 
finite integers, induction must state a definite property of finite integers, not an 
ambiguous property. But if $ is a real variable, the statement “n has the 
property $ provided this property is possessed by 0 and by the successors of 
possessors’ ’ assigns to n a property which varies as $ varies, and such a property 
can not be used to define the class of finite integers. We wish to say:.‘‘‘nisa 
finite integer’ meats; ‘Whatever property @ may be, n has the property $ pro- 





* This is indistinguishable from ‘sll properties.” 
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vided $ is possessed by 0 and by the successors of possessors." But here $ has 
become an apparent variable. To keep it a real variable, we should have to say: 
“ Whatever property @ may be, ‘n isa finite integer’ means: ‘n has the property 
@ provided $ is possessed by 0 and by the successors of possessors.’’’ But here 
the meaning of ‘nis a finite integer! varies as @ varies, and thus such a definition 
is impossible. This case illustrates an important point, namely the following : 
“The scope * of a real variable can never be less than the whole propositional 
function in the assertion of which the said variable occurs." That is, if our 
propositional function is (say) ' x implies p," the assertion of this function will 
mean ‘‘any value of ‘px implies p’ is true," not “ ‘any value of pz is true’ 

' plies p." -In the latter, we have really “all values of px are true," and the x is 
an apparent variable. . 


III. 
The Meaning and Runge of Generalized Propositions. 


In this section we have to consider first the meaning of propositions in 
which the word all occurs, and then the kind of collections which admit of 
propositions about all their members. | 

It is convenient to give the name generalized propositions not only to such as 
contain all, but also to such as contain some (undefined). The proposition f'qx« 
is sometimes true" is equivalent to the denial of 'not-$x is always true;" 
“some A is B” is equivalent to the denial of “all A is not B;" i. e., of “no A 
is B." Whether it is possible to find interpretations which distinguish ‘‘ oa is 
sometimes true" from the denial of “ not-dx is always true," it is unneces- 
sary to inquire; for our purposes we may define ‘ga is sometimes true” as the 
denial of “not-@x is always true." In any case, the two kinds of propositions 
require the same kind of interpretation, and are subject to the same limitations. 
In each there is an apparent variable; and it is the presence of an apparent 
variable which constitutes what I mean by a generalized proposition. (Note. 
that there can not be a real variable in any proposition; for what contains a real 
variable is a propositional function, not a proposition.) 

The first question we have to ask in this section is: How are we to interpret 
the word all in such propositions as “all men are mortal?" At first sight, it 
might be thought that there could be no difficulty, that “all men?" is a perfectly - 


* The scope of a real variable is the whole function of which ‘‘any value” is in question. Thus in ti bx 
implies p” the scope of z is not gz, but ** ox implies p.” 
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clear idea, and that we say of all men that they are sare But to this view 
there are many objections. m 

: (1) If this view were right, it would seem that “all men are mortal” could 
not be true if there were no men. Yet, as Mr. Bradley has urged,* “ Trespassers 
. will be prosecuted" may be perfectly true even if no one trespasses; and hence, 
as he further argués, we are driven to interpret such propositions as hypotheticals, 
meaning ‘if anyone trespasses, he will be prosecüted;" 4. e., “if æ trespasses, 
x will be prosecuted," where the range of values which æ may have, whatever it 
is, is certainly not confined to those who really trespass. Similarly ‘‘all men 
are mortal" will mean “if œ is a man, x is mortal, where z may have any value 
within a certain range." What this range is, remains to be determined ; but in. 
any case it is wider than “men,” for the above hypothetical is certainly often 
true when g is not a man. | 

(2) “All men” is a denoting phrase; and it would appear, for reasons which 
I have set forth elsewhere, that denoting phrases.never have any meaning in 


. isolation, but only enter as constituents into the verbal expression of proposi- 


tions which contain no constituent corresponding to the denoting phrases in 
question. That is to say, a denoting phrase is defined by means of the propo- 
sitions in whose verbal expression it occurs. Hence it is impossible that these 
propositions should acquire their meaning through the denoting phrases; we 
must find an independent interpretation of the propositions containing such 
phrases, and must not use these phrases in explaining what such propositions 
mean. Hence we can not regard “all men are mortal" as a statement about 
“all men." | | | 

(3) Even if there were such an object as ‘‘all men," it is plain that it is 
not this object to which we attribute mortality when we say “all men are 
mortal.” If we were attributing mortality to this object, we should have to say. 
* all men is mortal Thus the supposition that there is such an object as “all 
men" will not help us to interpret “all men are mortal." 

(4) It seems obvious that, if we meet something which may be a man or may 
be an angel in disguise, it comes within the scope of “all men are mortal" to 
assert “‘if this is a man, it is mortal" Thus again, asin the case of the tres- 
passers, it seems plain that we are really saying “if anything is a man, it is 
mortal," and that the question whether this or that is a man does not fall an 
the scope of our assertion, as it would do if the all really referred to “all men." 





* Logic, Part I, Chapter Il. — 4“ On Denoting,” Mind, October, 1905. 
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(5) We thus arrive at the view that what is meant by ‘‘all men are mortal” 
may be more explicitly stated in some such form as "it is always true that if œ 
isa man, œ is mortal. Here we have to inquire as to the scope of the word . 
always. | | 
| (6) It is obvious that always includes some cases in which œ is not a man, 
as we saw in the case of the disguised angel. Ifa were limited to the case 
when c is a man, we could infer that æ is a mortal, since if a is a man, æ Is a 
mortal. Hence, with the same meaning of always, we should find “it is always 
true that x is mortal.” But it is plain that, without altering the meaning of | 
always, this new proposition is false, though the other was true. 

(7) One might hope that “always” would mean “for all values, of a.” 
But “all values of z," if legitimate, would include as parts “all propositions” 
and ''all functions," and such illegitimate totalities. Hence the values of x 
must be somehow restricted within some legitimate totality. This seems to lead 
us to the traditional doctrine of a “universe of discourse" within which œ must 
be supposed to lie. 

(8) Yet it is quite essential that we should have some meaning of always 
which does not have to be expressed in a restrictive hypothesis as to æ. For 
suppose “always” means “ whenever a belongs to the class i." Then “all men 
are mortal" becomes “‘ whenever æ belongs to the class $,if wv is a man, x is 
mortal;" $.e., “it is always true that if 2 belongs to the class 7, then, if x is a 
man, “is mortal.” But what is our new always to mean? There seems no more 
reason for restricting c, in this new proposition, to the class ?, than there was 
before for restricting it to the class man. Thus we shall be led on to a new wider 
universe, and so on ad infinitum, unless we can discover some natural restriction 
upon the possible values of (i. e., some restriction given with) the function “if x 
is a, man, æ is mortal," and not needing to be imposed from without. 

(9) It seems obvious that, since all men are mortal, there can not be any . 
false proposition which is a value of the function “if æ is a man, a is mortal." 
"For if this is a proposition at all, the hypothesis *z is a man” must be a propo- 
sition, and so must the conclusion *z is mortal But if the hypothesis is false, 
‘the hypothetical is true; and if the hypothesis is true, the hypothetical is true. 
Hence there can be no false propositions of the form “if æ is a man, x is 
mortal." 

(10) It follows that, if any values of a are to be excluded, they can only be 
values for which there is no proposition of the form ‘if c is a man, æ is mortal; 

ol | 
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i.e., for which this phrase is meaningless. Since, as we saw in (7), there must be 
excluded values of c, it follows that the function “if x is a man, x is mortal" 
must have a certain range of. significance,* which falls short of all imaginable 
values of x, though it exceeds the values which are men. The restriction on a 
is therefore a restriction to the range of significance of the function “if œ is a 
man, « is mortal." | 

a 1) We thus reach the conclusion that “ all men are mortal” means “if æ 
is a man, v is mortal, always," where alweys means “for all values of the 
function ‘if c is a man, æ is mortal" This is an interna? limitation upon a, 
given by the nature of the function; and it is a limitation which does not require 
explicit statement, since it is impossible for a function to be true more generally 
than for all its values. Moreover, if the range of significance of the function 
is 4, the function "if æ is an 4, then if wis a man, x is mortal" has the same 
range of significance, since it can not be significant unless its constituent “if œ 
is a man, v is mortal" is significant. .But here the range of significance is again 
implicit, as it was in ‘if c is a man, v is mortal;' thus we can not make ranges 
of significance explicit, since the attempt to do so only gives rise to a new 
proposition in which the same range of significance 1s implicit. - 
| Th.'s generally: “ (w). ¢x” is to mean “x always." This may be inter- 
preted, though with less exactitude, as “ dx is Meis true," or, more explicitly : 
“All propositions of the form $z are true," or “All values of the function ox 
are true.” f Thus the fundamental alt is ' m values of a propositional function," 
and every other all is derivative from this. And every propositional fanotion 
has a certain range of significance, within which lie the arguments for which the’ 
function has values. Within this range of arguments, the function is true or 
false; outside this range, it is nonsense. 

The above argumentation may be summed up as follows : 

The difficulty .which besets attempts to restrict the variable is, that 
restrictions naturally express themselves as hypotheses that the variable is of 
such or such a kind, and that, when so expressed, the resulting hypothetical is 
free from the intended restriction. For example, let us attempt to restriet the 





*A function is seid to be significant for the argument z if it has a value for this argument, Thus we may 
say shortly «* ¢z is significant,” meaning “the function ¢ has a value for the argument z." The range of 
significance of a function consists of all the arguments for which the function is true, together with all the 
arguments for which it is false. . . 

tA linguistically convenient expression for this idea is: tgx is true for all possible values of v," a possible 
value being understood to be one for which $z is significant. 
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variable to men, and assert that, subject to this restriction, “œ is mortal" is 


always true. Then what is always true is that if x is a man, œ is mortal; and 
this hypothetical is true even when wis not a man. Thusa variable can never 
be restricted within a certain range if the propositional function in which the 
variable occurs remains significant when the variable is outside that range. But 
if the function ceases to be significant when the variable goes outside a certain 
range, then the variable is ipso facto confined to that range, without the need of 
any explicit statement to that effect. This principle is to be borne in mind in. 
the development of logical types, to which we shall shortly proceed. — — 

. We can now begin to see how it comes that “all so-and-so’s”’ is sometimes 
a legitimate phrase and.sometimes not. Suppose we say “all terms which have 
the property $ have the property s." That means, according to the above 
interpretation, “x always implies Vx." Provided the range of signiticance of 
gx is the same as that of Ja, this statement is significant; thus, given any 
definite function @a, there are propositions about ‘‘all the terms satisfying Qo." 
But it sometimes happens (as we shall see more fully later on) that what appears 
verbally as one function is really many analogous functions with different ran ges 
of significance. This applies, for example, to “p is true," which, we shall find, 
is not really one function of p, but is different functions according to the kind 
of proposition that p is. In such a case, the phrase expressing the ambiguous 
function may, owing to the ambiguity, be significant throughout a set of values 
of the argument exceeding the range of significance of any one function. In 
such a case, all is not legitimate. Thus if we try to say “all true propositions 


have the property $," i. e., “‘p is true’ always implies $p," the possible argu- 


ments to ‘p is true? necessarily exceed the possible arguments to 4, and there- 
fore the attempted general statement is impossible. For this reason, genuine 
general statements about all true propositions can not be made. It may happen, 
however, that the supposed function $ is really ambiguous like ‘p is true;’ and | 
if it happens to have an ambiguity precisely of the same kind as that of'/p is 
true,’ we may be able always to give an interpretation to the proposition '''p is 
true’ implies $p." This will occur, e. g., if pp is “not-p is false." Thus we 


get an appearance, in such cases, of a general proposition concerning all propo- 


sitions; but this appearance is due to a systematic ambiguity about such words 
as true and false. (This systematic ambiguity results from the hierarchy .of 
propositions which will be explained later on). We may,in all such cases, make | 
our statement about any proposition, since the meaning of the ambiguous words 
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will adapt itself to any proposition. But if we turn our proposition into an 
apparent variable, and say something about ail, we must suppose the ambiguous 
words fixed to this or that possible meaning, though it may be quite irrelevant 
which of their possible meanings they are to have. This is how it happens both 
that all has limitations which exclude “all propositions," and that there never- 
theless seem to be true statements about “all propositions.” Both- these points 
will become plainer when the theory of types has been explained. 

It has often been suggested* that what is required in order that it may be 
legitimate to speak of all of a collection is that the collection should be finite. 
" Thus “all men are mortal” will be legitimate because men form a finite class. 
But that is not really the reason why we can speak of ‘all men." What is 
essential, as appears from the above discussion, is not finitude, but what may be 
ealled logical homogeneity. This property is to belong to any collection whose 
terms are all contained within the range of significance of some one function. 
It would always be obvious at a glance whether a collection possessed this 
property or not, if it were not for the concealed ambiguity in common logical 
terms such as true and false, which gives an appearance of being a single function 
to what is really a conglomeration of many functions wiih different ranges of 
significance. 

The conclusions of this section are as follows: Every proposition containing 
ail asserts that some propositional function is always true; and this means that 
all values of the said function are true, not that the function is true for all argu- 

ments, since there are arguments for which any given function is meaningless, 
d. e., has no value. Hence we can speak of all of a collection when and only 
when the collection forms part or the whole of the range of significance of 
some propositional function, the range of significance being defined as the 
collection of those arguments for which the function in question is significant, 
4. €, has a value. 


IV. 
The Hierarchy of Types. 

A. type is defined as the range of significance of a propositional function, 
i.e, as the collection of arguments for which the said function has values. 
Whenever an apparent variable occurs in a proposition, the range of values of the 
apparent variable is a type, the type being fixed by the function of which “all 





XE. g., by M. Poincaré, Revue de Métephysiaue ei de Morale, Mai, 1906. 
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values" are concerned. The division of objects into types is necessitated by the 
reflexive fallacies which otherwise arise. -These fallacies, as we saw, are to 
be avoided by what may be called the “‘vicious-circle principle;” t. e., “no 
totality can contain members defined in terms of itself This principle, in our 
technical language, becomes: ‘‘ Whatever contains an apparent: variable must 


— not be a possible value of that variable." Thus whatever contains an apparent 


variable must be of a different type from the possible values of that variable; 
we will say that it is of a higher type. Thus the apparent variables contained 
in an expression are what determines its type. This is the guiding principle in 
what follows. un | 
Propositions which contain apparent variables are generated from such as 
do not contain these apparent variables by processes of which one is always the 
process of generalization, i. e., the substitution of a variable for one of the terms 
of a proposition, and the assertion of the resulting function for all possible 
values of the variable. Hence a proposition is called a generalized proposition 
when it contains an apparent variable. A proposition containing no apparent 


variable we will call an elementary proposition. It is plain that a proposition 


containing an apparent variable presupposes others from which it can be . 
obtained by generalization; hence all generalized propositions presuppose 
elementary propositions. In an elementary proposition we can distinguish one 
or more terms from one or more concepts ; the terms are whatever can be regarded 
as the subject of the proposition, while the concepts are the predicates or relations 
asserted of these terms.* The terms of elementary propositions we will call 
individuals ; these form the first or lowest type. 

It is unnecessary, in practice, to know what objects belong to the lowest 
type, or even whether the lowest type of variable occurring in a given context 
is that of individuals or some other. For in practice only the relative types of 
variables are relevant; thus the lowest type occurring in a given context may 
be called that of individuals, so far as that context is concerned. It follows that 
the above account of individuals is not essential to the truth of what follows; 
all that is essential is the way in which other types are generated from indi- 


viduals, however the type of individuals may be constituted. 


By applying the process of generalization to individuals occurring in 
elementary propositions, we obtain new propositions. The legitimacy of this 


*See Principles of Mathematics, §48. 
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process requires only that no individuals should be propositions. That this is 
so, 1s to be secured by the meaning we give to the word individual. We may 
define an individual as something destitute of complexity ; it is then obviously 
not a proposition, since propositions are essentially complex. Hence in applying 
the process of generalization to individuals we run no risk of incurring reflexive 
fallacies. 

Elementary propositions together with such as contain only individuals as 
apparent variables we will call first-order | propositions. These form the second 
logical type. 

We have thus a new totality, that of a propositions. We can thus 
form new propositions in which first-order propositions occur as apparent. 
variables. These we will call second-order propositions; these form the third 
logical type. Thus, e.g., if Epimenides asserts ‘all first-order propositions 
affirmed by me. are false," he asserts a second-order proposition; he may assert 
this truly, without asserting truly any first-order proposition, and thus no con- 
tradiction arises. | 

The above process can be continued inde£uitely. The n + 1th logical type 
will consist of propositions of order n, which will be such as contain propositions 
of order n — 1, but of no higher order, as apparent variables. The types so 
obtained are mutually exclusive, and thus no reflexive fallacies are possible so 
long as we remember that an apparent variable must always be confined within 
some one type. 

In practice, a hierarchy of functions is more convenient than one of propo- 
sitions. Functions of various orders may be obtained from propositions of 
various orders by the method of substitution. If p is a proposition, and a a con- 
stituent of p, let ‘‘p/aia’? denote the proposition which results from substi- 
tuting æ for a wherever a occurs in p. Then p/a, which we will call a matriz, | 
may take the place of a function ; its value for the argument x is p/a'z, and its 
value for the argument a is p. Similarly, if * p/(a, b) (x, y)" denotes the result 
of first substituting « for a and then substituting y for b, we may use the double 
matrix p/(a,b) to represent a double function. In this way we can avoid 
apparent variables other than individuals and propositions of various orders. 
The order of a matrix will be defined as being the order of the proposition in 
which the substitution is effected, which proposition we will call the prototype. 
The order of a matrix does not determine its type: in the first place because it 
does not determine the number of arguments for which others are to be substi- 


- 
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tuted (t. e„ whether the matrix is of the form p/a or p/{a,b) or p/(a, b,c) 
etc.); in the second place because, if the prototype is of more than the first 


.order, the arguments may be either propositions or individuals. But itis plain 


that the type of a matrix is definable always. by means of the-hierarchy of 
propositions. 

' Although it is. possible to tede functions by matrices, and although this 
procedure introduces: a. certain simplicity into the explanation of types, it is 
technically inconvenient. Technically, it is convenient to replace the prototype 
p by $a, and to replace p/a'x by x; thus where, if matrices were being ém- 
ployed; p and a would appear as apparent variables, we now have $ as our 
apparent variable. In order that @ may be legitimate as an apparent variable, | 
it is necessary that its values should be confined to propositions of some one type. 
Hence we proceed as follows. | | 

A function whose argument is an individual and whose value is always a 
first-order proposition will be called a first-order function. A function involving 
a first-order function or. proposition as apparent variable will be called a second- 
order function, and soon. A function of one variable which is of the order 
next above that of its argument will be called a predicative function; the same 
name will be given to a function of several variables if there is one among these 


variables in respect of which the function becomes predieative when values are 


assigned to all the other variables. Then the type of a function is determined 
by the type of its values and the number and type of its arguments. | 

The hierarchy of functions may be further explained as follows. A first- 
order function of an individual x will be denoted by $!z (the letters 4, y, 0 
f, g, F, G will also be used for functions). No first-order function contains a 


function as apparent variable ; hence such functions form a well-defined totality, 
and the $ in @!a can be band into an apparent variable. Any proposition in 


which $ appears as apparent variable, and there 1s no apparent variable of higher 
type than $, is a second-order proposition. If such a proposition contains an 
individual a, it is.not.a predicative function of œ; but if it contains a first-order 
function $, it is a predicative function of @, and will be written f!(ẹ!2). Then 
f is a second-order predicative function; the possible values of f again form a 
well-defined totality, and we can turn f into an apparent variable. We can 
thus define third-order predicative functions, which will be such as have third- 
order propositions for their values and second-order predicative functions for. 
their arguments. And in this way we can proceed indefinitely. -A precisely 

similar development applies to functions of several variables. | 
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We will adopt the following conventions. Variables of the lowest type 
occurring in any context will be denoted by small Latin letters (excluding f ` 
and g, which are reserved for functions); a predicative function of an argument 
a (where x may be of any type) will be denoted by @!a (where 4, y, 0, f, g, F 
or G may replace @); similarly a predicative function of two arguments g and y ` 
will be denoted by à ! (z, y); a general functicn of « will be denoted by oa, and 
a general function of z and y by ¢$(a, y). In x, @ can not be made into an 
apparent variable, since its type is indeterminate; but in @!a, where @ is a 
predicative function whose argument is of some given type, @ can be made into 
an apparent variable. 

It is important to observe that since there are various types of propositions 
and functions, and since generalization can only be applied within some one type, 
all phrases containing the words ''all propositions" or “all functions” are 
prima facie meaningless, though in certain cases they are capable of an unob- 
jectionable interpretation. The contradictions arise from the use of such phrases 
in cases where no innocent meaning can be found. | 

If we now revert to the contradictions, we see at once that some of them ` 
are solved by the theory of types. Wherever ''all propositions" are mentioned, 
we must substitute “all propositions of order n," where it is indifferent what 
value we give to n, but it is essential that n should havé some value. "Thus when 
a man says “I am lying," 
proposition of order n, which I affirm, and which is false." This is a proposition. 
of order.» + 1; hence the man is not affirming any proposition of order m; 
` hence his statement is false, and yet its falsehood does not imply, as that of ` 
“T am lying" appeared to do, that he i is making a true statement. This solves 
the liar. ; 

Consider next ‘the least intéger not nameable in wer than nineteen 
syllables?" It is to be observed, in the first place, that nameable must mean 
. * nameable by means of such-and-such assigned names,” and that the number of 
assigned names must be finite. For if it is not finite, there is no reason why 
there should be any integer not natneable in fewer than nineteen syllables, and 
the paradox collapses. We may next suppose that “ nameable in terms of names 
of the class N” means “being the only term satisfying some function composed 
wholly of names of the class M" The solution of this paradox lies, I think, in 
the simple observation that “nameable in terms of names of the es N » is 

" never itself nameable in terms of names of that class. If we enlarge N by 


we must interpret him as meaning: “There is a | 
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adding the name “‘nameable in terms of names of the class V,” our fundamental 
. apparatus of names is enlarged; calling the new apparatus NV’, * nameable in 
terms of names of the class N'" remains not nameable in terms of names of the 
class JV'. If we try to enlarge N till it embraces all names, ‘‘nameable”’ be- 
. comes (by what was said above) “being the only term satisfying some function 
composed wholly of names." But here there is a function as apparent variable ; 
hence we are confined to predicative functions of some one type (for non-predi- 
cative functions can not be apparent variables). Hence we have only to observe 
that nameability in terms of such functions is non-predicative in order to escape 
the paradox. 

The ease of ‘the least indefinable shana 7 is closely analogous to the case 
we have just discussed. Here, as before, “definable” must be relative to some 
given apparatus of fundamental ideas; and there is reason to suppose that 
“ definable in terms of ideas of the class M” is not definable in terms of ideas 
of the class N. It will be true that there is some definite segment of the series 
of ordinals consisting wholly of definable ordinals, and having the least inde- 
finable ordinal as its limit. This least indefinable ordinal will be definable by a 
slight enlargement of our fundamental apparatus; but there will then be a new 
ordinal which will be the least that is indefinable with the new apparatus. If 
we enlarge our apparatus so as to include all possible ideas, there is no longer - 
any reason to believe that there is any indefinable ordinal. The apparent force 
of the paradox lies largely, I think, in the supposition that if all the ordinals 
of a certain class are definable, the class must be definable, in which. case its 
successor is of course also definable; but there is no reason for accepting this . 
supposition. 

The other contradictions, that of Burali- Forti in TEE require some 
further developments for their solution. 


V. 
The Axiom of Reducibility. 


A propositional function of x may, as we have seen, be of any order; hence 

any statement about “all properties of «” is meaningless. (A “property of a” 

is the same thing as a “propositional function which holds of «.’’) But it is 

absolutely necessary, if mathematics is to be possible, that we should have some 

method of making statements which will usually be equivalent to what.we have 

in mind when we (inaccurately) speak of “all properties of v." This necessity 
32 
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appears in many cases, but especially in connection with mathematical induction. | 
We can say, by the use of any instead of all, Any property possessed by 0, 
and by the successors of all numbers possessing it, is possessed by all finite 
numbers.’ But we can not go on to: “A finite number is one which possesses 
all properties possessed by 0 and by the successors of all numbers possessing 
them.’ If we confine this statement to all first-order properties of numbers, we 
can not infer that it holds of second-order properties. .For example, we shall 
be unable to prove that if m, n are finite numbers, then m + n is a finite number. 
For, with the above definition, ‘m. is a finite number ” isa second-order property 
of m; hence the fact that m +0 is a finite number, and that, if m+n isa 
finite number, so is m + n 4- 1, does not allow us to conclude by induction that: 
m -- n is a finite number. It is obvious that such a state of things renders much 
of elementary mathematies impossible. | 
The other definition of finitude, by the non-similarity of whole and part, 
fares no better. For this definition is: “A class is said to be finite when every 
one-one relation whose domain is the class and whose converse domain is 
contained in the class has the whole class for its converse domain." Here a 
variable relation appears, č. e, a variable function of two variables; we 
have to take all values of this function, which requires that it should be of some 
assigned order; but any assigned order will not enable us to deduce many, of 
the propositions of elementary mathematics. | | 
Hence we must find, if possible, some method of reducing the order of a 
propositional function without affecting the truth or falsehood of its values. 
This seems to be what common-sense effects by the admission of classes. Given 
any propositional function px, of whatever order, this is assumed to be equivalent, 
for all values of æ, to a statement of the form ‘‘x belongs to the class a.”. Now 
this statement is of the first order, since it makes no allusion to “all functions 
of such-and-such a type." Indeed its only practical advantage over the original | 
statement zx is that it is of the first order. There is no advantage in assuming 
. that there.really are such things as classes, and the contradiction about the 
classes which are not members of themselves shows that, if there are classes, 
they must be something radically different from individuals. I believe the chief 
purpose which classes serve, and the chief reason which makes them linguistically 
convenient, is that they provide a method of reducing the order of a propositional 
funetion. I shall, therefore, not assume anything of what may seem to be 
involved in the common-sense admission of classes, except this: that every 
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propositional function is equivalent, for all its values, to some predicative 
function. | i | 

This assumption with regard to functions is to be made whatever may be 
the type of their arguments. Let oa be a function, of: any order, of an argu- 
ment v, which may itself be either an individual or a function of any order. 
If $ is of the order next above w, we write the function in the form $!«; in 
such a case we will call @ a predicative function. Thus a predicative function of 
an individual is a first-order function; atid for higher types of arguments, 
predicative functions take the place that first-order functions take in respect of 
individuals. We assume, then, that every function is equivalent, for all its 
values, to some predicative function of the same argument. This assumption 
seems to be the essence of the usual assumption of classes; at any rate, it 
retains as much of classes as we have any use for, and little enough to avoid the 
contradictions which a less grudging admission of classes is apt to entail. We 
will call this assumption the axtom of classes, or the axiom of reducibility. 

We shall assume similarly that every function of two variables is equivalent, 
for all its valuas, to a predicative function of those variables, where a predicative 
function of two variables is one such that there is one of the variables in respect 
of which the function becomes predicative (in our previous sense) when a value 
is assigned to the other variable. This assumption: is what seems to be meant 
by saying that any statement about.two variables defines a relation between 
them. We will call this assumption the axiom of relations or the axiom of 
reducibility. | 

In dealing with relations between more than two terms, similar assumptions 
would be needed for three, four, ... variables. But these assumptions are not 
indispensable for our purpose, and are therefore not made in this paper. 

By the help of the axiom of reducibility, statements about “all first-order 
functions of œ” or “all predicative functions of a” yield most of the results 
which otherwise would require “all functions." The essential point is that such 
results are obtained in all cases where only the truth or falsehood of values of 
the functions concerned are relevant, as is invariably the case in mathematics. 
Thus mathematical induction, for example, need now only be stated for all 
predicative functions of numbers; it then follows from the axiom of classes 
that it holds of any function of whatever order. It might be thought that the 
paradoxes for the sake of which we invented the hierarchy of types would now 
reappear. But this is not the case, because, in such paradoxes, either something 
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beyond the truth or falsehood of values of functions is relevant, or expressions 
occur which are unmeaning even after the introduction of the axiom of reduci- 
bility. For example, such a statement as “Epimenides asserts dx” is not 
equivalent to “Epimenides asserts $ 1c," even though Je and @!a are equiv- 
alent. Thus “I am lying" remains unmeaning if we attempt to include all 
propositions among those which I may be falsely affirming, and is unaffected by 
the axiom of classes if we confine it to propositions of order n. The hierarchy 
of propositions and functions, therefore, remains relevant in just those cases in 
‘which there is a paradox to be avoided. 


0000. YL | 
Primitive Ideas and Propositions of Sym bolic Logic. 


The primitive ideas required in symbolic logic appear to be the following 
seven : | | 
(1) Any propositional function of a variable æ or of several variables 
£, Y, Zy... This will be denoted by $x or (x, y,2,..) | | 
m (2) The negation of a a i If p is the proposition, its negation 
will be denoted by ~ p. 
(3) The disjunction or logical sum of two propositions; t. e., ‘ this or that." 
_ If p, q are the two propositions, their disjunction will be denoted by pyg.* 
- (4) The truth of any value of a propositional function; 4. e., of ox where x 
is not specified. | | 
(5) The truth of all values of a propositional function. This is denoted by 
(x).pa or (z):$* or whatever ]arger number of dots may be necessary to 
bracket off the proposition. In (x). oa, x is called an apparent variable, 
whereas when $x is asserted, where g is not specified, æ is called a real variable. 
(6) Any predicative function of an argument of.any type; this will be 
represented by @!a or $!« or $! R, according to circumstances. A predica- 
' tive function of a is one whose values are propositions of the type next above 
that of «, if æ is an individual or a proposition, or that of values of x if x is a 


*In a previous article in this journal, I took implication as indefinable, instead of disjunction. The 


choice between the two is a matter of cd. I now choose disjunction, because it enables us to diminish the 
number of primitive propositions, 

+ The use of dots follows Peano’s usage. It is fully spia by Mr. Whitehead, «On Cardinal Num- 
bers," AMERICAN JOURNAL OF MaTcHEMATIOS, Vol. XXIV, and “On Mathematical Concepts of the Material 
World,” Phil. Trans. A., Vol. CCV, p. 472. l 
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function. .It may be described as one in which the apparent variables, if any, 
are all of the same type as a or of lower type; and a variable is of lower type 
than æ if it can significantly occur as argument to x, or as argument to an argu- 
ment to a, etc. | 

(7) Assertion; t. e., the assertion that some proposition is ie or that any 
. value of some c function is true. ~ This is required to eines a 
proposition actually asserted from one merely considered, or from one adduced 
as hypothesis to some other. lt will be indicated by the sign “F” prefixed to 
what is asserted; with enough dots to bracket off what 1s asserted.* . 

Before proceeding to the primitive propositions, we need certain definitions. 
In the following definitions, as well as in the primitive propositions, the letters 
p, q, 7 are used to denote propositions. | 


pyq.=-~pyg Df 


This definition states that “pq” (which is read “p implies q”) is to mean 
“p is false or g is true.” I do not mean to affirm that “implies” can not have 
any other meaning, but only that this meaning is the one which it is most con- 
venient to give to “implies” in symbolic logic. In a definition, the sign of 
equality and the letters “Df” are to be regarded as one symbol, meaning jointly 
“is defined to mean." The sign of equality without the letters “Df” has a 
different meaning, to be defined -shortly. 


| pege=e~(~pv~g DE 
This defines the logical product of two propositions p and q, 4. e, “p and q 
are both true." The above definition states that this is to mean: “It is false 
that either p is false or q is false." Here again, the definition does not give the 


only meaning which can be given to “p and q are both true," but gives the 
meaning which is most convenient for our purposes. 


| pEq.=.p)q.q)p Df 
That is, “p= q,” which is read “p is equivalent to g,” means “p implies g 
and g implies p;" whence, of course, it follows that p and q are both true or 
both false. | 


3) 


(Te). ou... ~ f(s). ~ Qe] Df 


* This sign, as well as the introduction of the idea which it expresses, are due to Frege. See his Begriffs-. 
schrift (Halle, 1879), p. 1, and Grundgesetze der Arithmetik, Vol. I (Jera, 1898), p. 9. 
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. This defines “ there is at least one value of æ for which x is true." We 
define it as meaning “it is false that oa is always false." 
| a=y.=:(o):o!la.3.o!y Df. 

This is the definition of identity. It states that æ and y are to be called 
identical when every predicative function satisfied by « is satisfied by y. It. 
follows from the axiom of reducibility that if œ satisfies 4x, where ẹ is any 
function, predicative or non-predicative, then 4 satisfies sy. 

The following definitions are less importent, and are introduced solely for 
the purpose of abbreviation. | | 


(x, y) ` (x, y) * MEL (a): (y) ° $m, y) | Df. 
(Ho, y) p, y). =: ax): (Hg). plx, y) Df | 
PE e Das VU? = 3 (x): pa dda Df. . 
Oc. ES: = ; (x) : x . =. bx | Df. 


$(2, y) -Da y e Hæ y): m t (m, y): im, y) -D- (m y) Df, 
and so on for any number of variables. | | 

The primitive propositions required are as follows. (In 2, 3, 4, 5, 6, and 10, . 
p, q, r stand for propositions.) 

(1) A proposition implied by a true premise is true. 

(2) F:pvp.2.p. | 

(3) F:9-2. pv. 

(4) Fipvg-d-qvp — 

(5) Fipv(gv7)-d-gv (pvr). 

(6) F2.9)7-Dipvg-)-pyr.. 

(7) F:(2). 92.2. oy: 

t. €., “if all values of $$ are true, then $y is true, where y is any value." * 

(8) If oy is true, where @y'is any value cf $$, then (x). oz is true. This 
can not be expressed in our symbols; forif we write “oy. ).(x). da,” that means © 
“oy implies that all values of $$ are true, where y may have any value of the 
appropriate type," which is not in general the case. What vre mean to assert is: 
` “Tf however y is chosen, $y is true, then (x). 4x is true;" whereas what is 
expressed by '$y.3.(x).$z" is: “However y is chosen, if @y is true, then 
(x). px is true," which is quite a different statement, and in general'a false one. 


* It is convenient to use the notation $2 to denote the function itself, as opposed to this or that value of 


` the function. . 
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(9) k:(x).@a.). oa, where a is any definite constant. 

This principle is really as many different principles as there are possible 
values of a. eit states that, e. g., whatever holds of all individuals holds 
of Socrates; also that it holds of Plato; and so on. Itis the principle that a 
general rule may be applied to particular cases; but in order to give it scope, it 
is necessary to mention the particular cases, since otherwise we need the principle 
itself to assure us that the general rule that general rules may be applied to 
particular cases may be applied (say) to the particular case of Socrates. ` It is 
thus that this principle differs from (7); our present principle makes a statement 
= about Socrates, or about Plato, or some other definite constant, whereas (7) 
made a statement about a variable. | | 

The above principle is never used in symbolic logic or in pure mathematics, 
since all our propositions are general, and even when (as in * one is a number’’) 
we seem to have a strictly particular case, this turns out not to be so when 
closely examined. In fact, the use of the above principle is the distinguishing 
mark of applied mathematics. Thus, strictly speaking, we might have omitted 
it from our list. 

(10) F:-(x).pvQz.5:p.v.(2). a; 

i.e., “if ‘p or ox’ is always true, then either p is true, or pa is always true." 

(11) When /($z)is true whatever argument z may be, and F($y)is true 
whatever possible argument y may be, then 1/($x). F(x)! is true whatever 
. possible argument x may be. 

This is the axiom of the ''identifieation of variables.” Itis needed when 
two separate propositional functions are each known to be always true, and we 
wish to infer that their.logical product is always true. This inference is only 
legitimate if the two functions take arguments of the same type, for otherwise 
their logical product is meaningless. In the above axiom, x and y must be of 
the same type, because both occur as arguments to $. i 

(12) If gx. $c ) a is true for any possible æ, then «jx is true for any 
possible a. | 

This axiom is required in order to assure us that,the range of significance 
of ja, in the case supposed, is the same as that of ox.ox)x.). Vax; both 
are in fact the same as that of ga. We know, in the case supposed, that bæ is true 
whenever x . px ux and gu. $c bu. J.o are both significant, but we do 
not know, without an axiom, that Ya is true whenever yz is significant. Hence 
the need of the axiom. 


248 . Rossetti: Mathematical Logic as based on the Theory of Types. 


Axioms (11) and (12) are required, €. g., in proving 
(x). x : (x). gu x: ) . (x). Wa. 
bs. (a). gx: (x). PoJ ye: D: oy. oy 2 Vy 


Fi. (x). px: (x). $23 qa : 9: y, 

whence the result follows by (8) and (10). | | 

(13) F:. (E /):. (2): oe... fla. | 

This is the axiom of reducibility. It states that, given any function Qd, 
there is a predicative function /!$ such that f!a is always equivalent to $x. 
Note that, since a proposition beginning with “‘(4/)” is, by definition, the nega- 
tion of one beginning with ''(/)," the above axiom involves the possibility of 
considering “all predicative functions of x.’ If ox is any function of x, we can 
not make propositions beginning with '(Q)" or “(4 p)” since we can not con- 
sider “all functions," but only “any function” or “all predicative functions.” 


(14) FE: (E): (9 y) : l, y) =F! (x, y). 

This is the axiom of reducibility for double functions. | 

In the above propositions, our æ and y may be of any type whatever. The 
only way in which the theory of types is relevant is that (11) only allows us to 
identify real variables occurring in different contents when they are shown to be 
of the same type by both occurring as arguments to the same function, and that, 
in (7) and (9), y and a must respectively be of the appropriate type for argu- 
ments to $2. Thus, for example, suppose we have a proposition of the form 
($) . f 1($!8, a), which is a second-order function of « Then by (7), 


E:(9) -/1(9 12,2). SE (1a, 2), 


‘where 4/12 is any first-order function. But it will not do to treat (9) . f! (9 18, w) 
as if it were. a first-order function of x, and take this function as a possible 
value of 4j!2 in the above. It is such confusions of. types that give rise to the 
paradox of the lar. C 
Again, consider the classes which are not members of themselves. It is 
plain that, since we have identified classes with functions, no’ class can be 
significantly said to be or not to be a member of itself; for the members of a 
class are arguments to it, and arguments to a function are always of lower type 


By (7) and (11), 


whence by (12), 





* This identification is subject to a modification to be explained shortly. 


- 


1 , 
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than the function. And if we ask: ‘But how ‘about the class of all classes? 
Is not that a class, and so a member of itself?", the answer is twofold. First, 
if “the class of all classes" means “the class of all classes of whatever type," 

then there is no such notion. Secondly, if “the class of all classes? means 
“the class of all classes of type 2," then this is a class of the next type above t, 


‘and is therefore again not a member of itself. 


Thus. although the above primitive propositions apply saa to all types, 
they. do not enable us to elicit contradictions. Hence in the course of any 
deduction it is never necessary to consider the absolute type of a variable; it is 
only necessary to see that the different variables occurring in one proposition are 
of the proper relative types. This excludes such functions as that from which 
our fourth contradiction was obtained, namely: ‘‘ The relation # holds between 
Rand S," For a relation between R and S is necessarily of higher type than 
either of them, so that the proposed function is meaningless. 


| VII. 
Elementary Theory of Classes and Relations. 


Propositions in which a function $ occurs may depend, for their truth-value, 


upon the particular function @, or they may depend only upon the extension of 
, ùe., upon the arguments which satisfy @. A function of the latter sort we 


will- call extensional. Thus, e.g., “I believe that all men are mortal" may not 
be equivalent to “I believe that all featherless bipeds are mortal," even if men 
are coextensive with featherless bipeds; for I may not know that they are 


‘coextensive. But “all men are mortal" must be equivalent to “all featherless 


bipeds are mortal" if men are coextensive with featherless 2 ue Thus “all | 
men are mortal” is an extensional function of the function “w is a man," while 
“T believe all men are mortal" is a function which is not extensional; we will 
call functions intensional when they are not extensional. The junctions of 
functions with which mathematics is specially concerned are all extensional. 
The mark of an extensional function f of a function $!£ is 


$!oz.z,. Yie: dsg: Al). o. fb2). 


From any function f of a function @!2 we can derive an associated exten- 
sional function as follows. Put 


Fial) =:(T9):ple. = he: fiola Df 
33 | | 
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The function f{2(Jz)} is in reality a function of 44, though not the same 
function as /(42), supposing this latter to be significant. But it is convenient to 
treat /|2(y2)} technically as though it had an argument 2(Vz), which we call 
“the class defined by 4.” We have 


bs. pa. de: (8 (p2)} =. eh, 


whence, applying to the fictitious qujects 2(p2) and 2(42) the Oeo of identity 
pven above, we find 


ere  2(z) = (pz). 


This, with its converse (which can also be proved}, is the distinctive 
property of classes. -Hence we are justified in treating 2($z) as the class defined ' 
by @. In the same way we put | 


FA Ua, y)} =: (89): 1 (v, y) m, Va, y) fio! (, " Df 


A few words are necessary here as to the distinction between Oo! (%, 7) and 

@! (9, 2). We will adopt the following convention: When a function (as opposed 
to its values) is represented in a form involving $ and 4, or any other two letters 
of the alphabet, the value of this function for the arguments a and b is to be 
found by substituting a for $ and b for ĝ; t.e., the argument mentioned first is 
to be substituted for the letter which comes earlier in the alphabet, and the 
argument mentioned second for the later letter. This sufficiently distinguishes 
— between $! (2, ĝ) and 9! (j, &); e 


The “a of $! (@, y) for ere a, „bis $ (a, 5). 


(c t b, a cí p! (b, a). 
"o9, 91G8) © © ab gla) 
&« T: c a (0 ba“ p! (a b) 
J . 7 * 
We put "A 
vep!2.—==.pia Df, 
whence | 


: : we? (42). =: (09):9!y =. dy tola. 
Also by the reducibility-axiom we have 
| (89):9ly. =, Wy, 

fs vet (bz). SS. da. . 


whence 
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This holds whatever xz may be. Suppose now we won to consider 


(hz) e@f {2(p!z)}. We have, by the above, . | 
bs. Adz) eb 42(@ 12] mf) :=: (Ge): oly. =, dys f{otet, 


whence 


| Eia) = (gg) o D è (hejer . SS, . 2(yz)ex, 


where x is written for any expression of the form fila !z)]. 
We put : | 
3 els = â| (4p) .a=2(p!2)} Df. 


Here cls has a meaning which depends upon the type of the apparent variable 9. 
— Thus, e.g. the proposition ‘‘cls e cls,’ which is a consequence of the above 
definition, requires that ‘‘cls” should have a different’ meaning in the two places 
where it occurs. The symbol “cls” can only be used where it is unnecessary to 
know the type; it hasan ambiguity which adjusts itself to circumstances. If 
we introduce as an indefinable the function “ Indiv!a,” meaning "dq js an 
individual," we > may put 


i 


Kl= â|). a —2(p!z.Indiv!z)) Df 


Then A7 is an unambiguous symbol meaning “classes of individuals.” © 
We will use small Greek letters (other than e, $, J, y, 0) to represent 
. Classes of whatever type; t. e., to stand for symbols of the form 2($ !2) or 2(qz). 
The theory of classes arose, from this point on, muċh as in Peano’s 
system; 2(pz) replaces z3(z). . Also I put 


a CB. = ima.) „xep Df 
Hla. = , (Ea). wea Df. 
V= gle ==) Df. 
= gi~ (x=æ)} Df. 
where, A, as with Peano, is the null-class. The symbols 4, A, V, like cls and s, 


are ambiguous, and only acquire a definite meaning when the type concerned is 
otherwise indicated. 


We treat relations in exactly the same way, putting 


a{o!(%, 9)}b.=.@! (a, b) Df. 
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(the order being determined by the alphabetical order of a and y and the typo- 
graphical order of a and b); whence 
F:.alj$jd(e, y) jb =: (H9) (a, y) -=n y P! (a, 9):9 ! (a, b), 
whence, by the — 
ZEF :algjd(e, y)] b . = . Ha, D). 
We use Latin capital letters as abbreviations for such symbols as %#(z, y), 


and we find | 
F: R= S.zmuieHy.m,,.«Sy, 


R=S.=:f!R.),.f!8 De. 


where 


We put 
Rel = &{(@o).R=299!(a,y)} Df, 

. and we find that — proved for classes has its analogue for dual relations. 
Following Peano, we put 

-a AB = Ĝĝ (xea. weg) DE, 
defining the product, or common part, of two classes; 

aw 8 =å (wen. y. x8) Df, 
defining the sum of two classes; and 
| —a-&i-(xs)) Df, 

defining the negation of a class. Similarly for relations we put 

R &S-$$9(xRy . eS) Df. 

R S S= 2p (æRy. y. zsy) Df. 

—R-éj|-(zEy) . Dt 
VIII. 
Descriptive Functions. 


The functions hitherto considered have been propositional functions, with 

~the exception of a few particular functions such R A S. But the ordinary 
functions of mathematics, such as °, sin x, log w, are not propositional. 
Functions of this kind always mean “the term having such-and-such a relation 
to c." For this reason they may be called descriptive functions, because they 
describe a certain term by means of its relation to their argument. Thus “sin 2/2” 
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describes the number 1; yet propositions in which sin 7/2 occurs are nat the same 
. as they would be if 1 were substituted. This appears, e. g., from the proposition 
“sin 5/2 = 1," which conveys valuable information, whereas ''1 — 1" is 
trivial. Descriptive functions have no meaning by zhemselves, but orly as con- 
stituents of propositions; and this applies generally to phrases of the Form “the 
term having such-and-such a property." Hence in dealing with such phrases, 
we must define any proposition in which they oceur, not the phrases themselves.* 
We are thus led to the following definition, in which ''(1x) (@x)’’ is to be read 
“the term « which satisfies Qc." 


Vj io) (pe) } . =: (80): pu. = —b:db Df 
This definition states that “‘the term which satisfies $ satisfies 4j" is to 
mean: “There isa term b such that ox is true when and only when w is 6, © 
and Wb is true. Thus all propositions about “tae so-and-so” will be false if 


there are no so-and-so's or several so-and-so's. 
The general definition of a descriptive function is 


R'y = (1x) (wRy) Dt; 


that is, “Ry” is to mean “the term which has tke relation & to y." If there 
are several terms-or none having the relation R to y, all propositions about, Ay 
will be false. We put 


E! (1%) (pu). = : (Ab) : x . =, =b Df. 


Here “E | (1x) ($x)" may be read “there is such a term as the æ which satisfies 
oa,” or “the x which satisfies @z exists." We have 


H:i. 2! Ry.=:(4b):eRy.=,.0=5. 


ve 


The inverted comma in k'y may be read of. Thus if E is the relation of father 
to son, “ R'y” is “the father of y." If R is the relation of son to father, all 
propositions about Ay will be false unless y has one son and no more. | 

From the above it appears that descriptive functions are obteined from ` 
relations. The relations now to be defined are chiefly important on account of 
the descriptive functions to which they give rise. 


Cnv = OP 1x Qy zm, ,. y Pul Df. 


* See the above-mentioned article “On Denoting,” where the reasons for this view are given at length, . 
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Here Cnv-is short for "converse," It is the relation of a relation to its converse; 
e. g., of greater to less, of parentage to sonship, of preceding to following, ete. | 
We have | | 
F. Cav‘ P= (9) jaQy. Says y Pol. 
For a shorter notation, often more convenient, we put 
P=Cnv'P Df 


We want next a notation for the class of terms which have the relation & to y. 
For this purpose, we put 
— : 

| AR-—àgie-&(chRw) Df, 
whence i 

pa ^ ^ 

H- Ry = &(aky). 
Similarly we put 
er 

R= ĝe {e=g(eky)} Df, 
whence i 

p * 
bt. a= y (wey). 


We want next the domain of R (i. e., the class.of terms which have the 
relation E to something), the converse domain of R (i. e., the class of terms to 
which something has the relation E), and the teld of E, which is the sum of the 
domain and the converse domain. For this purpose we define the relations of ` 
. the domain, converse domain, and field, to R. The definitions are: 


D = â Ê |a = %((Ly) . «Ry)| Df. 
q = RB = $9 (Eo) . Ry) } Df. 
C= oR iy = â (Ly): Ry .y . yRæ)} Df. 


Note that the third of these definitions is only significant when R is what we 
may call a homogeneous relation; 4. e., one in which, if why holds, æ and y are of 
the same type. For otherwise, however we may choose x and y, either xRy or 
yf» will be meaningless. This observation is important in connection with 

— Burali-Forti's contradiction. a | 
We have, in virtue of the above definitions, 


FDR = ĝ (Ty). Ryt, 
E. ŒR = ĝ (Tw). xRy}, 
Ho C'R = 2 (Ey): xRy y e yRe}, 
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the last of these being significant only when AZ is homogeneous. “ D'R” is 
read “the domain of #&;” “WR” is read.‘‘the ccnverse domain of EK," and 
“CR” is read “ the field of k.” The letter C is chosen as the initial of the 
word “campus.” | 

We want next a notation for the relation, to a class a contained in the 
domain of Li, of the class of terms to which some member of a has the relation 
R, and also for the relation, to a class 8 contained in the converse domain of R, 


_of the class of terms which have the relation k tc some member of 8. For the 


second of these we put . | 
R, = áB 1a = 2 (Hy) . ye . sky) Df. 
| RB = ê {(Ly). yeB Ey]. 
Thus if R is the relation of father to son, and (9 is the class of Etonians, REG 


So that 


will be the class “fathers of Etonians;" if R is the relation “less than," and 


B is the class of proper fractions of the form 1 — 2-7” for integral eu nes of 
n, RB wil be the class of fractions less than some'fraction of the form 
1—2-* i. e, R/8 will be the class of proper fractions. The other relation 
mentioned above is (À),. | | 

We put, as an alternative notation often more convenient, 


R"g-—R;8 Df. 


The relative product of two relations E, S ie the relation which holds 
between a and z whenever there is a term y such zhat «Ay and ykz botb hold. 
The relative product is denoted by &|S. Thus 

R| S = 2 (Ey) . xRy . yRz} Df. 


We put also 
k= R|R Df. 


The product and sum of a class of classes are often required. "They are 


defined as follows: 
(Aa). asx. xea} Df. 


AEX e Ja o Ea} DF. 


Ro 
em rmm 


Similarly for relations. we | put 


amay 408). Ha. xky} Df. 
pra iy | Red . Dr xRy} | Df. 
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We need a notation for the class whose only member is x. Peano uses ix, 
hence we shall use vx. Peano showed (what Frege also had emphasized) that 
this class can not be identified with æ. With the usual view of classes, the need 
for such a distinction remains a mystery; but with the view set forth above, it 
becomes obvious. | | i; 

We put 

L=ahja=H(y=a)} Df, 
whence 
F. iw = (y = 2), 
and 
Fs Elta.. ta = (12) (xea); 
i. €., if a is a class which has only one member, then v'o is that one member.* 


For the class of classes contained in a given class, we put 
Cla = B(8Ca) Df. 


We can now proceed to the consideration of cardinal and ordinal numbers, 
and of how they are affected by the doctrine of types. 


LA. 


Cardinal Numbers. | 


The cardinal number of a class a is defined as the class of all classes similar 
to a, two classes being similar when there is a one-one relation between them. 
The class of one-one relations is denoted by |->|, and defined as follows: 


1>1= È{gRy. x Ry.cRy zy, vy tee y =y} Df. 
Similarity is denoted by Sum ; its definition is | 
Sim = àB (ÆR) . R11. D'R—a.G'R—( Df 
— 
Then Sim ‘a is, by definition, the cardinal number of a; this we will denote by 
. Nea; hence we put | EN 
Ne = Sim Df, 
whence 
—> 
|. Nea = Sim ‘a. 


*Thus ita is what Peano calls ;a. 
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The class of cardinals we will denote by NC; thus 
|. NOz Needs Df. 
0 is defined as the class whose only member is the rull-elass, A,-so that 


SA Df 
The definition of 1 is 
1-à&i(He):wsea.z,.--—c| Df. 


It is easy to prove that 0 and 1 are cardinals according to the definition. 

It is to be observed, however, that 0 and 1 aad all the other cardinals, 
according to the above definitions, are ambiguous symbols, like cls, and have as 
many meanings as there are types. To begin with 0: the meaning of 0 depends 
upon that of A, and the meaning of A is different according to the type of 
which it is the null-class. Thus there are as many 0’s as there are types; and 
the same applies to all the other cardinals. Nevertheless, if two classes a, 8 
are of different types, we can speak of them as having the same cardinal, or of 
one as having a greater cardinal than the other, because a one-one relation may 
hold between the members of o and the members of 8, even when a and 8 are | 
of different types. For example, let 6 be (a; t. e., the class whose members are 
the classes consisting of single members ofa. Then va is of higher type than a, 
but similar to a, being correlated with a by the one-one relation .. 

The hierarchy of types has important results in regard to addition. 
Suppose we have a class of a terms and a class of B terms, where a and # are 
cardinals; it may bé quite impossible to add them together to get a class of 
a and 8B terms, since, if the classes are not of the same type, their logical sum 
is meaningless. Where only a finite number of classes are concerned, we can 
obviate the practical consequences of this, owing to the fact that we can always 
apply operations to a class which raise its type to ary required extent without © 
altering its cardinal number. For example, given any class a, the class “a has 
the same cardinal number, but is of the next type aoove a. Hence, given any 
finite number of classes of different types, we can reise all of them to the type 
which is what. we may call the lowest common multiple of all the types in 
question; and it can be shown that this can be done in such a way that the . 
resulting classes shall have no common members. We may then form the logical 
sum of all the classes so obtained, and its cardinal number will be the arith- | 
metical sum of the cardinal numbers of the origiral classes. But where we 

34 
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have. an infinite series ‘of classes of ascending types, this method can not be 
applied: For this reason, we can not now prove that there must be infinite 
classes. For suppose there were only. n individuals altogether in the universe, 
where n is finite. There would then be 2” classes of individuals, and 2” classes 
of classes of individuals, and so on. Thus the cardinal number of terms in each 
type would be finite; and though these numbers would grow beyond any assigned 
finite number, there would be no way of adding them so as to get an infinite 
number. Hence we need an axiom, so it would seem, to the effect that no finite 
class of individuals contains all individuals; out if any one chooses to assume 
that the total number of individuals in the universe is (say) 10,367, there seems 
no à priori way of refuting his opinion. 


From the above mode of reasoning, it is plain that the doctrine of types 
avoids all difficulties as to the greatest cardinal. There is a greatest cardinal in 
each type, namely the cardinal number of the whole of the type; but this is 
always surpassed by the cardinal number of the next type, since, if a is the 
cardinal number of one type, that of the next type is 2%, which, as Cantor has 
shown, is always greater than a. Since there is no way of aadis different 
types, we can not speak of “the cardinal number of all objects, of whatever 
type,” and thus there is no absolutely greatest cardinal. 


If it is admitted that no finite class of irdividuals contains all navdu 
it follows that there are classes of individuals having any finite number. Hence 
all finite cardinals exist as individual-car dinals; i.e., as the cardinal numbers of 
classes of individuals. It follows that there is a ee of No cardinals, namely, 
the class of finite cardinals. Hence N, exists as the cardinal of a class of classes 
of classes of individuals. By forming all classes of finite cardinals, we find 
that 2% exists as the cardinal of a class of classes of classes of classes of indi- 
dividuals; and so we can proceed indefinitely. The existence of N, for every 
finite value of n can also be proved; but this requires the consideration of 
ordinals. | mE 

If, in addition to assuming that no finite class contains all individuals, we 
assume the multiplicative axiom (?.e., the axiom that, given a set of mutually 
exclusive classes, none of which are null, there is at least one class consisting of 
one member from each class in the set), then we can prove that there is a class of 
individuals containing Ny members, so that Np will exist as an individual-cardinal. 
This somewhat reduces the type to which we have to go in order to prove the 


aN 


y u t 
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existence-theorem for any given cardinal, but it does not give us ny existence- 
theorem which can not be got otherwise sooner or later. 

Many elementary theorems concerning cardinals require the multiplicative 
axiom.* Tt is to be observed that this axiom is equivalent to Zermelo's,t and 
therefore to.the assumption that every class can be well-ordered.] These 


equivalent assumptions are, apparently, all incapable of proof, though the mul- 


tiplicative axiom, at least, appears highly self-evident. In the absence of proof, 
it seems best not to assume the multiplicative axiom; but to state it as a 
hypothesis on every occasion on which it is used. 


X. 
Ordinal Numbers. 

An ordinal number is a class of ordinally similar well-ordered series, t. e., 
of relations generating: such . series. ordioe similarity or likeness is defined as 
follows: 

Smor = PQ | (Zs). Sel >1. T'S = CQ. P= 8 QIS} Df, 
where “Smor” is short for “similar ordinally." 

The class of serial relations, which we will call “ Ber, ” is defined as 
follows: 

Ser = P Ix Py. x ~ (oz y):ePy.yPz (Jaco Pat 

| ze PX. Pru ia o Pox C'P} Df 
That is, reading P as “precedes,” a relation is serial if (1) no term pre- | 


cedes itself, (2) a predecessor of a predecessor is a predecessor, (3) if æ is any 
term in the field of the relation, then the predecessors of x together with a 


'" together with the successors of w constitute the who-e field of the relation. 





* Cf, Part III of apaper by the present author, “On some Difficulties in the Theory of Transfinite Numbers 
and Order Types," Proc, London Math. Soc, Ser. II, Vol. IV, Part I. E 
T Gf. toc. cit. for a statement of Zermelo's axiom, and for the proof that this axiom implies the multipli- 
cative axiom. The converse implication results as follows: Putting Prod *k for the multiplicative class 
of k, consider >, 
2B = Ê | (Br) . af. DR=cB.q’kR=cx) Det, 
and assume . 
| ye Prod *Z**el ‘a. R — (S). A Sey. $5x V. 
Then # is a Zermelo-eorrelation. Hence if Prod Zela is not null, at least one Zermelo-correlation 
for a exists. i 
{See Zermelo, “Beweis, dass jede Menge wohlgeordnet werder kann.” Math. Annalen, Vol. LIX, 
pp. 514-516. ' | 
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Well-ordered serial relations, which we will call Q, are defined as -follows : 
Q = Ê | Pe Sera CC P.H la... (a — P"a)) Df; 


i. e, P generates a well-ordered series if P is serial, and any class a contained in 
the field of P and not null has a first term. (Note that P“a are the terms 
coming after some term of a). 

If we denote by No 'P the ordinal aomba of a well-ordered relation L^ 
and by NO the class of ordinal numbers, we shall have 


Rr —— 
No —á&PiPsQ.oa-Smor'P)| Df. 
NO = No" OQ. 
From the definition of No we have 


FH: PeQ.). No Since 73 
d pie(RO).9. ~ E! NOP. 


If we now examine our definitions with a view to their connection with the 
^ theory of types, we see, to begin with, that the definitions of ‘ Ber" and Q 
involve the fields of serial relations. Now the field is only significant when the 
relation is homogeneous; hence relations which are not homogeneous do not 
generate series. For example, the relation ¢ EM be thought to generate series 
of ordinal number o, such as 


t ec nE i 
La bX, UU, + - ob Ly se tty 


and we might attempt to prove in this way the existence of o and x. But æ 
and iw are of different types, and therefore there is no such series according to 
the definition. 

The ordinal number of a series of individuals is, by the above definition of . 
` No, a class of relations of individuals. It is therefore of a different type from 
any individual, and can not form part of any series in which individuals occur. 
Again, suppose all the finite ordinals exist as individual-ordinals; 4i. e., as the 
ordinals of series of individuals. Then the finite ordinals themselves form a 
series whose ordinal number is o; thus o exists as an ordinal-ordinal, 4. e., as 
the ordinal of a series of ordinals. But the type of an ordinal-ordinal is that of 
classes of relations of classes of relations of individuals. Thus the existence of 
o has been proved in a higher type than that of the finite ordinals. Again, the 
cardinal number of ordinal numbers of well-ordered series that can be made out 
of finite ordinals is N; hence w, exists in the type of classes of classes of classes 
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of relations of classes of relations of individuals. Also the ordinal numbers of 
well-ordered series composed of finite ordinals can be arranged in order of 
magnitude, and tlie result is a well-ordered series whose ordinal number is o. 
Hence o, exists as an ordinal-ordinal-ordinal. This process can be repeated any 
finite number of times, and thus we can establish the existence, in appropriate 
types, of N, and o, for any finite value of n. 

But the above process of generation no longer leads to any totality of all 
ordinals, because, if we take all the ordinals of any given type, there are always 
greater.ordinals in higher types; and we can not add together a set of ordinals 
of which the type rises above any finite-limit. Thus all the ordinals in any 
type can be arranged by order of magnitude in a well-ordered series, which has 
an ordinal number of higher type than that, of the crdinals composing the series. 
In the new type, this new ordinal is not the greatest. In fact, there is no 


greatest ordinal in any type, but in every type all ordinals are less than some — 


ordinals of higher type. It is impossible to complete the series of ordinals, 
since it rises to types above every assignable finite limit; thus although every 
segment of the series of ordinals is well-ordered, we can not say that the whole 
series is well-ordered, because the "whole series" is a fiction. Hence Burali- 
Forti's contradiction disappears. | 

From the last two sections it appears that, if it is allowed that the number 
of individuals is not finite, the existence of all Cantor's cardinal and ordinal 
numbers can be proved, short of x, and w,. (It is quite possible that the 
existence of these may also be demonstrable.) The existence of all finite car- 
dinals and'ordinals can be proved without assuming the existence of anything. » 
For if the cardinal number of terms in any type is n, that of terms in the next 
type is 2" Thus if there are no individuals, there will be one class (namely, 
the null-class), two classes of classes (namely, that containing no class and that 
containing the null-class), four classes of classes of classes, and generally 2" 
classes of the nth order.. But we can not add together terms of different types, 
-= and thus we can not in this way prove the existenc3 of any infinite class. 

We can now sum up our whole discussion. After stating some of the para- 
doxes of logic, we found that all of them arise from the fact that an expression 
referring to all of some collection may itself appear to denote one of the col- 
lection; as, for example, ‘all propositions are either true or false" appears to 
be itself a proposition. We decided that, where this appears to occur, we are ` 
dealing with a false totality, and that in fact nothing whatever can significantly 
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be said about all of the supposed collection. In order to give effect to. this 
decision, we explained a doctrine of types of variables, proceeding upon the 
principle that any expression which refers to all of some type must, if it denotes 
anything, denote something of a higher type than that to all of which it refers. 
Where all of some type is referred to, there is an apparent variable belonging to 
that type. Thus any expression containing an apparent variable is of higher type 
than that variable. This is the fundamental principle of the doctrine of types. 
A change in the manner in which the types are constructed, should it prove 
necessary, would leave the solution of contradictions untouched so long as this 
fundamental principle is observed. The method of constructing types explained 
above was shown to enable us to state all the fundamental definitions of mathe- 
matics, and at the same time to. avoid all known contradictions. And it 
appeared that in practice the doctrine of types is never relevant except where 
existence-theorems are concerned, or where RHPASRHOHS are to be made to somé 
particular case. 

The theory of types raises a number of difficult puiissashiadi questions o con- 
cerning its interpretation. Such questions are, however, essentially separable 
from the mathematical development of the theory: and, like all philosophical 
questions, introduce elements of uncertainty which do not belong to the theory 
itself. It seemed better, therefore, to state the theory without reference to 
philosophical questions, leaving these to be dealt with independently. 


tr 


Invariantive Reduction of Quadratic Forms 
in the GF [2"]* 


Bx Leowarp EucENE Dickson. 


i. In the AMERICAN JOURNAL OF Matuematics, Vol. XXI (1899), I gave a 
complete set of non-equivalent canonical forms of m-ary quadratic forms in the 
Galois field of order p^. The cases p= 2 and p >2 are essentially different. 
In'the opening pages of the present paper, I give a ‘simpler treatment of the 


important case p= 2, a treatment bringing to the front some of the invariants’ 


of the form. In §§ 4,5, I show that the rank r of the discriminantal determinant 
gives the minimum number of variables on which the form can be expressed. 
The definition of r in this modular theory differs from that in the algebraic theory 
in the employment. of the halves of the minors of cdd order. In particular, for 
m odd, the discriminant vanishes identically in tke GF[2"], while the semi- 
discriminant $, is an important invariant. ^ 

The larger part of the paper is devoted to the dstermination and application - 


. of a complete set of ond independent invariants of the ternary + quadratic 


form a) %,%-+.---+2b,07 in the GF[2"] fornz4. All the invariants may 
be expressed i in -terms of three fundamental independent invariants : 


fe 


8,—a,0,05-d- Zb, A= II (a? -1— 1), F=f EHEH.. OHE, 


$:1,2,8 


where f is a function increasing rapidly in complexity as n increases. 
2. We consider the general m-ary quadratic form in the GF [2"] : 
On (a) zs Z oyma tHE bio (751. 225 98): o (1) 


* Presented before the American Mathematical Society (Chicago), Dec. 30, 1906. 
tFor the invariants of binary quadr&tie forms in the GF [p], for 5oth p >2 and p = 2, see Transactions 
American Math. Boc., Vol. VIII (1907), pp. 205-282, 
For the invariants of m-ary quadratic forms in the QF [2], i. e., with n = 1, see Proceedings London Math. 
Soc., Ser. 2, Vol. V (1907), pp. 301-324, 
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If every cy = 0, we obtain the canonical form a?, since every mark is a square 
and > b, aj = [Z b] a] In the contrary case, we may set c; + 0. Then for 


m nb 
xi = ay + E Ca Li, Vg = Cy Vg + = Cy Dj, Xp = egth] > 2), 
Qm (a) reduces* to 


tas + eg = "Daig] sis t ad + oi bah + Š X dat, | (2) 


where [1277] denotes d Pfaffian cj cj — Cy; € + €; Cni; and | 
By = €i Cr Cay F bi Oh E: b; Ch +O; cig. |. (3) 
For m = 3, the vanishing of 8; is a sufficient condition that (2) shall reduce 
to a binary form. It is also a necessary condition since, as shown below, (9, is 
an invariant of Q,. Similarly, for m — 4, the vanishing of the invariant [1234] 
is the necessary and sufficient condition that (2), and hence e Qu, shall be reducible 
toa ternary form. 
Let next mz5. If every [1227 | — 0, (2) is reducible to a ternary form. 
In the contrary case, we may set [1234] +0 and remove the terms 23 Xi, Xy c, . 
(i> 4) by a transformation which adds to z4 and a, suitable linear functions of 


Wg, ...., €. Proceeding similarly, we conclude that either Qn is expressible on 
fewer than m variables or else is reducible to 
Wy ly F Wg Wy os FH mg Vmi + Vn (m odd), l (4) 
94 Xe E Kg Va T EE Er Em1 Tm Jd » à, © (m even). (5) 
i=1 = dé 


The simple problem of the ultimate canonical forms of (5) is treated in § 6. 


8. Although we shall derive independently ($4) the condition that Qm shall 
reduce to a form in fewer than m variables, it seems worth while, in view of the 
peculiar character of the condition for m odd, to apply the preceding elementary 
method in the further examples m = 5 and m= 6. | l 

When m —5, (2) is the sum of a binary form in 2, a, and a ternary form 
in 3, 4, 25. For the latter the ternary invariant (3) is c times 


ey, [1234] [1235] [1245] + 8s [1245]? + 8, [1235P + 6; [1 2347. 


On inserting the values (3) of the 8,, we find that the coefficients of 5, and b, 
equal c? [2845]? and ci, [1345 ]*, respectively, in view of the algebraic identity 


Cog [1245] — cy [1235] + cg [1284] = c [ 2345]. 


"*Itis simpler to verify that, under the inversa trensformation, (2) becomes Q (z/). 
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Further, the part independent of the b's is seen to.equal cj 3j, where 


t 2 â ‘ 
y= C19 Cig Cog Cag Cas — 2 Cig Cae 235 Cas y (6) 
q2) | (10) 


where the first sum extends over the 12 products in which each subscript occurs 
exactly twice. Dropping the factor cip, we obtain the invariant 


p=) + b [2845]? + 5, [1345]? +....+ bs [1234], (7) 
whose vanishing is the condition that .Q, be reducible to a quaternary form. 
For m = 6, the quaternary invariant for the terms 25,. ..., v; of (2) is 


[1234] [1256] — [1235] [1246] + [1236] [1245], 
which is (algebraically) c times the Pfaffian [123453]. 


4. The algebraic discriminant of the form (1) is - 


2b, C1o C13 env ea Cin 


eee * & & @ * * 9" 5» 9? & 9" $9 € E H © € 9 t 


Om Cam Cm c5 20m 
In the GF'[2"], this determinant is skew symmetric, and hence vanishes for 
m odd, while for m even it equals the square of the Pfaffian [12....m]. 

For m odd, we define the semt-discriminant S, of the form Q, in the 
GF[2"] to be the expression derived algebraically by dividing by 2 each of the 
(even) coefficients in the expansion of A. Thus S: is 93 and & is $, given by 
(3) and (7), respectively; indeed, A is congruent modulo 4 to 2(0, and 29, 
respectively. | 
Note that in Q,, any coefficient may be increased by a multiple of 2; but - 
A is thereby increased by a multiple of 4, so that &, is unaltered modulo 2. 

All m-ary linear homogeneous transformations with coefficients in any given 
field can be derived from generators of the two types: 

=w te, m= ay (t > 1); (8) 
w SA ry, 2 = æ (i > 1). (9) 

Under these transformations Q becomes Q', with the (altered) coefficients: 
bj = ba + bC + tbi, Cle = Cg + 26b, c = cy + teu ($8, ...-, m); (8) 
bi = Ab, of Ac, ($272, ...-, m). (9) 
= For(9/), A’ = 7A, since we may remove the factor A from the first row and 
column. For (8^, A’ becomes A if we subtract £ times the elements of the first 
row from the second, and then subtract ¢ times the elements of the first column 

35 
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from the second. From this formal algebraic result we conclude, in view of the 
remark in the preceding paragraph, that Sm is a relative invariant in the 
GF[2^]. But S,=1 for (4), A=1 for (5), while S,,=0 and A=0 for forms 
in fewer than m variables. Hence follows the 

THEOREM: According as m is even or odd, the vanishing of the (invariant) 
discriminant or semi-discriminant is the necessary and sufficient condition that an 
m-ary quadratic form in the GF [2"] shall be linearly transformable into a form 
-of fewer than m variables. 


5. Suppose that, for m odd, Sm vanishes in the G.F[2"], while not all the 
first minors JM, of A vanish.. Under a suitable linear transformation, Qm 
becomes Qh, lacking the variable x,,. In the discriminant of. Qh, the minor 
Manm atone does not vanish, since the My are linear functions of it. Hence Qm 
is expressible on m—1, but not on fewer, vaziables (8 4). 

Suppose that, for, m even, the discriminant A vanishes in the GF'[2”], 
Then all its first minors M, vanish. Indeed, M; M, — My M, is the product 
of A and a minor of degree m — 2. But My = M; = 0 (mod 2), and My = M;. 
Hence the My may be assumed* to have the factor 2 algebraically, so that the 
semi-minors are unambiguously defined in the GF[2"]. Tf the latter do not all. 
vanish, Q, is expressible on m —1, but not on fewer, variables (§ £s 

Combining our results, we obtain the 

TuzEOREM: Zn order that a quadratic form Qun in the GF ra" shall be reducible ` 
under linear transformation in the field to a quadratic form on- r variables, but not 
reducible to one on less than r variables, it is necessary and sufficient that in the dis- 
criminantal determinant of Qm every u,...., ult? shall vanish, but not every 
 u, where u® ranges over the minors or semi-minors of order s, according as s is 
even or odd. | 


| 6. Itremains to complete the reduction of Fm, given by (5). We first 
reduce it to the form 


Wy Lo H gw, +.. -Hlm 1m 314-032, | 02486 dR....- 5 8. (5/) 
If every & = 0, no reduction is necessary. In the contrary case we may set 
3,3: 0. Applying to F,(a"") in succession the three transformations: 


zi Aes tT uua 
a! = 6; * a, ai! — Stal! ; ; al! = xl + a, og! = w -+ 0425; qj == Xz + EN 


we obtain a, £ + xw, + x? + (6, 6, 4-040) 23. Hence from Fn we reach (5). 


*In case $7» l, we first eliminate the 2 and higher powers of the root of the irreducible congruence 
(mod 2) defining the QF [27]. 
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Now* æ 2% -+2?-+ da? is reducible in the GF [2] if y Os = 0, but is 
irreducible if y(é)= 1, where 


| MOELE TETE TE T (10) 
The 2”~1 forms (5) with y (8) ==,1 are all equivalent,” but not reducible to one 
of the 2^-! forms with x%(6)=0. The latter are evidently reducible to 


v, ta H y Oy H ss E cin (11) 
—.. The forms (5) constitute two non-equivalent classes characterized by the vanish- 
ing on non-vanishing of xy (0), 622010 +----+6n—1 dn 
It may be shown that x (8) is an beilo invariant of the group of all 
linear transformations in the GF [2^] which preserve the system of forms (5). 


7. We next seek a condition on the coefficients of the quadratic form Qm 
(m even), of non-vanishing discriminant A in the GF[2"], which shall charac- 
terize à priori the class ($ 6) to which Q, belongs. If n= 1, we have A= 1 in 
the field. For any n, we shall assume, for the present, that A — 1 (a slight 
normalization accomplished, for instance,.by multiplying one of the variables by 
the mark A-*) In view of $6, we may state our desiderata as follows: We . 
geek a furiction @ of the coefficients of the form Q,, (m even) of discriminant 
unity, such that $ becomes y (0) when Qm specializes to (5), and such that 4 is 
an absolute invariant of Q, under the group of all m-ary linear homogeneous 
. transformations of determinant unity in the GF[2”). 
For m = 2, the problem is solved, since A= 1 implies ej = 1, whence 


Qo = Ti ty + bi xi + 5,23, O= y (b be). 
For m = 4, we apply to (5) the transformation (of determinant unity), 
x, = Ey + Ca Eg tc by, w = Es + Cg Es teres, wks, m= hy, 
and obtain a form Q,(£) in which | 
€g —— 1, Cy=1+ Cty + Cues, B= 0, b= 6, 
b, = 05 + Cig Cog + à C33 + dg Cig, b, m 9, + Cu Coy + Òi Cu + by Cis 


Hence by choice of the ðs the resulting form may be made identical with any 
form Q, in which e, = 1, [1234] = 1. The last condition is equivalent’ to our 
assumption A=1on Q,. The restriction, cy ==.1, on the generality of Qj will 
be overcome by symmetry, as demanded by the invariance of ¢. Expressing 


* AMERICAN JOURNAL, J. ¢., p. 224; Linear Grcups, p. 199. 
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0, 0, + 0, à, in terms of the o, b and applying cp — 1, [1 234] — 1, we get 
ovp +P where p= by Ceg C F- by Cig Cu + Cis Cy, and 
Y= A by by C3 + 2 Dy Cog Coy C3, “F e C13 C14 Cog Cogs (12) 


Then y (0,6, + 933,) V X a since x (p H o?)=0 in the field. Now 
p= y(4) has the required properties. It remains only to show that $ is an 
absolute invariant of Q, under the group of all quaternary linear transforma- 
tions of determinant unity. In view of the symmetry of (12), we may restrict ! 
the proof to the generator (8). Here (8 beccmes . 

b= b + io tH Êb, C = Ca + teg, Cy = Ca + teu. 
Under this transformation, the increment to 4 is. 

tb; cy, [1234] + E? & + te 64, [1284] + PA, ch, 

and hence is of the form c + 0, since [1234] — 1. Hence the increment to ` 
$ -—.x(V) is y(c + o?) — 0, so that $ is an absolute invariant. | 


8. We next pone dos the determination cf functions of the E T of On 
which are invariant under every m-ary linear homogeneous transformation in 


the GF [2"]. , 
As the independent invariants of Q, we may take* 
ce, (dh —1) GI —1) 007—131), x(hb d), 
where y is defined by (10). For n= 1, we take y (bi 5, cy). | 
In the remainder of this paper we shall discuss Q; for low values of n. 
9. Consider the ternary quadratic form in the GF'[2”], 


Oy Ly Ug F Ay Ly Lg F Ay T- Xa + È 5, aj. l (13). 
We tabulate, for reference, a set of generators of the térnary linear group, 
. and give the (altered) coefficients of the transformed quadratic form : 


xı = xi t teh: af = q + (as, bj = By F Pb, + tasi | (14) 
gy = AD: Ay == Aay; a5 = Ads, bf = AM; (15) 
(2,25) : (a; 2) (b; bj). (16) 
We readily verify * the absolute invariarce of | 
A-SH(d3—1), I—A4H(-—1) i= 2,3. (17) 





* Transactions Amer. Math. Soc., Vol. VIII (1907), pp. 514-522. 


Pa 
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10. Let first n==1, so that we consider the invariants of tke ternary 
cubic (13) modulo 2. Let @ be a polynomial in the a’s and 6’s with exponents 


Gori. We may set: 


$—p + qa, 4-35; Js ka, b, (p, q, Jj, k independent of a,, ba). 
Now $ is invariant under (14), with t = 1, if and only if 
09 | Q | Fp 
Ao a + (5 + as 55 J- Go (5 4- a3) 75, = 0 (mod 2). 
The conditions are: | | 
a,k=0, (b + a)k=0, ag + (5 1 aj. ,. (18) 


From the first two, 


k = (ag + 1) 1 (1 + b, + a5) + mb, as], 


where ¿ and m are (linear) functions of b, only. By subtracting from $ a 
suitable multiple of the invariant J, we may assume that m is independent of bz. 
Hence no term of $ has the factor a, b,.b,a3.63. Applying the permutation 
[23], we see that no term of $ has the factor a,5,a5,5,5,. Hence 7 is inde- 
pendent of b. Applying the permutation [13] we obtain the terms with the 
factor a be: - | 


As be (Ay + 1) Te! + b, F a) + mbs ay}. 

Hence those multiplying a, 5, az (a, + 1) are Z -+ mb;. In the initial form of ĝ, 
the corresponding terms were l+ mb,. Hence m=0 and . | 
k-l(a-F1)(1--5,-pag,  I=0 or 1. 

In view of the terms multiplying a5 5,, we have 
j = lag (as + 1) (1 + b) +a + Gas t+ yb, + da, bi, 
where a, B, y, ò are functions of b, only. By (183), (bı + a,)j must have the 
factor a. Hence. | 
i o, =y =l (bs + 1). ^ | 
The terms of @ multiplying b, are 7+ ka. Hence those multiplying b b, 
are y + da, + la, (a,+ 1). .Sinee these must be symmetrical in a, a., we have 
zzi Set 8 = Bı + Bbs. Then the terms multiplying b; b; are: 
lag (a5 + 1) + 0+ bza + 1b. 


These must be symmetrical in de, oy. Hence (), — 1, and 


J = las (ag + 1) (bg + 1) + (by + 1) (55 + 1) + las (b1 + bs) + Eia. 
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The terms J -+ koi, which multiply b, may now be written in the form 
Ib, By + lb, (ay + 1) (aa + 1) + Db; (as + 1) (+1) 
| | + (a, + 1) (as + 1) (d, 1) + (E+: By) ty 
Those multiplying b, or b may be obtained by symmetry. Hence 
$ = IK + (b+ By) 24,0 + y, 
where ẹ is a function of @,, ag, ag only, while 
K-— bi b; bs = 215; b; (a; -+ 1) (a; T 1) T (Z6) A. (4, J — l, 2, 3; ? tJ), (19) 
A= Il (a, + 1) being the invariant (17) for n= 1. We may set 
| — Ad, Ay dg + uda,a; + vXa;. 
"Then the terms multiplying a,, but not 5,; are: 
= bs (as. + 1) + (51 + 55) (a, + 1) (a + 1) + b} 
+ Gy fy + 2a ag + u (as + As) + v. 
Then (18;) gives 7+ 6,+4 E u==0, «=r. The invariant $ thus involves three 
arbitrary parameters J, 2, u. Giving in turn one of these the value 1 and the 
other two the value 0, we obtain the invariants K and 
S3 == Ap Ag + Za; bi, dg = 2a, b, + Ea, a, + Yay 
S, occurring in $4. Now &+ Z5,;--1-— À, while K 4- A equals 
J= ib -- (a5 + 1) (a5 + 1); 15,4 (a; + 1) (as + 1)] {b+ (a+ 1) (a,+1)}. (20) 


In the G.F [2] the four linearly independent invariants of the ternary quadratic 
form (18) may be taken to'be A, I, S, J: 


11, Let next n= 2, so that we consider the invariants of the ternary 
cubic (13) in the G.F[2*]. Under transformation (14), let a polynomial $, with 
exponents = 3, become ¢’. We employ the abbreviations: 


1 g ; 1 æ ] |o 
(l= ae (25) = ul r^ (1' deri | Qai SRO 
in which the division of the algebraic derivatives by i! and 7! is to be performed 
algebraically and the quotients alone interpreted in the GF |2]. Then 


g—o=at+aul + nË, 
7, = @ (1) + a, (2) + 67 (2?) + af 6, (1? 2) + a$ b, (2°) + a$ a, (1? 2) 
EE a? a5 (1° 2°) + (a, bj + a; ai) (195) 4- a} b (1° 2) + a} a, b? (1? 29) 
+ a a5 5, (1? 2°), 


2. RE 
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v, = b (2) + a2 (1°) + a ag (1 | + a$ (2?) + a, 06: (1 2?) + a3 6$ (2) 
+ az b, (1° 2) + ay a$ b (1 2°) + az ag (1 27) + (a3 bi + a a5) (I " 
+ a$ a, b? (1° 2°), 
Us = a, b, (1 2) + af (1?) + a2ag (1? 2) +a, a "Te 2) + (a3 + i (23) 
+ a$ bf (1? 2) + a, ag BF (1 2°) + a2 a$ b, (1? 2°) + (a2 6$ + a$ af) (1? 25). 
We may set ! 
MIT 
2 A; aj bj (A,; independent of a, bz). 
When this expression is inserted, Ti, Toas 79 must vanish* identically in a, by. 
From the coefficients of 53 aj, A a$, b, a3, 03, 02a,, b; a, in Ty, we get: 
Ag dz = a ag = Ag 0; = 0, Ajg Ay = Ag sg = ag 0, = 0. (21) 
Hence must Ag = an, m Do, where | | | ' 
= (af — 1) (a$— 1) (8 — 1), | 
while a and 9 are functions of b, only. Hence the factor of a3 a3 68 in $ is 
This must be symmetrical in b and 5,. Hence a = as (b — 1), where a is a 
constant mark. "Thus $ has the term | 
& By Az a5 bj by b3, 
which is unaltered by (15). If @ 1s not an absolute invariant, a, — 0. If $ is: 
an absolute invariant, we. replace @ by $-— a7, where J is the absolute 
invariant (17),..,. n either case, it remains to consider an invariant @ having 
a= 0. Since A; — 0, @ has no term with the factor ał b3. Applying suitable 
permutations of the subscripts, we conclude that | | 
Ag = Aag == 0; no term of $ has a factor oj b3 or a, b3 (ij) (22) 


From the coefficients of 63, af b,, aj 02, abs, a, 53 in v, with As = A34 = 0, 


we get: 7 
Ag 05 = An dg = Au b; — 0, Ag a, = Aya, = 0. . (23) 
By the first three and (22), | 
A,,= 0; no term of = a factor aj b (x4). (24) 


* Note that 7, — jks does not imply 7, = 0 as in the algebraic theory. In fact, for 


— 92 g3 a? 2 2 
ọ = ajaja} + a, b, aja? + a,b, afa? + a, & a? ai, 
7, 2: 0, but 7,0. 
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| With the simplifications A = Ag, = Ag = 0, Az az = Ag a, = 0, we find as 
the conditions for 7, = 0; v, = 0 pons in d, b): 


Ag as = Ag bj, Aua, = Áo ag, An a, = Ao bi, | (25) 
As Q5 + Ay, dg + Ary bj = 0, re a; = Ay bi, (26) 
Aio az + Ao 05 + Ao bi + Aaa} b, + Ags a3 bi + Az, af a3 = 0; (27) 
4s a3 = Áa bi, Aaz = Ay bi, Ao a3 = 4a, (28) 
Ao» as = Ags bi, As a; -+ A a; T Ay by = E 0, (29) 


Aw a3 T Ao 08 + Ay 05 bi + Ay by + An ag a; + Ao ds bi = 0. (30) 
Finally, t becomes | 
(An t + Aos 03) By + (Aie az + Aos as) a3 + (Asaa + An as + Arg " d, 
and hence is zero by (22) and (26,). We multiply (28,) by aj and apply to (27); 
we multiply (26,) by a, and apply to (30); there result: 
sg dy + Ag dz + Ao bi + Aos a3 30; — 0, Asp a5 + Ag, af + Aor b+ Ag da b—0. (31) 
A polynomial >, lacking the highest term of I, will be an invariant if and only 


of it be unaltered by the simple transformations (15), (16), and satisfy conditions 


(22), (23,), (235), (24), (25), (26), (28), (29) and (31). 
Denote the general term of $ by 


a? at a 5 ph bi is. E (32) 
The conditions that $ shall be ed by the transformations of type (15) are: 
6; +e + 2f, =e + es + 2/,2:6j ++ I= d (mod 3), (33) 


where d is a fixed integer such that ọ' = D'o for à transformation of 
determinant D. We treat in turn the cases d= 0, d = -—1, d= 4. 


12. Let first $ be an absolute invariant, so that d — 0, and 
AER 65, fme, ED + & (mod 3). - (33) 
. For the terms Ay afb), e; = 3, Ja = 2, so that e — 2. By (235), a, occurs 
in Ay only in the combination aj—1. Hence e =Œ 0 (mod 3), f, — 2, = 0 or 3. 
By (22), the factor aj b} does not occur. Hence 
| | Ag = raz bi (aj — 1), r = constant. |. (84) 
Proceeding similarly with A44, and determining the constant by either (25,) 
or (28,), we get: As, = a5 5, (a$ — 1). | (35) 
Listing the possible terms (32) of A, Ag, An, in view of (337), (09), (31), 
and imposing conditions (252), (25s), (26,), we readily find that: 
Ag = Aa + ua by bg + vaz 0165, à (36) 
Aag = Daz ag + Uag b bs + v Ay ag ti 55, ; (37) 
Anc 103 OF + ubi ba + Y dz b b ~ Zb, (a; —1) (a3 —1). (38) 


. Dicksow: Invariantive Reduction of Quadratic Forms in the GF[2". 273. 


Applying conditions (26,), (28,), (283), (29), and requiring that the factor 
2 Ag, b; of aj in $ shall be unaltered by [23], we find that: 


(=u=v=7, | | (39) 
Ag = r (g bi ba + a3 iB (of —1) + «(68 — 1) @ —1)-4- adal -- an, (40) 
Ap, = rabb? + ralalb b, + Aa, ai, . | (41) 
As = r b (a3 —1) (a$ —1) + 1 8383 + ral Bb, + Rab, ! (42) 


Since the factors X A, 5i and X A, v of a, and aj Eust be unaltered by [23], 
while the factors = A, aj and £X A, aj of b, and 73 must be unaltered by [13]: 


Au = Aa5 D 5, + Aaya a3 05 + ga, a3 by, | (43). 
Ag = tty by b + adag bs T pa azb, | (44) 
F Ag = f ag by + rab b3 + 7a dg bi ba + T 03 abi + 2,0505 0, (45) 
Ao = rag bj + rag bib + raza a? b BE + ra alU. + xa, ad by. s (46) 
Conditions (31) require merely that | 
q = p = h IEEE ne (47) 


/ “Since the terms X Ay, 5$, independent of a,, must be unaltered by [23] ; and 
the terms X A4 aj,. independent of bj, must be ‘unaltered by [13]: | | 
Ag = 1 (a5 b, bg + a$ 01 b2) (a — 1) + s (a8 —1) (a2 — 1) + 20388, (48) 
in which the constant term of has been taken to be s. | 
The A, have been so determined that $ is. unaltered by the — 
(14)-(18) of the ternary linear group in the GF[2]. Hence the resulting - 
‘function @ is an absolute invariant. Of the parameters occurring in the above 
expressions for the A,, r, s and à may be given arbitrary. values in’ the field; 
while the remaining parameters dre then determined by (39) and (47). 
For s=1, r=A=0, ¢ is the invariant A in (17) for n = 2. 
For y= 1, r=s=0, p= S3, where (§ - : 
S, == — ay Aa G5 + aa by + aj GS bs. (49) 
Finally, for r= 1; 8 = 2 = 0, $ is the absolute invariant * | 


F=f+f?, J= u bi bbs T a5 b3 b, b, + a; 05 by by H Ay Ay ag BY b3 D 
+ a, az by b, b3 + ay by bs (a3 — 1) (a3 — 1) (50) 
+ a, as by 5, b3 + a5 b, bs (aj — 1) (a3 — 1) | 
+ a, ds by bg bj + a5 b: b, (a? — 1) (a3 — 1). - 

36 
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The four linearly independent absolute invariants of the ternary quadratic form 
(13) in the G.F [2*] may be taken to be A and I, given " (17), S$ and. F, given by 
(49) and (50). 
|... We note the relation S, F— 0. 


13. We next readily prove that the only relative invariants of (13) are Sy 
and S3. It suffices to consider the case in wh.ch d=2 in (33). For, if d=1 


, and ĝi = D 4, then à = D'à, where ¢= $1, Since we shall prove that $ = /$;, 


it follows that @, = (9i = 83. 
Let therefore d= 2 (mod 3). ` Then, by (2 3), 


fie=teteat 1, fs £8 e, 4 eg d 1, Jp = & + & + 1. (33) 


. For the terms (32) of Ay 03, e, = 0, = 8, so that e; — 2. But by (31), . 
the factor aj b3 cannot occur. Hence 44-0. Then by (25,), (253), (285), (29), 


Ax, (fg em Ay a, = Ay a, = Aya, = 0, 


so that, in these Áy, a, occurs only in the ccmbination a} —1, whence e = 0 
(mod 3). Hence for Ap, ¢=1, f; — 2, ej zz 2 (mod 3), A= 1, /5— 2. Hence 
A, has the factor b. For 4u, & — 2, h= 2, A=0, 3; but a} b} is not a factor. 
Hence b, occurs in no term of Ag. = Hence, br (26,), An =A,=0. Similarly, 
Ay - the factor b}, while b, occurs in:nc term of A»; whence, by (28,), 
Ay, = Ay = 0. 

In v a$b2, e,— 8, Jo = 2, 80 that ie But a; b: can not be a factor since 

Å = 0. Hence Ay = 0. 

| ^ By (25,), (23) and (28), As, dy = Ag, = £9 b= 0. Hence Á, has the ine 
7t ($11), contrary to (22). Hence Az, = 

By (26;), A352, — 0, so that e, = 0 - n Hence f; — 1. . But the factor 
a? b; can not occur since 44, = 0. Hence Ay = | 

For Ay, e; — 1, whereas a4 52 is not a "erai Hence Ay = 

Since every Aig = As, = 0, a factor a? o7 5? can not occur. "ins no. 
— factor a, b, a; b3, a25,, af bj (i £f) can occur. It thus follows readily from 
(33) that ° ' | 

| Ay = aaa, Ay =L bbs tH yai, An=db,, Aw = Ed; bs, 

the last following since e; = 2, so that b, can rot occur. 

From (31), 8 =0, ya, 0 =a. Applying the permutation ras], w we get 
e=xza. . Hence $ = S. 
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14. On comparing the invariants of the ternary quadratic form (13) in the 
 GF[2"] for the cases n —1 and » —2, we note tniformity in the invariants 
A, I, S. In fact, these are invariants for any n. Corresponding to F in (50), 
there should be for n — 1 an invariant analogous to f itself (compare § 6). We 
find that, for n — 1, Z + J is precisely of the form f with the exponents omitted. 

For n =3 ilis corresponding invariant must 3e of the form f 4-/? + *. 


 . It would be natural to conjecture that f would be of the form (50) with ex- 


ponents 3 changed to 7, and each a} changed to cj (in view of the weights). 
While the resulting terms do form a part of f, there oceur 26 additional terms 


on (9 1)]. 


15. We therefore proceed to T gate the invariants of the ternary form 
(13) in the GF [2]. Under transformation (14), let ẹ, with exponents = 7, 
become 9’. Using the same abbreviations as in $11, we find that in 9’ — $ the 
coefficients of t, t, t are, respectively: 


aa (1) + ag (2) + bi (2*) + a b? (1 25) +.a§ b? (1 22) + a3 a4 b; (1? 2°) 
a$ b? (2°) + a$ b, (1* 2) + ag až b; (1* 2°) + a2 a$ 5, (1? 2°) + agb, (27) - 
+ dja (1° 2) + ada (1° 2P) + aa (285°) + bat (1428) + aba (1° 28) 
+ a$ a$ (1? 25) + (as as SE ‘Gy bi) (1 2") + a$ b$ (1? 2°) + a2 a, BF (1? 27) (51) 
+ ag b3 (1° 2°) + a$ aĝ b$ (18 27) + a " (1? 25) + a} ag bi (19 2°) 
-+ af až bi (1° 2°) + a} a$ bi (1* 27) + d a bi (17 2 J + a} aj bi (17 2°) 
=f a$ af b3 (1° 27) + al as b (1" 2), 


b, GEOP aus 2)4-a2 (2?) 4- a4 bt (1 2*) Las Bt (2) Lato ue 23) 
a QU 2?) + as ag bi (142°) + a, a$ b: (129) + a$ b? (27) + ab, (172) 
H a’ ai b, ja 2°) + a} aj b, (17 2°) + a; a8 b, (1 97) + ad az (17 2?) (52) 
+ atat 2°) J- a5a$ (1° 2*) J- aas (1* 2°) -- a3 a$(1? 2?) +- a3 (a$4- 51) (1? 27) 
+ ad bi (1599) + a3, 80 (1? 27) + a8 25 (19 25) + a&a8 b (1 27) + aLas 04 (17 25) 
-+ af a$ bt (1° 2°) + ajaz bi (1° 27) + af aj 01 (1° 2") + af af BF (17 2"), | 


bi (2?) + a5 b (1? 2) + a$ 0, (29) + a$ (15) + a$ a; (1? 2) + a2 a (1? 2°) 

Fa d( Y) + ob (2) t ai 2) d (P2) + dara) 

+ a a5 bj (1 2°) + af bt (27) + a$ b3 (15 99) + a, a$ B (1 27) +a; b? (17 9?) 

+ af a, bf (19 2) + a? a; b; (1? 2°) + a2 az b; (1? 27) + ai 1a? 5, (17 23) (53) 
+ aba§d, (1° 2°) +-a8 0$ b, (13 reaa *) -I- a$a$(19 2°) Mec 29) 

+ a$ (aj + dj) (1* 27) P as 05 ^ 2°) + a} ag b$ a 2 + a$ aĝ 05 (15 27) 

+ aia as bt (a! 27). à 
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We may set 
ue 


| Ay ay bj (Ay independent of a, bp). | | (54) 
We require that (61) s shall vanish identically in à, b, for this value of ? The 
simplest of the resulting conditions are: 
Aja, = Ag a4 Ag b, 20 ($3 — p 3,7; 5,7; 7,7; 5,5; 7,5): — (55) 

(The remaining conditions are considered later.) For these six Áy, | 

(Aya m, nz: (ab — 1) (66 — 1) 0 — 1), 
where ay is a function of 6, only. Hence the factor of aj braz in $ is 

| an (a] — 1) (Bf — 1). 
This must be symmetrical in 6, and à. Hence | 

an = c (bg — 1), c= constant. 

On replacing $ by $ — c 1, where Z is the absolute invariant given by (17) for 


n= 8, we may set A,,=0. Hence no term of $ can have a factor a! bj (i j). 


Thus 
Ay = Ay = Ay = An = As = Án =.0. (56) 


Among the conditions that (5 2) shall vanish, when (56) 290 are (55) for 
t, J = 2,8; 2,7; 3,3; 6,3; 6,7; 7,83, and ` 
Arg Q5 = Arg ag = Ags a, = Aas a, = 0. 
Two of the conditions from (51) now reduce to Ay br = 0, As d&a = 0. Hence 
in Ag, there would be the factor (aj — 1) 08, whereas A,==0. Hence ~ 
Az, = = Ay, = Ags = — Ags — Ag = E 4A. -— — As = Ag — 0, Age Ay == 0. (57) 
When we apply (56) and (57) in computing (53), the conditions include: 
Ag a, = Ay dg = Ay by = 0, Ags a, = Ay. a5 = 0, Ag ag = Aa D, = 0, 
uud = Ac b= 0, Age A, = Ag 5, = 0, Aig, = Ay 6, == 0. 
Hence 
| Ag = Agg = Ars = As = Ag = Ag = 0. | (58) 
' In view of (57) and (58), certain of the conditions from (51) give 
Ag 0,7 0, Aga, == Aya; = dsb = = 0. 
But Assa, = 0 by (57). Hence 
Ae =0 du. a. (59) 
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The A, in (56), (57), (58) and (59) are the only ones which vanish in every 
invariant distinct from J, as may be seen by examining Sj and (91). - We have 
therefore reached the limit to the simplification due to the vanishing Ay. We 
next give the conditions on the non-vanishing A, which result from (51)-(53). 
In a few instances a multiple of the left member of one condition has been sub- 
_ tracted from that of a longer condition. 


An a, = Arg d, = Aya, = 0, (60) 
Anas + Ayubi = 0, An b+ Apag=0, Ap bj + duas 0, (61) 
js 05 + Ay; as = 0; Aj dz + Ay, bi = 0, Ais dg + Ay, bi = 0, . (62) ' 
Ag dg + ubi = 0, Ag a, + Asbi — 0, Aga, + Au ag = 0, (63). 
Ag 05 + agas = 0, Aad + Ag bt — 0, Aaa t Ayubi 0, (64) 
Aj, dg + Aa 70, Aua + Abs Gs = 0, Ag dz + Ap bi = 0, (65) 
Arg dy + Ag ag + Ay bi = 0, Ana, + Ag as + Ay dj = 0, (66) 
Ay dy + Ags dg + Agi bf = 0, Ay ay + Ags bi + An abi = 0, (67) 
Ay, dg + Ay bi + Ayazbi= 0, Ag a, + Ay bj + Agy 0, + Ag at} = — 0, (68) 
Aro A, + Ag a3 t Ay bi + Ay a! bi + Ága$0$0,— 0, —— (69) 
Asbi + A ag = : 0, Aad + Aaa = 0, Ag by + Ae az = 0, (70) 
Aj, by + Aga = 0, Aaa t Agas = 0, Aa >, + Aaa = 0, l (71) 
Ag; b; + Ag 02 — 0, Anas + Aga; — 0, agb; + Aaa = 0, | (72) 
Ag by + Aggy a3 + Aor a5 bi = 0,: Ag 5, + Ay ag + Aya = 0, (73) 
Ags a3 + A, a =0, Ana + As, by + Ay aj = 0, | (74) 
Ay 0, + As, aj + Anabi = 0, Ay b, + Ay a$ + Ag ag = 0, | (75) 
Ag, 05 + Aia = 0, Ay bi + Anai + Ana + Anaa = 0, (76) 
Ay 6; + Ag a$ + Ao : + Ay dy 5} + Ay ag bi = 0, (77) 
Ag bj + Aua = 0, Aga$d- Aygay=0, Aaa + Ay di = 0, (78) 
Ay bj + Aya, = 0, Aras + Ai a; = 0, Ayas + Ag dj = 0, | | (79) 
Ag, bi + Aua — 0, Aa a$ + Ana — 0, Ag a5 + Ay bi =o, (80) 
Ag a3 + Aga = 0, Ana, + Asbi = 0, Ayas + Anag=0, — (81) 
. Ag bf + gas b, + Aua = 0, Ags bf + Ags a3 + Ay ag = 0, | - (82) 
Anas + Ass bj + Aua — 0, Ary ag + Ag ar enia 0 ; (83) 
Ay bi + Ags a3 b, + Aya = = 0, Aj, bi F Aso a + Ax a3 a3 T 4u a3 = ee 0, (84) 
— Ag D$ + Aa az 1 + Ag a5 0, + Auai + Auai + Age 0503 = 0. (85) 


16. Let $ be an absolute invariant whose general term has the notation 
(32), with exponents satisfying 


atat ASatat = abet PASO (mod 7). |. (86) 
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From (60) and (61) we get: 
An = raz bi (a5 — 1), Ay = raj b? (az — 1), Ay = raf bt (ai — 1). 
Since the coefficient Z4 bj.of aj must be unaltered by [23] ; 
A; = r(a$ bi b3 + a5 b, bs -+ a$ $04) (a] — 1) + kal al + lai + lai + mbi 4- c. 


From (86), (82), (63), (781), (71), (64), (72), (60), (70,), (192, (78): 
Ay, = Ba 0; 03 tre bibs + óa$ bib ^ + cai, ' 
Fs = (aj as bj b3 + ya$ as b, by + daz as bi D$ + ea$ as, 
A = Baz bibs + yazbibs  --0a$0,0j + aay bi, 
Ay = Bab bib + ya, bibs + 6a 0i 0$ + ea} di, 
Ag = Baz az bi b3 + yag bibs + da, ag bi bs + eaz ag bi, 
Ag = Baz b, 0; + ybjbs + da,b5b3 + eaz bf + sb; (a; — 1) (a3 — 1), 
d + ya? af bY b, + daz az b, 0$ + eax a} bf, 
Ay, = Bai bi b; + yab as by b; + daz ag bi b3 -+ ea$ a$, 
- Ba, a3 b? b3 + ya$ a3 b, bs + daz a3 bi b$ + ea} a, 
Ag, = 851 5$ + yazbSb, + dab? bh + ead bo + pb? (a= — 1) (a] — M 
As = Ba, bt bi + yazbib; + dazbibs -+ eaż b, 
A,, = Bak af 0$ D$ + yay ag 03 b; + dafb'bi + saai bi, 
Ag == Bak DS + yabbtds + i b + can 05 + gb (a3 — 1) (a — 1), 
As, = Bai + yal of B, By + SoG BU Remo OO 
Ary = Bab af b? 02 + yaf b, bs + da, a$ bi bi + ea} a}, 
Aig = a$ as bi 5$ + yd» az b, by + dag ag 01 b3 + ea; a3. 
In view of (66,), (74) and (83,), 
B-—»y-—é-mq-scpcr, m=z, e, ke (87) 
Since the coefficient Ap; + Ags a? + A, aj of bj in $ must be unaltered by 
the permutation [13], and likewise for the coefficient Aj, + Ais a; + Ass aj of D$, 
and the coefficient Ags + Avs a, + Aj aj of 63, we get: 
Ag = Ta a$ b 05 + ra? ai b! b5 + ray a$ bi 7 + ed; d Os, 
a — rai ak bi Be + ra, o3 01 0$ + raz di 2 b, b3 +. eal aĝ bz, 
A = roi az b; b8 -- ra$ az b, 08 + rag az bí bg + ea$ az b$. 
By (653), (672), (68): | 
A,, = rab b, b3 + ra, ab bj bs + rab ab b 04 + saz a$ b 
Ay = ras iba + ra, a$ b, 68 + raj a$ bi bs + (r + ee a$ bi B + ead ad d. 
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By (67), (73), (74,), (8 lı), (8 2): 2 $ 
Ay, = raj BE BE + ray c3 UL OS + rag a UE BE + (r + 6) a a3 Bf by + eat ad B, 
As, = rag bj b3 + ra, a; bY b3 + raz ag 01 b3 + (r + €) a3 a5 b, b3 + eas as bi, 
Ag, = rag BF 05 - ral a bt BS + raf af D 04 + (r + £) ap af by BF + eal af by, 
Ag = raz bS 08 + raj a3 bi D$ + ras a$ bt 3 + (r + =) a, a$ b? ba + ead a$ by, 
Ay = ras bi bj +- Ta, @ bj bs + razas b, b3 + (r + €) a3 as bY 0$ + eaz as b5, 
A, = ras b? 05 -+ ra? œ by 05 + ra$ al bi bs + ah ag b$, 
As = rag bi bi + ra$ a3 b? ba + ra$ aj b, b3 + ea, a$ bg 
By (86,), (75), (831): | 
| Arg = rag (68 b, -+ as 62 b$ + af BF + a3 55), 
Ag, = zak (b3 b3 + af bi ba + a$ 61 + af b$), 
Aso = za; (b b + a$ 5, 03 + a, bj + aj bs). 
— It remains to determine Aj, A», Au, Ago, Aos Aos Ao, Which occur only 
in the three long conditions (69), (7 7) and (85). Allthe remaining conditions. 


are seen to be now satisfied. Since the coefficient 2 x Ais bj of ai in Q must be 
unaltered by [23], we get for i= 1, 2, 4: | i 
As, = ea? (bi 63 + as b + ab b? bs) + Aa$ ag bi, 
Ap = 603 (b, 0$ + a2 Bj aS Pi Ba) + uas abb, 
Ag = eai (b? b$ + a$ 53 + a3 5, 5$) + vad a$ OF. 


Since the terms Z4, aj independent of b, are to be unaltered by [13], 


A=u=y=e, (88) 
while the terms of A, which involve a, are: 


loi + lai ai + ca} bi + raj (ač b, b; + a8 b? b3 + a$ bi b5). (89) 


From the final conditions in (68), (77), (85), we now get: 


| An = paš b, + caf b, H + ra, ag bi 63 + ea aj bi + ra} ad b? 5, + val af b, 
` Ary = pad bi + oaj 01 + ra; aj bi 0$ + eas ag b3 + rag ag bibs + ta, a3 01, 
Ay = pag bi + oas bi t3 + raz a$ Di b3 + ed a$ b3 + raz ag b, 0$ + va; ag bi. 


Since the term pa} b, È, of Ay b, corresponds to s2j b, 6, of Ag a} bz, p= s =r, 


— Similarly, we can determine c, v and the parameters of Ag. We can do this at. 


one step by requiring that the terms A); dj, independent of a, shall be unaltered 


by [23]. We find that p=o=r=r, (90) 


Ag = ra b? a ra’ b, bs + ra$ bi 5$ + lai + l+ terms (89), 


. where we have chosen the constant term of @ to be l 
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In view of (87), (88) and (90), all the parameters occurring in the preceding 
expressions for the A,; are expressed in terms of r, 7, 2 That the remaining 
conditions (from the coefficients of af, af, a, 05, 05, Os) for the invariance of 4 
under [13] and [23] are satisfied may be verified directly or from what follows.. 
Hence $ is an absolute invariant with the three arbitrary parameters r, J, e. 
Now / occurs only in Aj, and Ay; thus for /— 1, r = e = 0, $ is the invariant A 
given by (17). For e=1,r=l1=0, $ is seen to equal 8, Bs given by (49). 
Finally, for r= 1, l=: — 0, $ becomes 


FfeJ f JEZ a} bebs (a — 1) (e$ — 1) + Zi i b, bs 
*EXdabbb8 + af af af bf + XelajaQ MD | 
FXdaWbA -XaaadH-d- Xa a HU FON. 

6 3 ; 
T 2 Gj Oy ag bf 5 BB+ Sahay asi b a, a 05 bi b, b; + a a$ aj 5155407. 


We note the relation |$, P = 


17. From the conditions in $15, we readily determine the relative in- 
variants. As in $13, it suffices to treat the case d= 2, We first prove that 
Ag = 0, then that 4 = A = 0, etc., proceeding as in $13. The result found is 
that the only relative invariants are the powers of S. 


18. The results for the cases n = 1, 2, 3 differ only in the increasing com- 
plexity of the absolute invariant F. For n= 4, the investigation was limited 
to the determination of this invariant. The parameters A were restricted to the 
values 0, 1, so that 2? —2. Moreover, it was assumed that # is identical with ¢? 
in the GF'[2*], so that the presence of any term implies the presence of its 
square, with the same coefficient (in view of 2? = A). Thus from A, we deduce 
Ay, s». The invariant thus determined is | | | 


| FLfcTPMVF GE, | (92) 
where 


yum. a5, bs (a —1) (a — 1) +a? a? a? BE BADE + Sa! BY by by + aD al TAA: | 
+ 5 al al a, b8 5502 + X a! a, az 01 09 05 + X at a, b1 5, b + X a al 03 b, Dj 
+ SaB al af bt bt b2 + 5 a al ag b DEDE -+ 5 a! a! a3 b8 tbh + X al a ag bt D2 D 
+ Zala! a, 02 02 05 -+ D al? a a, 61 ba b3 + È af a, a4 bF 0$ bi + X af a? a,b, 5, 02 
+ 5 alal az bi 0$ 09 + Saba, bl 6$ b? + E a! a, bl b, 03 + X al aë a, DI? b4 b2 
+ F aj a} ag bj bs bY + 2 at ag ag by b3 0$ + X ap ay ag Ui b, ba + & aF a5 as bi b, D$ 
+ Z aj? a} as b] b3 b$ + E af ag ag bi b3 b3 + 2 at ag ag by’ bs bs + & aj ag bf by Dj 
+ Xa? ač a4 bY bÈ by + X a8 a$ a4 bË 02 b3 + X ab a? ag 03 OP D$ + X al a, b1 GY D$. 
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19. The invariants oktained for n 2.4 were expzessed in terms of A, J, & 
and F (F denoting I+ J when n —'1). In each case we have noted the relation 
S,F-0. Since every term of S; and F involves one or more a’s, AS; =AF=0, 


_ By inspection, 


A= A Pol P= Ff, A= I, IQ&=1F=0, 81 = s. 

By means of these relations we may express the product of any two invariants 
as a linear function of A, I, F, Si (i =1,...., 2^— 1». The latter may be taken’ 
as the units of a linear asso»iative algebra with eoórd-nates in the GF [2"]. . 

20. As a set of independent invariants we may taxe 

4, Ss, J (J—F-4 I) l 

Indeed, AJ =Z. Next, to show that, for example, 8, is independent of 

A and J, it suffices to exhibit two sets of values of the coefficients a,, b,, for which 


_A has the same value, J the same value, but S; different values. Such a proof 
- of the independence of A, S:, J follows by inspection from the table below. From 


$882, 6, we obtain a complete set of canonical forms of ternary quadratic forms 
in the G.F[2"]. In the second form, p is a particular solution of x (p) = 1; for 
n -1lor3, we may take p — 1. We note that F= 4 (f), where 

f= zat b, bg (af—1) (af —1) + terms with factor b, b; bz, 


u denoting 2?—1. Thus F=y(p") —1 for the second form, /’=0 for the others. 








Canonical form | &% | A | J 
Seta? o | 1} ol! o 
z+ goi +pæ 0 | O0 | 1 
204 Qs 0 0 0 

v? 0 | 1] 0 
Varishing form | 0 | 1 | 1 


The five types are characterized by the respective sets of values: 
(A61; .4—0,J—1; S;zÀ4—J—0; ÁAmi,Jco0; Á-—J-—1. 


Tux UNIVERSITY OY CuIcaao, October, 1906, 


37 ea ' 


The Motion of a Particle. Attracted Towards a Fixed 
Center by a Force Varying Inversely as the 
Fifth Power of the Distance. 


By Wiuuam Doncan MACMILLAN. 


Introduction. 


In his “Traité des Fonctions Hiliptiquez,’ Legendre discussed. briefly a 
number of central forces, one of which was tke very general one 


szg itat 


In an article, pabliahed in 1858, Stader* considered a number of others in 
rather more detail, among them the force 


v. I? 


ghi 
which has also been treated more recently by Miss Van Benschoten.+ A short 
discussion of this law is given in many of the standard text books on Mechanics 
or Dynamics. The elliptic functions used in these discussions have been those 
of Jacobi and the tr eatment has been almost exclusively . confined to orbits 
having apses. 

In the present paper we shall make nc restrictions upon the initial con- 
ditions, except that they shall be real. The different ty pes of orbits are exhibited 
as a one-parameter set of curves. Itis shown that for every orbit. having a real 
apse there exists another orbit such that the radius vector of one is proportional 
to the reciprocal of the other, for all values of the true anomaly, and that on 


* «De orbitis et motibus puncti euiusdam corporel circa centrum attractionum aliis, guam Newtonia, 
attractionis legibus sollieitati," Journal fiir Mathematik, Vol. XLVI, p. 202. 
t Master's Thesis in the Library of the University of Chicago. 


"X 
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every orbit not having a real apse there exists a real point such that if the true 
anomaly be measured from this point the radius vector corresponding to a positive 
value of the anomaly is proportional to the reciprocal of the radius vector for the 
negative value of the same anomaly. There is developed also a relation between 
the times which is analogous to Kepler’s Harmonic Law. These relations are 


established in a very direct and elegant manner by the use of the elliptic functions 


of Weierstrass, which we shall, consequently, adopt. A e 

The paper is divided into two parts: In part I the problem i is studied from 
ihe standpoint of the theory of functions without regard to reality questions; 
in part II the cases of real orbits are discussed. 


PART I. 


§ 1. Differential Equation of the Orbits.. 


ay 


For the force, -f = $i the differential een in polar coordinates are 
J0 "E | 
d — r (2 - +h i (1) 


TG- SE “le 


where & is a constant depending upon the units chosen and is positive or negative | 
according as the force is attractive or repulsive, Equation (2). furnishes at once 
the integral of areas 


SG 5 | (3) 


g) Tika ata | (4) 
From the relations | 


we obtain 


A : i . 
dr — TE E (5) 
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For arbitrary initial conditions 


0—0, r=, 9 = g, | | (8). 


this equation becomes 


p at _ | 
C5) -a Den IO! 


or, putting 


ks 
2M = $6, 


—: (7 
| L + a — LÀ 


we got the equation 


G) -s-o s e 


If now we make the transformation 
Es 1 

u’? Uy ? 

d ) | 2 

Dh) ig (4 uM (9) 
(s ed Gm) tn). 


Equation (9) differs from equation (8) only in that b and @ are interchangec.- 


T= 


we find 


Consequently any solution for — is also a solution for its reciprocal when 5 
6 


and B are interchanged. 
§2. General Solution of Diferential Equation. 
Since only even powers of Z occur in equation (8), let us put 
| o | : 
secs | | ! | 
(=) c S (10) 
From this substitution there results | | | | 


m= H| ppe] gt gvi— Bw], an 
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and this equation i is reduced to the normal form of Weierstrass by putting 
ib | 
, a j 
whence | ext 
y =4[s+ $] [s— $ —à VIIB] [e— 4+: ane HG) (12) 


- "The roots of the equation R(s)= 0 are - 


a=} +i 1— BB, 
e, — — 8, (13) 
e =t— FV 1— 68; | 


and | 
e+e te — 0. 
The solution of equation (12) is . l 
ges p (0 + d’). 
Consequently P : m | 
{rv 7 d M 
es T3 UI Eur em . (14) 
The reciprocal relation iis us also the — 
(y= PESE | | Q8) 


In comparing these two solutions it is to be observed that e,, e, and e, are 
unaltered by the interchange of b and f, so that the gy functions in the two 
cases have the same periods, these periods being functions of e,, e, and e,. It is 
more convenient to take the reciprocals of (14) and (15), which are 


D )73 [e (0 +e) — e], 
(+ y= 7 [pO «)—«J. 


Taking the product of these two expressions we find 
| $08 = [e (0 + 9) — «] [e (0 2-9) — a], 
and since this is true for all values of 0 it defines the relation between ¢ and c". 


If we take 0— — c" the first factor of the right member becomes infinite. 
Therefore the second factor must be zero, and consequently 


(16): 


af ous // — 
C = Day 


where o, is one of the half periods and $(o,) = e,- 
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If now we take 

c < C +4 pl Q, , 

| d= c— $0, 
our solution becomes 


r? 2 | 
i CB [e (0 +e T 4 @,) — el, 
B ME C 
(5) "TW To—19,)— el; 
and by virtue of the formula. 


8* (v) — e, t "T 


we have finally 


CULTO NG ebbe, 
wl 3 9 (Lo pa) 


§ 3. Apses, Zero-Points and Infinity Poinis. 


Let us put ! 
= — ce — ło t o, 
— e — ko, F OX, 
= — C — $0, to, 


; 


0, 
0, 
6, 


and denote ihe corresponding functional valués by Ry, E,, Æ. 





R, (à VE 
Ty — PEL Limp rw 
Ro = 0, 

0 E 
R, [2 V ib 








The derivative = vanishes at the points 0 = 0, and 0 = 0,. 


are apses, while the point 0 = 0, is a zero-point of the function. 


this as follows: Put 
0 — 0, 4-7. 


(17) | 


(18) 
(19) 

We find then 
(20) 


These points 


We may show 


—cua— 
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Then (17) becomes nx. 9? 
— G) Hg he +o)—4], (21) 
and by means of the addition formula * 


UEM (e. — €) (e, — e) 


plr +o) — e = 8° (r) — 3 


and the formula | 
2 
e()—«a-|[20], 


ib is E reduced to 


pae ee |e p (7) —e, f= ert. 7 (22) 


9 9 (v) — & — ôy O4 


) is an even function of 7; and therefore v (v) =7r(—7), 





and the point 6, is an apse. Ina manner entirely similar it is shown that 0, is 
also an apse. For the point 0,, however, we find, by putting 0 = 0, + v, 


(=) = 3 [e (T F ou) — €] ; | (23) 


and by the same formule as above this reduces to 


1 i NE 
t= | |= i$ 20), | . (94) . 


To 8 (T) — e, 
which is an odd function of v, vanishing for 7 = 0. 
We have thus 


T c Wa A. 

eat g 2 T), 

r yo f 2 

Pe a a g a 7) | (25) 
~@+7)= L1(6—. 


While the equations (17) have the periods 20,, 20,, 20,, equations (18) 


have the periods 4o,, 4o, and 4o,.T 


From the formula 


0E 26,) = —7-(, TOE 20,) 7 (8), 





*See Schwarz, Formeln und Lehrsütze zum Gebrauche der elliptischea F'unctionen, $19, (5); also $18, (2). - 
]Sehwarz, 828, (2). > 
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it is readily verified that the points 
0,--20,, 94+ 2a, 
+ 20,, 9, + 20,, 
0, 4- 20, , 0, + 2o, 
are all apses, while the points | 
0, + 2o,, 
0, + 26, 
0, + 20, 


are all zero-points. In the complete period, therefore, there are 8 apses and 

4 zero-points. The points for which 0 equals 

— e — $0,, 

Lm € — $0, + ZW, y 

— 0 — £0, + 20,, 

Ld l — c — $0, + 20, 

are four infinity points. 
$4. Middle Points. 

Returning to equations (18) let us take 0 = — c and denote this value by th 
and the corresponding value of r by E. If with these values we divide the first 
, equation by the second, we find ! 

(8 y= aN z | (26) 


If we put 0= 34 -- « and sader negative values of. v in the second equation, 
they become 


Lht m4 2 Eio +9) 
2o : (27) 
ur (Mo — t) = t — (ko, + v). 


c 
Dividing the first of ade equations by the second, we get 

T : r EMT 
0. T ?)) ex s )) — d! 


or, simply, ; 


r (Vo + 7). r (ha — v) = R°. |. — (28) 


The point 44, we have termed a middle point, and # is the middle distance. 
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Let us put 
b= 0d, 
V, = — e+ Duy 
v, — —Ó + Oy : 
These points are also middle points. To show this let us put in (18) 6 = 4, +7. 
We get o 
T 2 c 
v aspe a OQ T $0, + T), 
u _ 2 06 
NUES [em D E Qi — È 9,— T), 
| $ c 
oe 4 Se (— o, — ka, — 9), 
F o, | | 
WO NS o +40, + 7). 
Dividing, we find : 
T R* 
T (da 4-9). T (IA — 7) 9 — n 
0 0 


` and similarly 


et) a oem 


(30) 


"The addition of 20a; 20, or 2o, to any of these points brings us to another 
middle point. In the complete parallelogram of periods there are thus 16 middle 


{ 


(31) 


(32) 


points. . 
‘Putting r = 40,— 40, in (28), we get 
Rh, R, = R 
which may be seen directly from equations (20). We find also, by putting 
pm ido o 
2 iY pe 
K Ty RE. 
1—4/1-—»y 
2 = 2 
n= Wy R 
38 
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$5. Reciprocal Orbits. . 
If the initial conditions (equation (6)) be changed, that is, we consider 
another orbit which has the initial conditions : 
| 5 
°F 
ERO 33 
d6 TTA PS 


SI 
ll 
e 
S1 
"t 


. the constant of areas, A, being the same as before, and we determine 7, so that 


To uL 5; 7, then 
k 


239pB—c1iÓ ipaum io , (84) 


(b and 8 having the same quantitative. values as before), and the differential 
equation of the orbit becomes 


4 2 
+ 


x - EO © (35) 
7 -i8— (2) i). B 





This equation is the same-as (8), except that b and @ are interchanged. 


It is indeed the same as equation (9). The solutions for — and its reciprocal 2 


are obtained at once from (18) by interchanging b and (9 (a, e, and e, re- 
maining unchanged) and changing the signs of the solutions on account of the 
change in sign of the derivative. We have then 


T 2 0, 5 
=- g (0 4- 6d ton), | (6) 
KEHNO) 


Prot thé second of (36) and the first of (18) we "m by virtue of the initial 
conditions, 


Therefore B 


ir P d 


‘Z> 
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Substituting this value in the first equation of (36) it becomes ; 


; Zu and 
T ai 


To 
or, p o 
| T= 395, Go — 32) 
EA b c n 
Comparing this with the Second equation of (18), we have, when 0 — 0, 
| | LM EN 
Ty ^ Ug T 


and consequently, 


OT, . 
JT T 
— .—— Z2 1 
To To 


We will call this solution the reciprocal solution. 
Iti in equation (37) we replace 7, by 7), using the formula 


ML Toy 


% Bte #04), 


it becomes 
Yo - m z c. 
=+ 45% (0 +¢+ £o, + 20), 
H+ RI Ot dos 20) 


Comparing this with the first equation of (18), we find 
r (0 +o. + 29,) — r (0 + o, + 29,) = 7 (0). 


The reciprocal solution is thus included as a branch of the original solution. 


$6. Velocity in Orbit. 
The expression for the velocity in ri is giver. by |. 


ee + ¢1, 


initial conditions, is 
k 


2 R*' 





nd. f 
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(37) 


(38) 


(89) 


(40) 


(41) 


> which is the same as oquation (4). The value of c,, as there determined by the 


A 

i 
E 
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Substituting this value of ¢,, we have 


| It | 
| P= pk (aty) | (42) 
At the middle point 44, - | | 
Uy, = RE 


$7. Tangents and Asymptotes. 


Denoting by $ the angle between the radius.vector and the tangent to the 
curve, we have from the calculus 


P 
tan @ = pu 
dð 


T = 
a 
T & T 43 
PELO, 
: which reduces without difficulty to | | | 
1 Io | : » 
borie | at =| sin? = 1, (44) 


or, as may also be written, 


Hence 


(43) ` 


ian? @ = 


1? v sin? o = P? 
or, | | 
La PX I E 
ivy [m or | sin p= 1. 
| Since r sin $ == p is the perpendicular from the origin to the tangent, we have 
iD | 
y=, 
P l 
| T d ox. 
The derivative of tan $ with respect to r vanishes for (=) = zi that is, 
0 
at the middle points. 
The expression for the polar subtangent, 


MET 
ATA 
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has, as — =o , the finite limiting value or, which is the same thing, 
To : 


0 

VET E 
ue This limiting. value of the polar subiangent is the perpendicular 
distance from the origin to the asymptote.. Consequently every infinite branch. 
' has an asymptote. 
$8. Determination of the Time. 


From the integral of areas, 


- we have, by substituting the value of 7? from. (17), 
g le +e+4o,)—¢ 46 ^ i, (45) 
B ri 


which can be integrated directly, since the p imd is the negative derivative 
of the č function. | 
Integrating and determining the constant so that 6 vanishes with £, we get 


(ot bo.) Ee o) 6 Ph . — (48) 
Consider now another orbit (the symbols for which we will denote by the 
subseripts 1) such that | l 
i a= d | 
| hry 2 Un. | | | (47) 
Then we will have also- 


| Under these conditions the orbits will be. similar, but will differ in size. The 
expression for the time will be given by | " 


Satta) - +a t Eo) — s hm ER — (48) 
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Now if we take 0 = 0, and compare (46) and (48), we find 


hh 
dtu 








b, 


whieh by virtue of (47) becomes 


We have thus the following analogue of Kepler's Harmonic Law: 


THEOREM: Corresponding arcs of similar orbits are described in times which 
are proportional to the cubes of the middle distances. * 

Kepler’s Law does not depend upon the eccentricity or shape of the orbit, 
while the present law is restricted to similar orbits. 


Part II. | 
$9. Classification of Real Orbits. 


It has already been observed that e,, e, and e, are unaltered when b and 8 
are varied in such a manner as to keep their product b8 constant. If we put 
b = y, then for fixed values of y different values of b correspond to different 
starting points on the orbit. Aside from questions of scale and orientation, there- 
fore, we find all the essentially distinct orbits as a one-parameter (y) set of curves.” 
Restricting ourselves hereafter to real values of the variables, these orbits fall naturally 
into two classes: First, orbits having apses; second, orbits not having apses. 

The condition for an apse is | 

o | dr 
a ° 


and from (8) we see that this condition is atiained when - passes through a root of 
0 


2 4 
A (2. =ib—(1) +#6(7) =0. 
To To To | 
Tf, however, these roots are all complex, the condition for an apse can not be 
= "E 2 » 
satisfied for any real value of Z. Considered as a quadratic in (=) , R (— 
0 0^. 0 
will have complex roots if its discriminant is negative; that is, if - 


1— bf <0. 





* Stader gives this result for circular orbits about the origin as center. 


oY 
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_ «From this condition we see that if b8 = y is less than 1, the orbit will have an - 


apse, and for values of y greater than 1 there will be no apse. Expressed in 
terms of y, 
e —t$45 Nen 1—», 
e, —i, | ME (48) 
e = 4-4 V Iy. 
For values of y.« 1 these expressions are all real. For values of y 71e, 
and e, are conjugate imaginaries, 
When €, 6, and e, are all real, it is customa-y to assign the subscripts in 


: * such a manner 24 


4787. 


For all values of y between — œ and 0° we see from (49) that 


€. 2 Cu > €, ) 
and consequently in this range of y 


A=1, u=2 vos, 


' When y lies between 0 and + 1, 


Oe > es 


A=. v=2, u=3. 


and in this case 


When. y is greater than 4 1, €, and e, are complex, and we follow Weierstrase 
in 1 taking 
Rel, we, »—8 N negative). 


We have therefore three distinct cases depending upon the value of y. 
There are also two limiting cases, y = 0 and y = 1, the solution for which can ' 
be expressed by means of trigonometric and logarithmie functions. 


§ 10. Case I. — o <y « 0. 
. We have already mentioned that in. this case ¢,, e, and e,. are real and that 
the RUDROFEpRe have the order 
A=1, u-2,.v-8. 
With these values equations (17) become | 


| (5) = JP O +0440) — 4] -> | 
. (50) 
Q- S pepe ' J 
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This last equation is what we have called the reciprocal solution (see equations 
(33) et seg.) | 

Since y = 56 is negative, either 8 is positive and b negative or the reverse. 
If 8 is positive and c= o, — $0;, then at 0 = 0 the particle is at an apse. This 
value of c, substituted in (50), determines the corresponding values of 5 and 8 


to be 1 
A 


With these values equations ray become 
(=) Ex: E = [e (9 + a) — ej], 


(2) 9624, 


To 8g — € 


z= [20-a] a 

- Fo f= 20, 

Z =[e@—ah o 
D 





(51) 





and consequently | 
(52) 
gps Os 


and is negative and /’ and rj are certainly positive, Æ must be 


k 

Since b= Ma | 
negative. Tnat is, the particle is moving under a repulsive force in the first 
. equation of (52). B= xa is positive: Therefore A is positive and the particle 


is moving under an attractive force in the second equation. If the signs of b 
and B. are interchanged, the value of c at an apse is e — a, T $o,, and the 
solutions (52) are merely interchanged. 

"The real half period o, and the purely imaginary half ee Qg are given 
by the formulæ¥* 


MEE: a 4E 
v Wee " — A 6 — 63^ 
where z ow | 
z d$ a de 
0 Vii sin’ g’ o v 1— k sin? 9 








p? e iF! At 


* Senwarz, § 27, (9). 


ws 
x 4 
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As @ increases from 0 to On E decreases from + œ to &. Consequently 


=i increases from 1 to + œ and — decreases from 1to0. For the eee peter 
To To 


of intermediate values the S.functions of J ahi are convenient, and we find* 


F 3 
Fah HQ = E $6 
B = iss 
f= A = JF 6 | 
To Os k 8 i 


0 Q 
where y = — and v z= 3, 
2 (4 9 


The expression for the time (46) for — , as measured from the apse, becomes 
i 0 


40+ C (0) —L(0-F o) =$1+1—y =e 


By differentiating logarithmically the formula t 


* ; — 0 y 6 e c (0 + o,) + Q v) 
a ae hE a, 
where x, = ¢ (o,), we obtain 


5: (f) = — «9 * (06 o) - E(0 4-2) — E (o). (54) 


Putting » = 1 in this RAN the above expression for the time may be 
written | 


| HL +V1—y) pt= 4% see O: (55) 
This expression for ¢ vanishes for 0 = 0 and becomes infinite for à = o, . 


The formula for the time for — is obtained in the same manner as the above, 

| To . l l 

differing only by the interchange of the subscripts 1 and 3. Making these 
changes, we get 


Pia ys Sh (6) — 4 6. (56) 


2 m Edi Q1) 


As 0 increases from 0 to œ, ¢ increases from 0 to cd s 7 
h (M 1— y — 1) 


rg, at which 


time the particle arrives at the origin. 


* Schwarz, 845, (11), (13). 1& Schwarz, §18, (1). 
39 


298 MacMiLLAN: Motion of a Particle Atiracted Towards a Fixed Center 


$11. Case 7I. 0 yl, 
In this case e, D> e, 7» e,, and therefore 
| A=1, v3, u= 
The derivation of the formule is the same as in the former case, the only difference 
throughout the work being the interchange of the subscripts 2 and 3. We find then 


d ee]! m a o | | 
dub «dw (57) 
a | a= a f — i (6) 
ry p (0) — € 05 
where i 
: Paen K ` m i K' 
UCM Beem e TOAN 6 — 6 
and 
pascee.l-vI1-x pa Nir. 
€, — & i+Vvi—y’ 1+Vi~—y 
In terms of the S functions these solutions are | 
| T Ox. a. 
Rae VES (v |). | (58) 
The expressions for the time are | 
| —: c1 
(for =) bRü-cA1—y)aíci0—;.(0, | ! 
2 i 59 
(for = ) le a — 46 — 9 (6). a 
To T» ° 05 


812. Case Ill. bL wy« o. 


For this range of values of y we will use the notation 

ej— +t $4 Vy — 1, 

eg oem 3 , 

& == + — fisv y —1 ; . 
so that à = 1, à = 2, v = 3 (discriminant negative). With this ordering of the 
subscripts the half periods o, and a, are conjugate imaginaries, while o, = o +0 
is real. For real values of the argument the g function varies from -+ co to e, 
as the argument varies from 0 to o. 
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The solution (17) then is | 
2 2 
(m) = [e O+ e o2 — a], 
| (60) 
uv 2 | 
Co -—— [e (0 + e — $a) — €]. 


The apses in his case are all imaginary, but the middle point 4j and the © 
zero-point 0, are real. If 0— 0 at the middle point, then o = 0; and since 
p (4 @,) = p (— ło), we see by comparing the two equations (60) that 
b= B — ^/ y, and therefore 

2 ] 9 
=) xs Ay [e ($ a, + 0) — €], 


ANT 


(61) 
i 2 
(a) = vy üs-9-4 
- therefore 
T 2 9 
ee EE (i a + e), i 
/ abe 
i pee i (62) 
u — a 
pa — N ~ y ($ (Jo 8) ; 
and comparing these two equations it is evident tha; 
T 1 
(0) ey 
, To T (— 0) 3 ! (63) 


Or 
r (0). v (— 0) = vd. 


The formula (43) for the angle between the radius vector nd the tangent to the 
curve becomes in this case 


= eo 1 l 


Since (>) and its reciprocal enter this expression symmetrically, @ has the | 


same value for -+ 0 as for — 0. It is also readily verified that $ is a maximum 
for 0 — 0. i 
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I? we put - - 2 | 
— e, zz pei 0 
Co . v8 sd p > 3 (65) 
6 — 6j = pe^", 0 « 4< m, 
we find the following value for a,:* 
| A 
es Mp Mess 
where | | ki = sin? $4). 
Solving (65) for p arid 4j, we find | 
p=ivy, 
"2 J = 1 ++ A ty 
bcd Sx v 
The formula for the time reduces to | 
| | 23 
BA yu 67 309—509 + day) + £99. (66) 


$13. Limiting Cases. — 
a) Limiting Case — y — 0. | 
Since y zb = 0, either b or 8 is zero; and since the solution for either. 


is the reciprocal of the solution for the other, it is immaterial which we choose. 
We will take @ = 0, and then it follows from their definition (7) that 


$5b-1i1-4sa21. - 
The differential equation (8) becomes 





d 5 "—— a a 
To — 4 E A. | (67) 
ue cm #6 =) ; ; 
The solution of this equation is | 
foe FB E T | (68) 


To 
If 0 — 0 at an apse, we find c — 0 and consequently 3 0 — 1, and the solution 
becomes | | 
Z = cos, - (69) 

To i 


* See Appell et Lacour, Théorie des Fonctions Elliptiques,” $ 133. 
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which is a circle passing through the initial poinz and the origin and having this 


line as a diameter. | 
(70) 


The reciprocal solution is 
i = sec 0, 


aui 


which-is a straight line and implies that the force acting 1s zero 
b) Limiting Case — y = 1. 
and the differential equation (8) becomes 


—— 


Since 5 8 — 1, 5 — [ 


QU = + ENT I — >| : | (71) 
dû ` V 2b Lyr 0 
The solution of this equation is 
T | i++ etY3294c 
po PT Bde (a 


where, to satisfy the initial conditions, we must take 
c = log ie t, 
i-+vl 


This solution, together with its reciprocal, rapzesents two spirals asymptotic 
to the circle r=7, ^/ b, one lying within the cirele, the other without the circle. 
For the special values b — 6 = 1 this solution degenerates into the asymptotic 


circle itself; that 1s, 
yeu 


h 


— ; and equation (20) we derive the following 


From the relation OF a; 


expression for the time in terms of p: 
— eY 39-46 
l—ec — (T3) 


h 
br (t — $) = 04 V2 —— men 
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$14, Resumé. 

TABLE OF OASES. 
"4 e e, és B w | Ek? 
K -> |/1—r-—1 
V l—y 2/1—r 
y —0 EE — i — i zj? 0 
2K 1— Vi; 


y«0 | $4+4V7 1-7 . ed t—-aV 17 | = 





y=l $ —3 $ : + 00 1 
EE PE ay | STA -VaR | uoa 
y>1 t+łiyy-1 -è b—}iNy l pes 4T 


TABLE OF RESULTS. 


46 








Y - =- EI | é 


0 





P (9) 5, 
- |e[9z51- 20-9 | =a ipie] 
X le [5 s] 20) (&—6&) | (@— 6) ose eO- re] 

















cos .0 1 0 "^ [16 + tein 20] 
= 0 ; . : 
i gec 0 0 i Té tan 0 
(8) — e, à ro 25 
T <1 (c) TEOLT 20 (e, — b) (e, — €) h (e, — ej) E » e) | 
O«r PS 2 Tn "- 
(d) Pree | = ee (a — 4) | (a — 6) iig 1-20 | 
y=l 1 | j | à | 3 0 














= = 2 T$ s 
r>1 | t2eaet Ona | aar | NT guo Ie tO E EO a2] 


=i: 5 (À o, 4 6) 





———— M — M — —— TT THTIIITTITTTHITIIHIRTITTHTITTBIBIIIIITITIIIITIBIIPIPPPIPIIIIPIIIIIIIIP75 


(0)— +0, P (w) = 4, P Cw) = 6, 8 (w) = ege 


\ 
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The expressions in this table assume the initial position at an apse or at a 
middle point. \ 


~ 


$15. Orbit Considered as Function cf Parameter y. 


It is interesting to trace the changes in the form of the orbit PT the 
parameter y runs through its range of values from — œ to -+ œ. ` For 
y = — c, ù = 0 and the orbit is a straight line through the initial point 
and the origin. 
_ . For finite negative values of y there are two orbits, one lying wholly within 


i 
the circle, -— 1, the other lying wholly without ihe same circle (Fig. 1), and 


0 . 





| E : 
so related that the outer orbit is the transform of the inner by reciprocal radii. 


The inner orbit consists of a series of loops passing through the origin and 
tangent to the circle, repeating themselves at intervals of 2a@,. The curve is 
closed only when o, is commensurable with m. 

As y increases towards 0, o, approaches $7. The loops of the inner orbit 
broaden out: and approach the circle having the initial point and the origin as a 
diameter. The outer orbit expands very rapidly end approaches the straight 


\ 


\ 
\ 
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line tangent to the circle at the initial point. These limits are atiained for 
y= 0 (Fig 2). These outer orbits are denoted by (a) in the table. It will be 





^o e en ewe ooo] 





Fic. 3. 


16 r 05 LN NS 
7 — * e Oy (0), T soe 64 (05. 


observed that the corresponding value of $b is e,—e,; which is negative. But 
by definition 4b = A i which for real orbits can be negative only if k is 
0 


negative. This means that the outer orbits are described under a repulsive force 
instead of an attractive force. | | 
As y passes through 0.the value of b for the outer oii also passes 
through 0 and becomes positive; the force is therefore changed to attraction. 
It will be observed that for these orbits the expression for the radius of curvature 
also changes sign. The orbits therefore curve in the opposite direction. Asy 
increases from 0 to 1, the curvature increases, o, increases towards +o, and as 
y ==1 the orbit approaches the hyperbolic spiral (equation (72)) asymptotic to the 
circle. The loops of the inner orbit continue to widen out (Fig. 3), and as y —1 
the inner orbit also approaches the hyperbolic spiral asymptotic to the circle on 


r 
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the inside. These limiting spirals are actually attained for the value y = 1 if. 
the initial position is not taken at an apse. Otherwise the limiting orbit is the 





asymptotic circle itself (Fig. 4). In order to avoid confusion in the figure only 
that branch of the outer curve has been drawn corresponding to positive values 





of 6, and of the inner orbit the branch corresponding to negative values. Asy 
passes through: the value 1 these branches which are asymptotic to the circle 


40 
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unite, and for values of y >1 the orbit crosses the circle and the apse ceases to 
exist. The point of crossing becomes a middle point, and the reciprocal relation 
between the inner portion and the outer with respect to this point continues as 





iG. €. 
-—" "Y 79 s Lo, +8) 
LM CL 


before. For values of y but little greater than 1, the period o, is very great, 
but decreases as y increases. The curve which now passes through "the origin 
and infinity straightens out as y increases (Fig. 6). As y — +o, @ decreases 
and approaches the value 0, and the orbit again approaches the straight line. 


THE University OF CHICAGO, June 27, 1907. 


On a Group of Transformations which Occurs in the 
| Problem of Severat Bodies. 


By EDGAR ODELL Lovert. 


Given a system of n + 1 bodies consisting of a fixed body (0, 0, 0; a) and n 

others (x;, Yı, %; Mm), mutually attracting one another by central forces varying 
directly as the masses and as any arbitrary function of the distance; to determine 
the motion of the n bodies about the fixed center we arrive at a system of 67 
differential equations of the first order in the canonical form: 
OF dy; OF du oF 
di of,’ di dn, di a,’ 
OF dn OF di. OF 
dt ox di y dt da,’ 
where £,, x,, Č“; are proportional to the projections of the velocities of the bodies 
on the axes of coordinates, and the function #’ is of the form 


((21,2,....,2), (1) 


— po shite | 

yox x (2). 

the force-function being designated by U. 
Let new variables 


lu = OOTY A WF dus 

Ty = EE tH mm + Si, Tato, p (IH 1, 2, 8,.---, n), (3) 

Sg = mE HMA, Su F Sy, | 
be introduced. These variables are of the same form as those employed by 
Bértrand* in the problem of three bodies. They are n(2n + 1) in number 
and are not all distinct. In fact we readily see from their form that the 
symmetrical determinant | | 

Jy Sy 

&.. 


A= 








EL (?, j = 1, 2, s- n), l (4) 
y Ti 


aiana Aeneae aran A i NL I r i i 
7 





* Bertrand, Mémoire sur l'intégration des équations différentielles de la mécanique, Journai de Liouville, 
Ser. I, Vol. XVII (1852), pp. 393—430. 


41 


308 Lovett: On a Group of Transformations which 


where qy represents the square array of n? elements obtained by giving to i, 7 
the values 1, 2, ...., n, and all its minors down to and including all the 
£(??){ CP) +1} which are determinants of the fourth order vanish, and that 
no one of the $ (757) | (2) 4- 1]. which are of the third order vanishes. These 
$ r)i Cr) +1} conditions among n(2n + 1) quantities are far too numerous; 
they can be reduced to proper botinds by means of a theorem of Kronecker.* 
We find in fact that the vanishing. of all the 4 (25) 1 (82) + 1} fourth order sub- 
determinants of the above symmetrical determinant is a consequence of the 
vanishing of (n — 1) (2n —3) properly chosen independent fourth order sub- 
determinants, and this choice can be made in $(72) 1 C3) +1} ways. Then by 
the aid of these independent relations (n— 1) /2*« — 3) of the variables (3) can 
be eliminated if they be employed. in problem (1); there would remain 6 » — 3 
independent variables, which would be sufficient since a loss of three from the 
original 6” independent variables can be accounted for by a change in orientation. 
On making n — 2 in A we have Bour’s determinant} the vanishing of which 
expresses the single relation among Bertrand's ten variables (3) in the problem 
of three bodies. 
In the variables (3) the force-function U becomes 


U = = emf (v qu) Xe m 2 m; f (/ Qu + ly — 2Qy) (5) 
accordingly the partial derivatives of F are of the form | 
“OF n CF E 
de eS Tu (6) 


where the quantities 
j ES. n 
= um, P (V. ga) — X 

V Qi j-1 (7) 

(Sn F 05 — 29u) | 

Hi — Mm; m; PO Ge E dy iul — Li 

V Qü-t 95 — 29% 
are coefficients depending on the forces and expressed in terms of the q’s alone. 
Then in virtue of (1) the variables (3) satiszy the following system of ordinary 
differential equations: 


Ui 


dqu Sy y SA 
dé — m, m,’ 
d; y S 7 
di = i48, F 585 Mag (Sig + Sy) + Sá 2n 2 Lasy, p (531, 2,-...,m), (8) 
ds; Tij " 
— Pr € Y s Ors aa > j TE 
dp a Ga Toug lu t m, T fai (jn di 





me A AAAA AAAA AA dA iaa a E e a R AASA AAAA AAA a RR o AA 


* Kronecker, Bemerkungen zur Determinanten-Theorie, Orales Journal, Vol. LXXII (1870), pp. 152-175. 
t Bour, Mémoire sur le probléme des trois corps, Journal de l Écele Polytechnique, Vcl. XXI (1856), pp. 85-58. 
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these equations are the generalizations of Boui S sauations in the problem of 
three bodies. 

If now, in this problem of the motion of n bodies about a fixed center under 
forces varying as an arbitrary function of the distance as formulated above, we 
seek those integrals which do not involve the law of force, we have to find those 
functions $ of all the q’s, 7’s and s’s not containing the u's, whose total derivative 
with regard to the time 

o Om dr, , Od ds; ` : 
RRiALd tea tx. d (9) 
vanishes independently of the ws when the total derivatives are replaced by 
their values (8). | 

From the absolute term of the equation thus formed we have the equation 

= à Ie: uL mo | UND (10) 
from the coefficients of the u, the following n equations: 


2 
b= 20, Qv, F Ui Pw; "s (si Pry T Qu 9s.) =0, ($21,2,....,mj (11) 


and finally from the terms in which the u; appear the following łn (n — 1) 
equations: 


di; = di = 2 Sj Po, + 2 Sij Po, a Vi (Pw, + Qu.) d (w; -+ w.) Pry d- uw; Ps, + U; Ps, 
+ (Si rg + St: Pry, + Ge Ps, + We Pr,) = 0, (GIE 1,2, «++, 2), 





(12) 


where for brevity we have put ` 
Qi — Ui, Ta — V, Sij —— WA. (13) 
Combining these $ »(n-r1)--1 equations (19), (11), (12) in all possible 
pairs, by Poisson's operation, we obtain the following complete system of 
n(2n-+ 1) linear partial differential equations of the first order: 


Qm 2 W; Pu, -H vi Pw, T I (5j Pay -+ Tij Psy) = 0; b, — 0; 

e; = 2, du, — 2% Po, F z (Qu Pay — Tu Pry F Sy 0s, — Sit Ps) =0; d&;=0; 

Cx E 2 Qi Qu, — 2 Tiz Pr, P i (Pro, AT Pw,) T Uj Pa, UT Ui Pr, i (bie TUM i) Ps, 
UE (Qin Pav. — Tu Pry, T Si Qs, — Sri Pa) = 05. 

fg E 28y Qu, + 8j Pu, + Ty (Pu, + Pu) + (Wi H w Pry F Psy EUP | 


i 


(14) 


5 
" E (Sy Pay T Ski Pay, T Ug Ps. + fu Psp) = 0; 
=d aF =f i12 
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These equations are the ponere avons of those given by Gravé* for, the 
case n = 2. 

The preceding remarks are taken from a previous paper,T in which was 
noted incidentally the fact that the n (2n + 1) operators 


dy, € fü | (15) 


constitute a continuous group of transforma:ions in Lie’s sense. That these 
infinitesimal transformations generate a group was pointed out in an unpublished 
paper read by the writer before the American Mathematical Society, December 
- 99, 1902. | 

It is the object of the present note to construct the invariants of this group 
by the methods of Sophus Lie; the variables will be regarded as independent, 
but for convenience the notation will not be caanged. 

The group property of the family (15) is exhibited by the following table 
of values of the symbol of Poisson: 


Qi; b, P 


D b) = — 4; (a;,c;) = 2a,; (ai, da) = — ej; (ai, 6) = Sy; | 
b; €) =—26;; (b, ey) =— dy; (bi, Fy) = ea; 
E dy) = di (Cis €) = — (6, ey) =—ey; (Cis Ex) — — (65 6) = ez; 
(6i; fy) = — fy; (16) 
(dy, eg) ae 25; (d, 65) = — dy; (d; DE Fis) =a +g 
(d, fad — lgj l 
(ey; xx) = — ki; (ey; Cri) — = ey (ey; 65) = 0; — Cis 


(eu, fu) = — 2j (y, fu) = — fu 


from which have been omitted both those which are identically zero and those 
which are the simple inverses of those given. 

To find the invariants of the group we have only to integrate the complete 
system 


Pd 


a; = b ze = dy = ey =: f; = 0, (i, j = 1, 2, ey A1), (17) 


of linear partial differential equations of the fi-st order. 

This system (17) consists of n (2n-- 1) equations in as many variables ; hence 
that. a solution exist it is necessary that the determinant of the emant of the 
partial derivatives should vanish. This determinant of the n(2n + 1)th order 


'*Gravé, Sur le probíàme des trois corps, Nouvelles Annales de Mathématiques, Ser. III, Vol. XV (1896), 
pp. 537—547. 
1Lovett, On a problem including that of several bocies and admitting of an additional integral, Trans- 
actions of the American Mathematical Society, Vol. VI (1905), pp. 491-405. 
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refuses to yield to the ordinary methods of evaluetion. The question of the 
vanishing of the determinant, however, takes care of itself, for after a few reduc- 
tions of the order of the system we shall find the condition of integrability satis- 
fied. Moreover we may convince ourselves of the integrability of the system 
by remarking that the determinant A is a solution o? the system (17), as may be 
verified immediately by the aid of the fundamental theorems in the expansion 
of determinants. Furthermore it is easy to convinze one’s self that there are 
not more than n solutions. In fact, writing down the determinant of the coeffi- 
cients of the partial derivatives of the system'(17). it appears that there is a 
determinant of order 2 »? in it whose principal diagonal is | 


"iwi... 0% TL (w?—w?) (18) 
Ü 


and unique. The existence of this unique term can not be used to prove the 
non-vanishing of a subdeterminant of a higher order, since its coefficient in the 
original determinant is a determinant all of whose elements are zero. We infer 
then that the system of the » (2n + 1)th order has at most n solutions. 

Let us now apply the method of Boole and Korxine to the reduction of the 
order of the system in hand. 

The.equation 


1 
is equivalent to the simultaneous system of total differential equations ' 
du, — dy A Ads. dus. My deg. dy (20) 
2 Ww v; 821 $31 SnI Tiz "18 Tin’ 


of which we have the following 2n —1 independent integrals: 
U Vy — WEE, WM — Sy = Lu, GSu$4— qii? — = 0i, i (21) 
Eu E Eas m= na, (t= 2,3,..--, n) 
Introducing the quantities (21) as new variables into the remaining equations 
of the system (17) with a view to eliminating the 2n old variables 
Uy, Wi, Gis Qis +--+ +> Pins Siz, SB; +t F Siny (22) 


there results a system of (n + 1) (2n — 1) equations in which the variables (22) 
do not appear explicitly. Indicating by an upper :ndex unity the result of the 
substitution (21) the first member of the last-mentioned system is the equation 


ds == 0, (23) 
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which is equivalent to the following simultaneous system : 
du, _ Aw dej. Aga —. — Uen ds, BSa den __ 


2W, Ù 632 842 - Sn Tp Teg Tä Tus 
of which we have the 2 (n — 1) independent algebraic integrals 
U Do — Wy = Eg, W Ti — Us S24 — Esin 825 83 — Ja Ty = Nagy | (25) 
Eea F Ea, "aw, ($—1,8,4,....,n; 2228,4, ...., n). 
If the latter be employed as new variables to eliminate the 2 1 —1 old ones, 
; Wey Qa, Sy, See, (== 8, 4,;.---5 2), (26) 
there results a system of 2n” + n — 2 equations whose inital member is 
| a? — o. (27) 
Repeating this process n — 1 times we arrive at the system whose first 
member is 


Ug 


qs — C, , | (28) 


the corresponding total differential system possessing the following » independent - 
algebraic integrals: | 


Us Up — Wry = Eo Wy Tni — Un Sni = £n; (i = 1, 2,...., n — 1). (29) 
Up to this point all of the variables 
| Uiy Wis Qu, 94, Sy (5, J= 1, 2,----, n), c (30) 
have been eliminated except | 
Uny Wy, 8 miy 8525 EON | Ün n—1* (31) 


On introducing the variables (29) to eliminate the variables (31) the original 
system (17) is reduced after this the nth substitution to the following nnt of 
2n? equations: 


n= w, jur (ey Pr, + Eu Pe, T Ea $7, ) = 0, (/—1,2,....,m 72); (82) 
fg E — By Qu Bn Py Ce) Oy + Pp) — Co +E) Oy 
T YH (ro Pri Ui 1x) Pt, "m (ra jk T Vj in) Pin 
1 
1 
T V. (7s Eri — Tia Erg) (Paz TT Prp) | =0 
(52251, 24 dy oe de 9) (33) 
(v, 6193 4p ae cle Hem SS X | 2 Pry + ry &; Piy 
1 
= C, 


EXC 9 Na — Eu £n) $i. j= (6 — 1, 2,...., n); (34) 


N 


Occurs in the Problem of Several Bodies. 313 


(205 fit — vw ty ot ES QO, Phy, T vio Pry t Ye. ite Pring 
+ 2ra Ei be, + - (v; vj — £u Eyi) Pe, F To Eas (Pe, + 05) 
T > iE Be, T in Fig — vi Eu) Peg, T (ru Sie — Ti Sia) Pe 
trui tE ovna Eu bee) Jos, +3 E E (E, Eu — vetin) 
— £n zd (Pry, — Png) = 0, (i, j= 1,2,....,; bet, Az); (35) 


[v (w, fH — v, elit ye He s (v det be ap, elt] Pee nT] 


= 20; £j, Qu F 20; £u Po; + >i (v; Es Dep, H vj Ein $4) + 25 £j; + 25;£i $55 
1 
+ [v:o (E) + Es En] Pegs t Dco (Es H my) + Eu E] 5, 
D: B (£s. Eng Vj Uk Nix) Qu; m (Exi Cu Op b Pi) Pen; E [2E ik Ej 


» = T; 
w 2 05 45 — bij E) | Peg, t Lbs Eu + (0; 0; 123 — £u Ej) Paa | 
1J 





T » Éj: EN E; £i) Pus £M i En ( Qt Nri Eri Eir) — te (vj Uk Nyt 
— bs Es | (Pri, — Pry) = 0, j= L, 2 um k i, kj); (36) 


equations whose construction kas been facilitated by relations such as the 


following: 


854 Eig T Ui m 


W; de qi; V y. 





ij 
Tak Fig — Tir Sri ™— tels — rubs j 
i Vy 
Sig Ski — Qui Vig T (0; Hei F Sri Fix) — “Ht ; (37) 
t * 
Ski Nij 





‘ . 8,6 7 
44 ki Sji Nki ki 
Roa ins p. rem — f : + 
Qij ki dri gy T v, T NT Thi (r ij Eu ki ij) Tw Tij J 


(4, J, p -1.2. 89. T n), 

where 
Ei = WV — Wi, £i TOT — 0,6, F Ej, Nig = Sij 854 — Qi; Tij; — Njis 

(i, J — 1, 2 uius d (38) 
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The equations (32) themselves constitute a complete system of » equations 
in $n (3n —.1) partial derivatives; the system then possesses $n (n —-1) inde- 
pendent solutions and these are readily found to be 





Tij Tij 


v; V; Uv 
is Qu pa TT y p T a | 
2 vJ (39) 
2 Éji - 
Biu = au , B; = - P Bs F Pis; (i, J = 1, 2, SONS n). 


Introducing these variables into the remaining equations (33), (34), (35), 
(36), eliminating the $n (3n — 1) old variables 


Vis Vays «^ -, Un, Tijs Eu, & -jiy (2, j= 1, 2 ren, n), (40) 


we obtain the fovowine system : 


(34) =i 2Ài; B Pra; T (E s 8 i) Pee; + A5 Nag Peit = 0, 
2m 3,9 xc) (41) 





(33)°= — 26 Qu — | 2B Pi; — (Biz +8 54) Qni; £M = n (xe "alid ($6.4, — Pasy 


+ (1—24) Outo) +Ù — tue, Faha 


(4,7, k=l, Dyes ey N; k c kj); (42) 


(38) = 2£, de, + 205 15 — Bi Bj) De, + (£F Au ms — Biz 8) Png; 


US “(Bix Bri — Ari Nki T Bix 83) (Gay ets Pina) | T 2,5 (1 mx Aaj) $5; 


+ oS; s (1 " Gur Pani + Biz (1 — Yaz) Op, + (Bu — Pis B5) 0s, 
1 





Ex Ni Un [ (B T Bri) Peri a Biz Pein T ( 20 S 8i) Qs. 
1 


t(Bu— ut Bye, E 0, (7 41 8 ea E tole ae (43) 
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(36) = 2£, T. Pe, sr 2E; Bu Ps, T (£i B; + [o6 Es Bid) Qs, 

ie Dice " 
+ » Qu | Bix (Ani hin Cui Pu; pon Bix (Aix Nile T m Br) (Pang ~ Pap) 

1 Pus 
+ 224; (0:5 + Bi) $a, pt [s (8,—55 Wa s) Prys F Ari (8. pe Put B, Jos, 
T [Aij (£; ui ni) us Bij Bi] Pe, ij "p [is (£ i mj) T: e 85]5;, 
T Š l (28; By — us d "Pu Bir T Aij Nig — Pu 8: :) Qa 


+ (Br Bi — Ajk Nj T Bri Bu) Pans ae (285 Bu — RE Bu Z 


T A3 m;— Bi B.) Pea t ^m (Bi Bin — Ani Ne Dj Bu) Pey) = 0, 
(iJ, £— 1, 2,....,n; Aft, kL); (44) 


where the upper index A indicates the result of replacing (40) by (39), and where 
we have put | 





= — _ UVGÜk 0 ARR 
Pik— Piki — Pkij — p >. =N pi jk Pri Pix Qo Pit — ^/ Aij Aux Akis 
Ti TA Ty 


(hj, b1,2,...., m) (48) 








The complete system (41), (42), (43), (44) consists of n(2n — 1) equations 
in n (2n — 1) variables 


E £2 Eni Myr sty jk co, Yn Ls 
Ag, t, Aman] £3, Bani Bay -ees Bran} E 
in order that the system have a solution it is recessary and sufficient that the 
determinant of the coefficients of the partial derivatives should vanish. 
Let the equations be so written that the partial derivatives follow the order 
(46), and let the coefficients be 
XP, XP, XP; HR, Hans 
AS. . y A aus Bg, vos Boas B9, aig Bus 
| [i= 1, 2,...., n(2n — 1)]. 


(47) 


Then it appears at once from the equations that 


Sx NN ,  [£21,8,....,n (2n — 1)], (48) 


1 


for all values of 71; hence the determinant vanishes. 
42 | 
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The form of the equations (41) suggests the possibility of solutions in. which 
the variables 
^ui By, Bis, (5 J Sen 1, TERRES n), (49) 
do not occur. To this end it is necessary and sufficient that all determinants of 
order 3n (n + 1) in the matrix 


Jl XY”, X, E jx HY, ees HY, nee og inll, [2 =], 2, E. n (2n—1)], (50) 


should vanish; but all these MAU do vanish in consequence of (48). 
If the system corresponding to any of these determinants be taken, the solution 
is immediately found in the form 


2 &— M Ny; | f (51) 
this. integral involves all of the original variables 

U;j Ui, Wis Qu, Tg, S9, Sis (4, J = l, 2, eee , 2); (52) 
and hence we have an additional reason for ihe vanishing of the determinant of 
the complete system (17). 

The further reduction of the complete system of equations which we have 
been studying is attended by serious complications. It is possible however to 
examine the most symmetrical case, namely that for which n is equal to three, 
more closely with comparative ease, and to show by a method which extends 
itself to the case of n arbitrary, that no other solutions exist than those already 
found. 

When n equals three the reduced system of the n (2n — 1)th order consists 
of fifteen equations which can be arranged in five sets of three equations each, 


the indices being permuted cyclically in each set; the equations for this case 
are as follows: 


(vbi + wc n —0, (vb7 + Wines Py zE Ags =0, (va b? =P wog y == Ag, 0; (53) 
24 — By, = 0, fa = By = —0, Ja” Bao; (54) 

(wf — ad) "A= Us —0, (wo, fel? — Up 693) Eg = 0, (wa fit — ves zx Cus770; (55) 

(w, fi —v165) =D rg —0, (ws fif — v6) zz Da —0, (105.55 P — use zs Das0; (5 6) 
| We (v, fl — v €" — va (vy, ei + w es) [t EX Eg = 0, 


E (Wwa fag’ — Vz €x). — Vs d T owes) | = Ey = 0, (57) 
10 (Wi fat — vi 63) — vg (v; e$ F Wy Cis)” 1 ERE =. 0; 


LS 
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-where 


Ajr = 2 By ^ y Pay T 2 Bix Aki Qiu "r Agi Nki Pez; zN (E; P 92) Pey ES ^u Taj $5; i 
T (£i + B) Pa.) | 


Bg, = 2 Big be, + 2 Bi bs, + (Bu + Ba) Pag + a 3» ij — Bus) (Pay, — Papi) 

+ Qu — 1) (Gp, + Pe) + (E —1) k + G 4 -—1) $5, 
Cy, zz 2 (Ay mg — Bs Cu) Pe, + 2.6; Pe, üt Ag ny — ~ 6 ub n) Paj 

T 2 (oti — Bie Pig F Os Pres) (Png, — Pa) T 225 (1— 24) Pa, 

Us ud 
| T 2A (1 eus t) Pry F (Sn — ^u Bu) Pey + Bx (1— Ay) Pe, 
"E (2 E GEN B US = Bn) Pan, T d vilia di" Bix) Qs. 
d Jk (58) 

Do, — — Cu; 


J 


Eyr = " 5 Pe, + 2 Bi Ej Pe, T (Bs Ei + B, Ej) Pry 
sd ur | Bix (Pyr i — Pin 8)- — Bir (Ani nri — D Pix) (Pay, — Pr) 
+ 2 ^u (By + B5) Pa, 1 2 Ase (ey— E Gin) Pa 2 Ani (Gi — x, 89) Qu, 
+ [s (Ei ng) + Bi Biles, + (^ua — Bu Ba +2 95865. — Buba) Pey 
+ i- (Br Be y Nie — Bre Bis) Pay, + (Au t — Bu Ba F 2 Un Bur 
= i. Bu Ox) Per + s (Bri Pu — Ani Nki = Bi Bx) Pep; 
+ [Ay (E; + nu) + Bu Os] Peps 
where 
p — a/ hi Nit Anes . (59) 


That the above fifteen equations in fifteen variables possess at least one 


. solution appears from the fact that we have 


Pia + P ji ES Pry = — 0, A (60) 
where 


Pa = ve Ag qe AG B;; 2 rij ny) Dig. T Bg C. age S Bi Di, TM "nm 1 i (61) 


That they form a vue system 1s verified by reference tothe table below, 
from which have been omitted all vanishing commutators and all cyclical changes 
of those given: 


-—- 


MMC ; 
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(Aux; Patan am 2y DB J- D ik 3 (Aus, Bry) = Oix Bry + Cri; 

(Ain, C yk) = — By C ijk o dk ; (Au, Cus) = Bix Cu EE £i By } 

(Ain, Dg) = By Cg — Eyr; (Ain, Dry) = Ou Dry — Ery, 

(Ain, Lyx) = Ei Cg + By Ego 4 Bi Ayes (Ave, Eu) = £ Dey + Bu Bray 
d. Bri Ag. 


(Bis, Cu.) = == (1 + Ay) By (B dk Dii) } (Birs Cry) = By E E (Biz me Bir) } 
(Bu, Dj.) = — Dj + x (By Dy); (Bir, Ep) = — T Wik Di 
( Bi, Ey) =f Bri E — Vjki + " Duy; (Basis Ey) = B5 Dig + Cy 
Ui Vki jk 
— Dui 
(Cus, Ciri) =S — Bx; B kj Sk +£ - Diss Cj) } (Cits D ux) = (Bu m B) Bg 
+ ^ (Gu — Dy); | 
( Ci, Diri) = Bi By; SS Bix DB -+ GE ves 2) ( Ci P Diri) , 
(Cas, Ia) E ^a (Ag d 3 As) zb (Bi E By) Cu. + (1 aoe! Au) Æ Wit) 
(Ces Bu) = Qut — Bye Bu) Bus + (£ Bu — 28u) Cue — Ba Cos 


T =) E 


(Cyn, Bey) = J- Pig Cor +.B Dry — + jk 
“jk 


ljk 


(Dyrs Dini) = — By Bii — { Cu; — Da); 


(62) 


(Di, Dry) = Bri Ban + PCy — Dy); ~ 
l (D Uk FE) zz Ay (3 Au a ski) + (B5 — — Dj) D. + (1 — Aj) E ik) 


(Du, E) = Pa Gui + " B Di — i Ey: 
(D, J Er) = (Ani Ye 77 Bri Bix) Bi, T GE Bu —2 Bx) Da ER By Dy 
ike 
+ (a—, ATA P +) Bws; ; 


Ak j 
E, E) = ^ a By E) Ces (Aus Ye B. Pry) Dia. 
pus UM oett 019 cu f -B 
ZW zs B l w) ijk ( Pi i) Eis 
(Ers Eg) = reee (Bri Bir oP Aki Nei) Cu + (Ay Nig 77 Cy a Di; 


4 a Pr — 2 Bu) Eje + (2 Bs — £ Bn) B 





-u 


2 
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The system is known to possess two solutions, namely (4) and (51) from the 
preceding discussion. The latter of these is 


2 + £j T Ex umm 2(95 T "Uc Nri; l (63) ` 


the former may be written 


Us Wi In Sij dki Six 
Wi v; Sji Vy Sy: Tiz 
qu Sji Uy; W; drj Sip 
| (64) 
S dj Tj i 70; v; $ Li 7 Jj k 
fik Sri. Qk Sig Up Wk 
Sik Tki Six Tig v. Vx 


Designate by 123456 the columns of the matrix formed by the first 
two rows of this determinant (64); those of the matrix formed by the third and 
fourth rows by 1/2/3/4/5’6/; and finally the columns of the matrix formed by 
the last two rows by 1,2,3,4,5,0,; call these matrices A, B, C respectively. 

The expressions of the minors of any one of them, say A, in the new 
variables, can be determined. by means of the relations (37) and (38); the 
expressions of the remaining ones may then be written down by cyclical permu- 
tation guided by the following substitution scheme: 

A (123456) B(3'4'5'6'1'2") OC(5,0,1,2,3,4); (65) - 
and the expansion of the determinant by the method of Laplace be obtained by 
substitution in the symbolical scheme below: 


. 1218456 + 4536 + 5634 — 3546 — 4635 + 3645} 
+ 23 {1456 4+ 4516 + 5614 — 1546 — 4615 + 1645} 
+ 34 (1256 + 2516 + 5612 — 1526 — 2615 + 1625} 
+ 45 11236 + 2316 + 3612 — 1326 — 2613 + 1623} 
+ 56 11234 + 2314 + 3412 — 1324 — 2413 + 1423} 
— 18 {2456 + 4526 -- 5694 — 92546 — 4625 + 2645] 
— 24 118356 + 3516 + 5613 — 1536 — 3618 + 1635} 
— 85 11946 + 2416 + 4612 — 1426 — 2614 + 1624} (66) 
— 46 {1235 + 2315 + 3512 — 1325 — 2513 + 1523} 
+ 14 12356 + 3526 + 5623 — 2536 — 3625 + 2635} 
+ 25 11346 + 3416 + 4613 — 1436 — 3614 + 1634 

+ 36 11245 -+ 2415 + 4512 — 1425 — 2514 + 1524} 

— 1512346 + 3426 + 4623 — 2486 — 3624 + 2634} 
— 26 11345 + 3415 + 4513 — 1435 — 3514 + 1534] 
+ 16 12345 + 3425 + 4523 — 2435 — 3524 + 2584], 


^ F 
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in which the numbers without the parentheses belong to A, and of those within 
the parentheses the first pair of each set belongs to B and the second pair to C; 
the resulting form is long and complicated, tae elegance of the form (64) disap- 
pearing in the transformation, and as it is unnecessary to our purposes it need 
not be reproduced here. 

It is now proposed to show by the aid of the determinant of the partial 
derivatives of the system (58) that the system composed o? (53), (54), (55), 
(56), (57) does not possess more than two solutions. | 

Call the determinant D and write it down so that its fifteen columns pro- 
ceed in the order of the partial derivatives with regard to | 


£i £j a Ys Niky “kis Aij; Ait 7-ki, Ëj, Bir» Bri; Bi, Bris Bir, (67) 
respectively, and the rows in the order of the respective equations 
Airs Airi, Ary Bix, jk» Brijs Cir» Ci , Cu, Di, Dy, Dy, E, Eis, Ey. (68) 


Consider now the subdeterminant of the thirteenth order of D formed by 
cutting out the fifth and sixth columns and dropping the fourteenth and fifteenth 
rows; designate this subdeterminant by Æ, and its columns by C; and rows by 
R;, and by Æ; the element common to C; and &,. 

It is not difficult to isolate a unique non-vanishing term in # and thus prove 
that Æ itself does not vanish. 

To this end transform the determinant E by the following operations: 1) 
Replace £, by zero; 2) replace all the @’s by zeros except Ba: 3) from C, subtract 


) 


C; 4) from Riz subtract Rg; 5) from C subtract Bu Cs; 6) from C, take " C, 


7) from Fy take E FR. In the resulting determinant £, occurs only at E, and 
J 


E. 5; accordingly we have the coefficient of £3} by suppressing R, E, C, and 
C. In the thus depleted A, of E the term Ax% occurs only at Eio, 1; in the 
depleted C,, Ar ng occurs only at Æi, ;; in the depleted X, the term A,, 4, occurs 
only at Æ; ,; and in the depleted C; the term 4,4, appears only at E, 1; accord- 
ingly, by suppressing further from #, Ri, By, Ry, fy, Ci, Cas Cas Cio, we have 
the coefficient of (£, Axi; «uw ny)’; in this last-named coefficient there occurs a 
unique element, By či, at Æ; 1, of the.original determinant Æ. By these succes- 


d 
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sive steps the coefficient of 8, E, (Er Asi nni Ay My)” is made to appear in the follow- 
ing form: . 


Cs Cs C; Cy Uy Cg 
P ma Lc 
0 0 0 A. 1 Ag—1 2s KR, 
0 0 U Api 2 = 0 |R, 
0 0 0 0 0 Api — 1 R, (6 9) 
ihe t= x- Ü x 0 Bx |R 
es 0 quod 0 = E 0 
Agi ki Ji Ry 
1— ae p Ag 0 0 Ê; 0 Fig 


Hence we see that the term 


| | A—1 $i 
Bi É; Er Ari Nei Pij lij (1 Mee Axi) p “i (70) 
kì 


occurs but once in the determinant D. 

We may conclude then that the system of equations possesses no more than 
two independent solutions. ' 

It is not difficult to write out the extension of the argument of the last 
paragraph ‘to the case of n arbitrary. To this end ccnsider the determinant of 
the twenty-eighth order arising in the group associated with the problem of five 
bodies, and write its columns in the order of the partial derivatives with regard 
to the variables 


bi, Es Ex, Er, Nys Niky Neis Ns Mir Neds Pis Ayes Anis ^4, ^u, Ants 
| By, Birs Bris Bas Buy Ba, Bu, Diss Dus Dus Cay Burs | (71) 
respectively, and its rows in the order of the equations (41), (42), (43), (44), ` 
namely 
.. 841, 345, 84h, 341, 3317, 387k, 331i, 3371, 330i, 33%l, 35ij, 357k, Soli, ) 
3541, 851i, 35kl, 3571, 35kj, 35ik, 351j, 35i, 35%, 36ij, 367k, 36ki, m 
3671, 36h, 3641, j 


respectively. 
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Consider now the minor of this determinant formed by cutting out Chip, 
On, R867k, 436k. Retaining the designations of the rows and columns as in 
the original determinant let us transform this minor by the following steps: 
1) From C@6,, and CG, take Cy; 2) from R36h take Bu R35kl; 3) from 
R35ki subtract £3547; 4) from #35hkl subtract £3547; 5) from 35k take 
~ R35kj. In the first four columns of the depleted determinant £, occurs only at 
(R35kj, C£.) ; in the first column Pa occurs only at R85ki; in thesecond column 
py occurs only at £3527; in the fourth column p, occurs ons at R35il. From 
C£, take Cuny; from CE; take Cy,. We have the coefficient of E, py pu pa by 
cutting out the first four columns and the rows £354, ki, $3, il. In the first 
row Py occurs only at CÊ; in the second row py occurs only at C0,; in the 
fourth row p, occurs only at Ca; in the first four rows £, occurs only at (£34k, 
Cw). We have the coefficient of EZ pi pL pa by cutting off further the first 
four rows, and the columns CÓkj, ki, ij, 4. In the last-named coefficient Er 
occurs only at (R36, Ca) with multiplier 44,, and at (R354, Cha); at (R364, 


C84) we have the term p, multiplied by (—9 £u s) , and p, occurs at no other 


point in that row or column; at (43571, AF. we have the term py multiplied 





by (— s Ji and py occurs at no other point in that row or column; cut out 
pi 


then additionally 36k/, RK365Ekl, R30ü, R33jl, CB, Cna, CPa, Cry, and we 
have the coefficient of 2, £& pi; pi pu; in this coefficient £, 6; is a unique term 
at (E369), Cx), and £; Oy 18 a unique term and at (43671, Cna); accordingly, 
we have a unique term Ay Bn By £& E; Es pu pupa whose coefficient is'the 
determinant formed of the elements common to 


R35jh, li, ji, ik, Ij, lb, 380, jle, bi, jl, B, MH, - 0l. 
CBjk, li, ji, ik, lj, Ub, Aig, jk, ki, jl li, kl. d. 


Examining this twelfth order determinant we remark: 1) The elements of 
the minor 


Cn tits ih ki, gl, la, kl (74) 


are all zero; 2) as regards the elements of the minor . 


oe } ee (75) 


ur I 


P 
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each involves the @’s and A's only; 3) the minors | 


R33 1j, Jk, ki, jl, à, kl; : 
6 
CB jh, li, ji, ik, ly, Us | Un) 
and 
. R35 jk, li, ji, ik, Dj, Ue; 
gd edt (77) 
CA <3, Jk, ki, gl, B, kl 

involve the A's only, and are equal, the rows of one being the columns of the 

other, and reciprocally. `` — 

Accordingly we seek to determine whether the determinant 


Pus Pir 
1 0 [225 q — Et 0 0 
ki Ms Mik 
0 0 0 1 a Ani 0 0 
n i 7 4] (78) 
j yey Bs 0 b y— Pant. 
Ang Aig An jt i 
Au ^a ki 
0 1 — fe 0 0 1-2 lA 
ki ik 


vanishes or not. 
This last determinant may ke written as follows: 


__ Pik uq ^A. a 
i Ü " l 
(1 E 24) ^ni . |1 — Ay 1 — fe | -— pe A (79) 
1 — a. 1 Lus Ü ki 
"h^ deis A. 1— A. Ye. 
i j 


in which form its non-vanishing 13 obvious. 
For the general case it is in similar manner made to appear that there is a 
43 | | 
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non-vanishing minor of order 2n? — n — 2 containing the un m made up 
of the product of the following terms: | 
9 2 (n2) n2 (n—2) m2 2 
(Ariss Aini Toks Ass) (E £a 8 8385 £ 83 g 88g" * * E 85—1 8 85 n) (p 382 684 p 8983 D Sa i v? ss.) (8 0) 
i Ps 8183 “1 818i 
thee j ee a ene = X 
i B81 18) 
fossi en ws f 
1 x 1 Passos, : 1 ae 1— A, s: eet 1-- x 
`a 8183 DR hh 8183 Si—1 89 
T $8]. ^ ET " 
(Lesh): ; o ^mi TH = m NT (81) ; 
]--tu 1.3 i=4 | 5— x uM —À —— 7 
ius 8233 8183 S585 8i—1 83 
193 ‘ 


Je Passi $8 . d Passi si 


] 8181—1 898i—1 
where p, is written short for A; ny — By Ba- - 


Houston, TEXAS. 


Normal Curves of Genus 6, and their Groups of 
Birational Transformations. 


Bz VIRGIL SNYDER. 


1. The canonical form to which an algebraic curve of given genus can be 
reduced is one of the fundamental problems in the theory of birational trans- 
formations. The simplest forms of curves of genus 3 and their corresponding 
groups have been found by Wiman,* who also made a study of space curves of 
genus 4, and an outline of that of curves of genus 5. The forms and properties 
of plane curves of genus 4 hav2 been determined by Miss Van Benschoten; 
the classification of those of genus 5 is well under way. The present paper has 
for its purpose the determination of the groups of birational transformations 
which leave curves of genus 6 invariant and to discuss various properties of such 
curves. This configuration is interesting from the fact that it is the lowest genus 
which can not be defined by the complete intersection of quadric spreads in 
hyperspace, and that only one of the defining spreads can be assumed at will. 

The general curve of genus 6 can be reduced to a sextic c; with four double 
points. The only exceptions are the hyperelliptic curve and the non-singular 
.quintie. When the curve is reduced to another of the same order by a non-linear 
transformation it must contain a linear g£, of which the points of each group are 
not collinear. Since this is a special series, it can be determined by adjoint cubic 
. curves ĝa. But the co? 9, having the four double points and any other three 
points of c, for basis points define not a gj, but gł; hence: all transformations 
which transform a, non-hyperelliptic curve of genus 6 ard order 6 into itself or any 
other curve of the same order birationally can be expressed by collineations and quadric 
inversions. Moreover, every transformation generated by these must, in this 
case, be either linear or quadratic. 


* Bihang till Svenska Vet. Akad. Handlingar, Band XXI (1895). 
tA. L. Van Benschoten, On the Transfornations Which Leave the Algebraic Curves of Genus 4 Invariant, 
Cornell dissertation, 1908. Í 


, 926 SNYDER: Normal Curves of Genus 6, and their 


The following cases are to be considered : 
(a) The normal curve is a c, with four double points (4 P,) at the vertices 
of a quadrangle. | | f 
(b) The c; has three collinear double points, and one other one. 
(c) The c, has a triple point P, and a double point. 
(d) The curve has a gi. 
(e) The curve is hyperelliptic. 


$1(a) c with Four Double Pointe, General Case. 


3. This curve has 5 yi, formed by the pencils of straight lines indi each 
of the nodes, and the pencil of conics through all of them. When more than 
five gi exist, the curve has an infinite number of such series and can not be 
reduced to a sextic. These series must permute among themselves;. hence, 
curves of form (a) can have no group of order larger tham 120. Let the four 
double points be (1, 0, 0), (0, 1, 0), (0,0, 1), (1, 1, 1). The œ"; through these 
poss will be of the form 


a d y — xyz) + b (xy? — ay) + c (a2 — xyz) + d (^s — xyz) | 
+ e (az? — xyz) + f (yg —ayz) = 0. 
If we now put 
px = ay (a—z), px, = wy (y — z), p= z(e — y), 
| pm = yz (y — w), pej-az(z— y) pz yz( — 2), 
then between the a, exist the five following identities : 
Ly Lyg — Ly Ky — Lo Lo = 0, — m4 Vy F Xi Xp — T Le = 0, 
Li Va -F Va Vg — Tg 9, — 0, Ly Hy — Ly Le -]- La 203 = 0, (1) 
l (7 Ry Gs F Lg Lg — $3 0, = O, | 
The equation of any c; having the above points for double points can be expressed 
as a quadratic relation among the z;. It contains 21 terms, or 20 constants, but 
five of these can be expressed in terms of the others by means of (1). Thus all 
the 15 = 3 p — 3 constants appear in the one equation | 
X Gy, vu, = O. (2) 
Now consider z; as homogeneous point coordinates in linear space of five dimen- 
sions R,. The systems (1) and (2) define six quadric spreads which have a curve 
in common. Any 4, cuts e, in 10 points, hence an R, defined by 2b,%, == 0 
will cut the normal curve in 10 points. If the cf? be projected from any point 
upon it and the projecting cone cut by an A, the resulting c? can not have a 
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double point. In other words, ef) can have no trisecants. By further projections 
this curve becomes cf? and cf? respectively. A c; with 9 double points can not be 
reduced to a e; by means of ¢, passing through an arbitrary set of basis points, 
but if one simple basis point be assumed, three others cen be found in five different 
ways, such that o *4, can be passed through them ard the nine double points.* 

If these curves be used for the transforming system, the transformed curve 
will be a c with four double points. Since cf) can be projected from certain 
points upon it into cf, it is possible to find tetrads of points upon it such that 
through them can be passed o? A. It is necessary and sufficient that the four 
‘basis points lie in A,. If ef) be projected from one cf them into cf’, the other 
three will go into points lying on a straight line; hence cf? has at least five 
trisecants. Ife be projected into R from one of the points of intersection with 
a trisecant, ef? will have a double point. Finally, 2® is projected from the 
double point into our plane cg. | 


3. Let the systems (1) and (2) which define ef ba denoted by F,,...., Fo 
Among the spreads of the linear system 22, F, —0 are o * which can be 
expressed in terms of five variables. These particular spreads are the four- 
dimensional quadric cones, having a point for vertex. The associated values 
of A, are found by equating the discriminant of the system A(A,,...., As) = A(A) 
to zero. If A, be regarded as point coordinates in Zi, A(2.) —0 is a four-dimen- 
sional spread of order 6. The corresponding locus of the vertex of the cones 


is obtained by equating the determinant of E, = vk of order 6 to zero. It is 
k 


also of order 6. Between this spread M and A exists a one-to-one point corre- 
spondence. If from a point of M the curve c$? be pro'ected into Ay, eff will lie 
on an F®. . But there are values of à for which F can be expressed in terms of 
four variables. These spreads-are four-dimensional quadric cones having a line 
for vertex. The values of 4 are obtained by equating all the first minors of A 
to zero. The corresponding configuration on M is a ruled hypersurface ©. If 
c® be projected into A; from a line of S which is a bisecant of the curve, the c 
is of type (4, 4) on. a quadric surface, and has three actual double points. 

In no case can cf? have an actual double point, as it would give rise to cf?; 
but this curve has a gi, hence belongs to those of type (c). Through every point 








* Clebsch, Geometrie, Vol. I, p. 695. 
+See Riemann, in Crelle, Vol. LIV, 818; Clebsch, Geometrie, Vol. I, p. 693, foot-note; Brill, Meth. Ann., 
Vol. I, p. 401, and Vol, II, p. 471. 
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of c? can be passed five Z,, each of which cuts the curve in three remaining 
points. If cf? be projected from such an A, into A, the result is cf with four 
double points. Thus the gj in the cf’, and some fixed point on tb^^ ~~e, can 
never be a partial series g? contained in g2, but two such points c. _ 

that the resulting gg is a partial series contained in the g®.* ` 


M. 


4. The four basis points project on c® into the four points in which . 
conie through the double points cuts the curve. One of them is arbitrary and 
the others are then fixed. Similarly, the two fixed points which are the images 
of the double point of e? are the residual points, in which the line joining two 
nodes cuts the curve again. The irs $, are made up of the straight line 
joining the other two nodes, and the œ? conics through the first two; as sub- 
group we have the degraded conics formed by the line joining the Second pair 
of nodes and an arbitrary line of the plane. 


5. The curve c is a double curve on M, the Jacobian of the system of 
quadrics. Among the lines S, some are bisecants, some simple secants, but in 
general they do not intersect c. If the curve be projected from a general line 
of S, its image in R; is a c of type (5, 5) on a quadric, It has 10 actual double 
points. On the other hand, if cf be projected into A, from any bisecant, the 
resulting c® will have no double points. It is the partial intersection of a cubic 
and a quartic surface, the residual being a rational c9. 

Given any point P on ejj. Associated with it are five sets of three points 
each, Př, Pk, PE (k==1,....,5), such that each set and the point P lie in a plane. 
If these points be called a particular group, we may say: The c® obtained by 
projecting ci? into R; from a line joining any two points of a particular group will 
always have at least one double point. : l 

If Pi = Pi, then through the line PP} can be passed two #,, each cutting 
c? in two other points. The cf? obtained by projecting from such a line must 
have at least two double points; but since a g} on ci is excluded, if c? has+wo 
double points, it has three. Since the points associated with Pj must be P, and 
the two remaining associates of P, we now have the following theorem: 

The necessary and sufficient condition that a line joining two corresponding 
points of the same particular group on cQ be the vertex of a quadric cone on which cf) 
lies is that one point on eff is common to two particular groups belonging to the other. 


* This is a direct application of Noether’s theorem of reduction. See Segre, «Introduzione alla Geometria 
sopra un Ente Algebrico Semplicemente Infinito," Ann. di Mat. (2), Vol. XXII (1894). 
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Thus, there can never be a simple coincidence of associated points on ci. 
In each case the coincidences appear in sets of three. 


6. Every non-hyperelliptic curve of genus p greater than 3 has one or more 
linear gi_,. By the Riemann-Roch theorem the residual series is also a g5,;. 
In the canonical curve in E, , these series must be cut by E ,, arranged in 
reciprocal sets. A series of Z , can be found having p—1 points on. cfr. 
Any E, through these points will cut the curve in p— 1 further points, which 
also lie on a p-s. The curve lies on a quadric spread in A, , which can there- 
fore be projectively generated by the Æ,- of each series. This is possible only 
when the equation of one quadric on which c; lies can be reduced to contain 
but four variables. If this hypercone be projected from its double A, , into Rz, 
cg will project into e£). lying on a quadric surface. 

The curve is of type (p—1, p—1) and has (p—1) (p —4) double points. 
A quadratic identity between four adjoint curves can be found (by means of the 
equation of the curve itself) for every non-hyperelliptic curve of genus p > 3." 


7. The linear transformations which leave c invariant must also permute 
the double points among themselves. If ; 
A, =(1,0,0), .4,25(0,1,0) 4,= (0,9,1) 4 =(1,1,1), 
all the possible linear transformations are contained in the gy, formed by the 


4! permutations of these points, As generating cperations we may take the 
three harmonic homologies 


(A, Ag) (45) (4) = (2 a5) (2 24) (a5 £a), ‘ 
(A, As) C45) (Ag) = (21 oe) (2s x4) (25 5), . 
(A; A,) (45) (45) = S (x; ws) La e E dx. — 2 n Uy — Tg + 2. +25 Tg — ^ — " 


Since the quadratic identities (1) which are independent of the c, simply . 
permute among themselves, in order to obtain the most general e, of p = 6 
which is invariant under any group contained in the above octahedron group, 
simply write a general quadratic relation among the c; and impose such conditions 
as will leave its form unaltered when operated upon by the generators of the 


group. 
The only other — shine can leave the curve invariant is the quadratic 





* This theorem does not contradict that stated by Noether, Afath. Ann., Vol. XVII, p. 441. There the 
basis points d,, €, .... are chosen arbitrarily. 
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inversion, having any three of the double points for basis points. That deter- 
mined by A, A, A; and leaving the point A, fixed can be expressed in the form 
i (2, We) (Xa o) (xs 4). 

The pencil of conies passing through all four double points defines a fifth linear 
series gj, and may be denoted by A;. The operation of inversion as to A; A, A, 
changes the pencil of straight lines through A, into 4;, and conversely. Hence 


(44 As) (41) (Ap) (a) = (21 Lo) (2 o5) (2 24). 
These four generators will define the symmetric group of order 120, and proper 
combinations of them will define any group contained within it. 

The largest period of any birational transformation which leaves a c, of type (a) 
invariant is six. These operations and the corresponding equations can now be 
immediately written down. In particular, if the curve belongs to the group 
generated by (A, 4,), (4, 45), (4,45), its equation is of the form 


6 l à 
A X x? + B (was + yg + yy F rg ong e tita H a os) + O (ym, + Ex + aew) =O, 
i=} 


when proper use is made of equations (1). Ifit be invariant under (A, A,) also, 
A=—2, B=2, C= —1. Expressed in terms of æ, y, z this equation defines 
the c, having the maximum group of order 120. Its form is 


2X0 y2+ 2Xay —92Xau -pxEau—86xy-oO. 


$2(b). Three Double Points Collinear. 


8. Ifthis form be inverted as to a triangle of nodes, the third node on one 
of the sides of the triangle becomes a tacnode, he ~‘~the latter configuration is 
as general as the former. Let the tacnode be at (0,0, 1), v+ ay — 0 the 
equation of the tacnodal tangent. From the system of adjoint cubics we 
may write i 


pt =a y, px — my pr = mm pa =at Hay, pa = y pr = Lys, 


from which the quadratic relations 


ie Dol OD SEREN 
Ly Xe — XLo Ly = O, Wy — Lz vg = 0, Leary — $$ = 0, 
—— 3 mtnipe 
Lo Ly — Hy (Xs + € xg) = 0, 99, — a w + vac, = 0 


at once follow. Any curve e, having this conüguration of nodes is completely 
defined by Za «2, = 0. » 
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The only linear transformations that will leave this configuration invariant 
are of the form 

prima, puja, p= key, pel = kx, peg = kas, peg = kw, 
or of the form 


— 1 — l1 — ] — ] — l-— 
pLi = Tz, pT = 2%, 3-95; Qo. = Ti, p Eg — X3, P Ve — we. 


In the first case Æ — 1 or f= 1, but the latter is possible only for x = 2425, 
which is hyperelliptie, p = 2. For any odd value of b, c, is composite. By 


letting a —1, which is no restriction, the curve having the non-cyelie G, becomes 
aay asa? 3 (a 4- 3?) a as 2* (at y+ 0427 4? az (ata? + yi) + aug (a + ^y — 0. 
It was shown that no inversion can leave either type invariant, hence: The 
most general birational group which leaves a c; of type (b) invariant is the non-cyclic 
linear Gy. | 

If a — 0, the form may be written Xajz; — O0. 

The case of two tacnodes, and in particular, of one tacnodal taenode passing 
through the other tacnode, can all have the non-cyclic G,. The case of three 
consecutive collinear nodes and that of the oscnode are equivalent. "The former 


. 1s invariant under a harmonic homology, the latter under an inversion with coin- 


cident fundamental points. Moreover, both forms are invariant under one other 
harmonic homology, commutative with the first operation; hence these have also 


the same q,. 


Finally, if all four double points are consecutive, they must lie on a conic. 
If (0, 0, 1).be the point, y = 0 the tangent and zy = «^ the conic on which the 
nodes lie, the system of adjoint $4 may be written in the form, 

eu — yg Hz, pr = wyst a, pe = yz, pm =y, pus wa, pas — y), 
and the quadratic relations become 
Lo Cg = Xg Ly H BI, Lo Cg = Mg Lg dom Us, Ny Vg = TH, 
(Wy ly = Ug Ng, 1X = VI -F LaVi, E Aip Li By = 0. 

The only operation which will leave these forms invariant is changing the signs 


of x, and ay. Itis a harmonic homology with center on the tangent and axis 
through the node. | | 


9. It will be noticed that in all forms under (5) at least one of the quadratic 
identities involved but three cf the variables. In each ease X agm, = 0 may 
be particularized to include many more such forms, even when the form of the 
nodes is prescribed. 

44 
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Any quadratic relation — but targe adjoint 9 may be written in the 


form. ` 269! — a? — — 0, 


which, with the other quadratic relations, defines c; without extraneous factors; 
at every variable point in which 9, @/ intersect, the former touches c,. Similarly 
. for Q", qg'.. If the curve ap + 69! + cp = 0 cuts c; in the two sets ($,, ĝi, 91^), 
(Qs, 2, 92), then c, may also be written in the form 


2 (09r + $19" — 9 9) (P2 + Gah" — 992) = (a + OG! reo; 
hence if there be two contact curves, there will be an infinite number. These 
systems are the images of the tangent E, to the cone 2949" — $? = 0 having an 
R, for vertex. Since through a set of p — 1 =5 points of contact both $ and 9/ 
pass, they are the basis points of a pencil. In general, if / be any line and 4, , 
be a curve of order n—2 passing through the nodes, a special group of p—1 
points and n —1 of the intersections of c,, J, then the net 
al 4- big! tev =0 

wil have p— 1 -+ n — 3 fixed basis points in addition to the nodes; this leaves 
p--2' variable intersections. This net can now be used to transform oc, birationally 
into another of order p 4-2. The point (0, 0,1) is a triple point P, on c,,5, since 
the pencil of straight lines through it corresponds to a4 + bà! — 0. A contact 
curve must go into a contact curve; hence some line othe pencil az, + ba, — 0, 
counted twice, is image of the contact curve. It is a factor of an adjoint curve; 
the remaining nodes lie on a curve of order p —3. Now let a,_, be a curve 
passing through the triple point and all the double points but one, 5, , a curve 
passing through all the double points, zz m + 22, — 0 be a line passing through 
the triple point and the node not lying on a, ,. The net formed by qb, xb, a 
can now be used to transform c,,,. The transformed curve will be of order p + 1, 
and the pencil through (0, 0, 1) remains invariant; as before, one of its lines must 
count double.. The remaining double points lie on a curve of order p — 4, but 
this is impossible unless the, special line contains a second double point, hence 
(0,0, 1)isa tacnode. For p —4 and p=5 the curve can not be reduced to a 
simpler form, but for p 7 5, it is always possible to further reduce the order . 
of the curve. 


10. These steps can be easily interpreted geometrically. The ¢ represents 
an R,, tangent to the quadric cone of Rs, having an R, for vertex. Hach tangent 
R, touches c in five points, the points of contact lying in an H3. Let A, B, C, 
D, E be the points of contact. Project ci) from A into an A, not passing 
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through A. The ef? contains the images A’, B', C, D'. E'; it will be touched 
by an R, in B’, C', D', E! which also passes simply through A’. The four points 
of contact lie in an Z. Now project cf from B' into E, not passing through B’. 
An R, touches c? in C", D", E" and passes through A”, B". The points of 
contact are collinear. Project c® from C" into F, rot passing through C". The 
c? will have a tacnode, and the images of the other points from which the 
successive curves were projected are the residual intersections of the tacnodal 
tangent and the curve. The g? formed by the lines of the plane of c, is such that 
if A” be adjoined to each group, the series gj is incomplete, being contained in 
a g$, similarly for g$, gio. lf we construct a system of o? 9, such that when | 
two further basis points (.BD"^, E") are given, a g$ will be defined, and further 
such that the g? obtained by fixing one more basis point will have as partial series 
the straight lines of the plane, it is only possible when the seven remaining 
double points lie on a conic.* 


11. If cf} be projected into E, Bn the vertex K of the quadric cone, 
the result is a conic, counted five times. ‘If. cys be projected from an Rp 
vertex of a quadric cone on which the curve lies into R,, the resulting conical 
curve will cut each generator in p —1 points and have (p —1) (p —4) actual 
double points. If cf , be projected into R, from one of these double points, 
the cf) , will have p—3 branches touching each cther at a common point, and 
(p—1)(p—4)—1 other double points lying on $3. Both this form and the 
preceding one can be obtained without the use of special groups. | 


12. Now suppose there are two quadratic relations which involve but three 
variables. Through every point of c( now pass two tangent R,, each of which 
touches cf? in four other points. In the two correspondences formed by the 
tangent R, it-will happen for a finite number of points that the two R, will also 
have another point of cf? in common. Now proceed as before, first projecting 
from one of these points, then from the other. The 2f? has an actual double 
point, through which pass two planes, each of which touches eu in three other 
points, the points of contact being collinear. 


$3 (c). ^e, has a gi. 
13. When a curve of genus 6 and having a gi is reduced to cg, the curve 
must have a triple point. 


* This same result was obtained by Kraus, Math, Ann., Vol. XVI. by a partly differeut method. 
1 Amodeo, «Curve X-gonali," Ann. di Mat. (2), Vol. XXI (1893), p. 221. 
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If the triple point be chosen at (0, 0, 1) and the double point at (0, 1, 0), 
the system of adjoint $4 may be written 

9% = az, pry = 2Y2, pry yz, px =, pæ =Y, p = xy, 
from which RE a t a ; 
defining six linearly independent quadratic relations. This system defines a 
rational ruled surface of order 4, common to all the six quadrics, which are 
therefore not sufficient to define the curve.* . 

On the other hand, it is not difficult to discuss these curves directly from 
their equations in the plane. The general form is 

Fs (e, y)? + fi (m, Yi? + d (m, y)ms + um, y) y = 0. 
If 4 (e, y) = Ja (y, «) and yy (x, y) = fa (y, v), e is invariant under pa’ = yz, 
py = zw, pz — ay. If in addition f; zz0, e, has the cyclic perspectivity 
cð =x, cy=y, cf =oz, o = 

The latter can exist alone if f, = 0, h zz €. 

In particular, the curve 

ay (aa? + by’) + 2? (ba? + ay’) = 0 
has the quadratic inversion and 
pa = 0ta, py —0y, pz =z P= 1, 

defining the dihedral G4,. The forms having a G, generated by a harmonic 
homology about æ or y and the inversion can be immediately written down. 

The curve : 

2*2 + (aa* + by) + (cat + du) we + ko? y* = 0 

has the cyclic G, defined by G 3 In particular, if e — 5, d =a, b — 1, 
it also admits the quadric inversion, thus defining a dihedral G,. The point 
(0, 0, 1) has z — 0 for triple tangent; at the double point (0, 1, 0) each tangent 
has five-point contact. The line y — 0 meets c; in three other points, at each of 
which the tangent has four-point contact and passes through the double point. 
The curve has 32 other points of inflexion, arranged on eight lines passing 
through the double point. 

‘Of the two forms having four coincident double acini, that with a simple 
branch passing through a taenode may have at most a single harmonic homology, 


as 3 4,2 2 —_ 
anyetbye + a es (a, y?) -- ma? z (co? -- d?) H ea? z H fay? =0. 
* Kraus, Z. c. ; Snyder, tOn Birational Transformations of Curves of High Genus," JOURNAL, Vol. XXX 
1908), p. 10. 


ruled surface of order 3, 
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That with a simple branch passing through a cusp of the second kind, 
zy (e — a AP Y. 4- ba? y* i? + a suf, (m, y) + cay 2 — dai e t oo, (a, y) — 0, 
has no invariant transformations. ` E 
§4(d). The Non-singular Quintic. 
14. It has been shown* that if a curve of genus 6 has a g} it could not be 
reduced to a sextic. The non-singular curves. have at most only linear trans- 
formations into themselves. The forms of the possible linear groups to which cs 


can belong have already been determined. t 
The adjoint curves are made up of all the conics of the plane. If we write 


P%=2", pa,-— my, pry", pr =EL Eyi, pE, 


then Bi a €. 004 Bi Uy Ly Me 


— lc 7 — 


or 
Lily = 9), Ly Ly Wy My, Lys yy, QU =V], Wy Wy = Lg Wy, “yy = WH. 
Hence, here too, the six quadratic relations are independent of the quintic curve. 
This is the only case thus far discovered of a curve not having a gi which is not 
defined by the quadratic relations among the adjoint curves. The six quadrics 
have a surface in common, but not a ruled surface. It is the Veronese surface 
of order 4. It can be projected from (0,0,0,0, 0, 1) into a, — 0 as the rational 


and therefore, from the preceding section, it also follows that if the normal curve 
be projected from a bisecant, it projects into a conic, counted four times. We have 
three interesting projections into A. If the surface be projected from any 
bisecant, the result is a quadric surface. If the line have but one point in 
common with the surface in #,, the result is a ruled cubic of the first kind, as 
25202 = 040g. mE 
Finally, by projecting from a line not having any point on the surface, we obtain, 
for example, " 
Vm, + ity + He + 2 (ay + + m) = V+ ay + ao, 


a Steiner surface.] 


*Snyder, l c. 

1 Snyder, “Plane Quintic Curves Whiek Possess a Group of Linear Transformations,” JOURNAL, Vol. XXX 
(1908), p. 1. The most interesting type is 25 + yë + 25 0, which is invariant under a group of order 150. 

[ An excellent discussion of the Veronese surface is given by Bertini, Introduzione alla Geometria Proiettiva 
degli Iperspazi, Pisa, 1907. See Chapter XY. 
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$5 (e). Hyperelliptir Curves. 
15. The canonical form of a hyperelliptis curve of genus 6 is 


| i — Ju (x, z). 
The character istic G, is the te 


Cy BN 

© SY Bh f: | 

If f, (2, 2) = $« (67, 7), we have the non-cyclic G4. If fj (a, 2) = fu (2, 2), 
another eu defined by H and 


The dihedral G, arises when $; (2?, 2”) = dx (Z^, x”). 
By inversion, the equation of the curve may be written 
y^ 2h = fis (x, 2). 
If fis (v, 2) = x Q ($7, 7), we have the _— 


a= Er iu s 
If p (x, 2°) = $« (2, x”), the curve also admits k, making a dihedral G. 


yall = wf (af, e) has (gr. gy 2), 9 1i if A P) mA (P, a), the 


dihedral Gy; Y? z= a fy (a*, 2*), the cyclic G; = (A Ji» it and if f, is sym- 


metric, the dihedral G,,. In particular, y? z" = a (xt + 2*) (a — 14 af e^ + 2°) 
has a Gis, formed by H and the octahedron group. 
y? zl = w (æ? + 27) has the dihedral G4. 


ø% z E ; 
y Us w f, (5, 2°) has the cyclic G4, = ( " Jy 9 a if f} is symmetric, 


the dihedral Gy; yz"? = œ” + 259, the cyclic Ga. This is the only operation of 
perian as high as 26 that any curve of genus 6 can have. 7 
y? g? = a +. z“ has the dihedral G4, and H, acus a group of order 56.* 


* A, Wiman, "Ueber die hyperelliptischen Curven und diejenigen vom Geschlecht 23, welche eindeutige 
Transformationen in sich zulassen," Bihang t. k. Svenska Vetenskcb Akad. Handlingar, Band XXI (1895). 
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On the Range of Birational Transformation of Curves 
of Genus Greater than the Canonical Form. 


By VIRGIL SNYDER. 


In a former paper* I have shown that no curve of order can be birationally 
transformed into itself or other curve of order n, if it have fewer than 





EET 
E (5 5 3 — 2 double points, Æ (k) being the largest integer less than k. 


In the present paper I show what is the minimum order of the transformed 
curve, determine the nature of the transformation itself, and show how certain 
curves of this type can be generated. 


1. If a non-singular curve c, of order n be transformed birationally into c, 
by means of adjoint $,, the minimum value of y is obtained when all the basis 
points of a net (o?) $, are taken upon cp. This number is a? —2z - 1;y hence 


y —nme-—2s --v-—1. 


Since we exclude collineations, and are concerned with special series g? only, 


l«;zs€n—83. 


Under these conditions y reaches its minimum valve 2n —3 when x —2. This 
requires that the net of transforming curves be a system of œ? conics circum- 
scribing a triangle whose vertices lie on c,; thus the transformation is a quadratic 
inversion. Hence: 

The curve of lowest order into which a non-singular curve of order n can be 
transformed by birational transformation other than collineation is of order 2n—8, 
and the transformation is birational for the entire plane. 


* JOURNAL, Vol XXX (1908) pp. 10-18. 
tC. Küpper: t Ueber das Vorkommen von linearen Scbaaren....,? Sitzungsberichte der Böhmischen Gesell- 
schaf(...., Prag, 1892, pp. 264-272. 
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But by inversion, the n—2 points on each side of the triangle will go into 
the opposite vertices; hence: 

The necessary and sufficient condition that a curve of order n —83 and genus 
4 (n —1) (n — 2) be birationally transformable into a curve of order n is that it have 
three multiple points of order n —9. 

Incidentally, no curve of this nature can also have a linear series gj, 
k being any integer between n and 2n —3. 


EN. 
4 


2. This result points out a curious exception to the canonical form of 
curves of genus p* when p= 6. The general theorem is that any curve of 
genus 6 can be reduced to a sextic with four double points, but this is not true 
of a non-singular quintic, as the simplest curva to which it can be transformed 
is a curve of order 7, having three triple points. This is the only exception to 
the general theorem for any genus. No curve of genus 6 can have a linear g? and 
a linear gf, but every such curve has one or the other series. A c, with three triple 
points is not birationally equivalent to a c; of genus 6 with any other configuration 
of multiple points. Every curve of genus 6 can be transformed to a c; without 
the use of special groups (Clebsch-Lindemann, 1. c., p. 689). 


8. The same value of y that was determined for «= 2 is also obtained for 
x =n —1, but this case does not need to be considered, since the special groups 
can always be defined by simpler curves, However, as an illustration of a net 
of curves having the maximum number of basis points on a given one, the 
following curve will be of interest. Consider the curve 


gy" + yz" La ze 
and the linear transformations 


2! -— x =Y 
mao weg. quee Qe yu». 
g —0'z P p em 


The curve is invariant under the group generated by Sand 7. Since 8° T = TS, 
the group is of order 3(n?—n -- 1), its operators being of the form 8*, CT, S" T?, 
S* is of order n?—n +1, the others being of order 3. mE 
The curve is non-singular, p = 4n (n — 1), and the order of S is 2p +1. 
The coordinate triangle is invariant under the group. Its sides have n-point 
contact with the curve at one vertex and a simple intersection at the other. 


* Clebsch-Lindemann: Vorlesungen über Geometrie, Vol. I, y. 709. Hyperelliptic curves are excluded. 
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This accounts for 3(n— 2) points of inflexion and $(n—2) (n— 3) double tangents. 
The remaining 3(n?— n + 1) points of inflexion are arranged in three sets of 
n*— n + 1 each, invariant under S, and also in n?—n-+1 triads invariant 
under T, one of which is real. From this configuration it follows that if n > 3, 
the given curve can not have a larger group than that generated by Sand T. 
If n —3 all the inflexions are ordinary; the c, s now invariant under the 
simple group of order 168. 

The invariant points of 7 are (1,1, 1), (1,0. 07), (1,05, 0), o? — 1. The 
line joining the imaginary points, cz +- y 4-2-— 0, is a bitangent when m is a 
multiple of 3, the points of contact being the invariant points, The number of 
bitangents apart from the invariant triangle is $(n’?—n+ 1) (n’+ 3n — 10). 
When n is a multiple of 3, this number is not a multiple of 3, but congruent 1, 
the invariant bitangent under 7. The inflexions and bitangents can be curiously 
arranged on conics of the form | 


(@+ay+ az) (s +y + o2) — k (x -- y - zy =0, 


and n’—m other systems into which this is transformed by 5$. But the most 
important configuration for our purpose is that formed by any point P, and its 
images under ©. We shall first prove the following theorem : | 
Through the n? — n + 1 points of any cycle of S can be passed x 
of order n. - 
Consider the general equation of a c, writien down with unknown coeffi- 


? curves 


7 
cients. It defines œ? "P curves. After passing through n?—n +1 points, we 


still require two arbitrary constants, which necessitates that all the determinants 
of order = (n + 3) —1 in the matrix formed by.» —n +1 rows and s (n +3)4+1 


columns should vanish. This is also a sufficient condition. The successive 
images of (a, b, c) are (a, 60, c0"),. ..., (a, 56" -", c0”). When the coordinates 
of these points are substituted in the equation of c, it will be seen that the 
following pairs of coefficients only differ by a constant: 


qul 2, y”; a, yg"; ay gs | 
hence not only all the determinants of the matrix vanish, but also all the first 
and' second minors, for at least two columns of each second minor will always 
be equal This proves the proposition. Moreover :t also follows that riot every 


minor of the third order vanishes. 
45 
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If this net of c, be used as transforming curves, the original c,,, is trans- 
formed into a curve of order 2n —1. According to our theorem, the new curve 
must have three points of multiplicity 7 —1; hence the transforming curves must 
define three linear series gl, which requires that all the basis points of three 
pencils must lie on c,,,. These pencils are determined by the n?——n-+1 images 
of (a, b, c) on c,,, and any vertex of the invariant mengis: For example, the 
pencil belonging to (1, 0, 0) is 


abiga — P cy" + h(a” cy" — b” ga") = 0. 
The curves of any pencil in the net must have the remaining basis points on 
a straight line. When the point fixing the pencil is an invariant point, the 
curves have (n—1)-point contact with a side of the triangle. The equations of the 
transformation may then be written 
p a! = a bh gn gh gy? p y! = belg? —a™ yg", pz = aiey” — B® gg), 
from which | 

Ly tH yst ead. 
From these equations, the equation of c,,, and the condition that (a, b, c) is a 
point upon it, we obtain 
cz =acus, oy =abæy, oz =beys. 

The original c,,, can be generated by the pencil | 

abg” — c^ gy"? + Abo" x? — a” yz") zo 
and the projective pencil ez + 1459 —0; hence the groups of gl lie on straight 
lines passing through the invariant point opposite to the (n —1)-point tangent, 
independently of the point (a, b, c). This completes the reduction of the trans- 
formation to the Cremona type. 


4. Now suppose c, has à distinct double points. In this case 
2 
= ng — sx +- s — 1 — Ò, à« E (32), 


since otherwise y would certainly not be greater than »; this case was considered 
in my former paper. 

If ò = 1, 2, 3, the preceding argument will apply.directly; the new curve 
is of order 2n—4, 2n—5, 2n—6, respectively, and can be obtained by inversion. 
Since the 6 points are assumed to be distinct, the lowest value of y that can be 
obtained by inversión is 2n —6. Further, if ò< 2(n—4), by no other trans- 
formation can c; be reduced to a curve of order as low as 2n —6, when n> 8. 
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5. For lower values of n, the various cases can be disposed of separately, 
If p —5 and c, has g?, it must also have a gj oy the Riemann-Roch theorem; 
hence the standard form of c, is one with a triple point. Since p = 2.5 — b, 
the lines joining the triads of gj must all pass through a common point. 
A sextic curve with a triple pcint and two double points can not be birationally 
transformed into a sextic with any other configuration of multiple points. 

If »= 17, we can at once say: Any curve of genus 7 can be reduced to c; 
with 8 double points. If thes2 be distinct it can not be further reduced. If c, 
has 2.P,4- 2P,, it also has gê and can be reduced to a e, with 3 double points 
at the vertices of a triangle. If the 2P, be replaced by a tacnode, c, has three 
collinear double points. If c; has P, + 2 P,, c, hes P,. These three forms are 
birationally distinct. | 

For p == 8, the canonical series is gf. If 9§ exists, gł must also, but not 
conversely. If the 13 double 5oints of c are distinct, the c4 can not have either, 
Let c,, c4 be two quartics intersecting in three points on a given straight line c. 


"Through the 13 residual points of intersection, and any four points on c, pass a 


pencil of quinties e; +- Aci. Make the two pencils projective in such a way that 
corresponding curves will intersect on c. The locus of all the intersections 
wil be.a c, having c, as factor. The resulting c will have at least 13 double 
points, through which pass a net of quartics, cuttirg a gii on c, but they can not 
be used to transform the curve.* 

Conversely, à e; with two double points can not be bicationally transformed 


‘into a curve of order 8 with 13 distinct double points. When a binodal e, is 
transformed into c,, the latter has two triple points. 


For p — 9, gj and g? are mutually exclusive.. A cf? having g? must have 


P,4-9 Ps, but a c; with 6 double points can be transformed into c, with 12 double 


points by adjoint cubics. The c, has the property that a net of adjoint quintics 
can be passed through the 12 nodes and 9 simple points on the curve. Such a 
curve can be easily constructed by the above method. When a c, of genus 9 is; 
the projection of a space curve of order 9, it can be reduced to a cz, since when 
9 —9, gj and g$ are reciprocal series by the Riemann-Roch theorem. Conversely, 
from every e, with 6 distinct double points we can define a g$ by means of ad- 
joint $3; hence when a cubic and a quartic surface intersect in a space cubic curve, 
the residual intersection is a space. curve of order 9, having 19 apparent double 


* Bee Snyder: “On a Special Net of Algebraic Curves,” Bull, Amer. Math. Society, Vol. XIV (1907), p. 70. 
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points., Through the 19 bisecants from an arbitrary point can be passed a net 
of quintic cones. 


. The larger values of p offer no exception to the general case. 


6, If the à distinct double points be replaced by s,-fold points such that 
$ 5 s; (s —1) $ 2(n— 4), the orders of the transformed curves will be lower 
than 2» —6, but, as before, the curve of lowest order can be obtained by in- 
version, the three multiple points of highest order which are not collinear being. 
the basis points. If &X5,(s,—— 1) — 2 (n — 4), and $, has an (s; —1)-fold point 
at each s;-fold point of c,, then $Xs,(s; — 1) conditions are imposed upon $, 
and 25,(s; —1) intersections with c, are provided for. If now we assume the 
extreme case of «’—1 basis points, then | 


y —^2—Xs(s—1)— | —1 —X$(«—1) —n2—2(2—4)—32 41. 


When z-—5-— 3, y —n, but this is only possible when the sum of the three 
highest s; is greater than n— 3, in which case the number of double points 
would be greater than 2(n— 4). In every case y is greater than 2n—5,— $5 — $3; 
hence: 

The curve of lowest order into which a curve of order m 7» 8 and genus 
pZi(m—1)(m — 2) — 2(m —4) can be birationally transformed can be obtained 
by quadratic inversion. ` | 


T. It is. shown in the theory of space curves that every algebraic space 
curve can be represented by a cone Æ» of the same order as the curve, and the 


A k * : ^ » a 
monoid w = a wherein A, 1s a cone containing all the double edges of km, 
e n 


and k,,, passes through all the intersections of n, m. When the curve is 
given as the complete or partial intersection of two surfaces, the equation of kn 
is obtained by eliminating one of the variables (unless the given curve is a conical 
curve) and the monoid appears incidentally in the process of elimination.* 
8. Consider the twisted curve 
wrth + gw auo? 4e... m 0, w? bw b= 0, 
wherein a;, b are ternary forms of order &. When the intersection is complete, 
it will be of symbol (n 4-1, n-4-1), or say (n, n); If partial, of symbol (n, n 4-1). 


* See Cayley: “On Halphen’s Characteristic 2....," Crelle, Vol. CXI (18908), pp. 347—252. 
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‘In the latter case the curve is of order 2n -- 1, and has n? apparent double points. 
The n? bisecants from any point in space are the bas:s-edges of a pencil of cones 


of order n. Ifthe plane projection be c,,,,, and $,, $; be two adjoint curves 
of order n, then 


/ I ee 
$4,:06 + Cy, = 0 


will define o°¢,,, and in general 


Pn Cr + On? Op = 0 
will define (?? + 3r—1)-fold „+r, wherein 
leren—2. 
Hence: URS 
If a curve of order n + r can be passed through n* —4 (n —r— 2) (n —r — 1) 
of the n? double points of the projection of a space curve of order 2n -- 1 and genus 
n? — n, then it will pass through all n? double points.* 

This curve can evidently be birationally transforrned into a curve of order 2n, 
since the space curve can be projected into such a curve from a point upon it. 
The question now arises, what is the lowest order to which such a plane curve 
can be birationally reduced? ' 

The adjoint $,,, has still ?? -- 8r +1 constants, and the number of variable 
intersections is (2n 4- 1) (n --r) —2m?, Ifthe order of the transformed curve is y, 
then al] but y of these variable intersections must be fixed basis points, and the 
system of adjoint $,,, passing through them still have two arbitrary constants.. 


9. The question may now be stated thus: Given o" *?"*!adjoint curves 
of order n + 7, it is required to find (2n -+ 1) (n + 7) — 2n? — y fixed basis points 
upon csn; such that through them will pass o»? curves, of the system. This 
problem is formulated and solved in the Brill-Noether paper in Vol. VII of the 
Math. Annalen (89, p..290) for the case of a curve of general moduli. Thus, 
if we put | 

t=r+3r4+i1, ER-(92n--1)(n--vr)—2w—39,. q—8, 
then (D) (p. 291 of the B.-N. paper), i 


E 2(g--1)(&8 —t- 9) 


2y 24nf-4- An—Tr—38r +3. 


becomes 


—— 


* R. Sturm: On Some New Theorems on Curves of Double Curvatare," British Association Report (1881), 
p. 146. Sturm's theorem is more general than that here derived, but obtained in a different way. A different 


v»roof is given by Noether: ‘Zur Grundlegung der Theorie der algebraischen Raumcurven,” Berliner Abhand- 
lungen, 1888. l 
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Since we need only consider values of r within the interval 1 <r<n—2, the 
minimum value of y is 3n —2. Hence the method of counting the conditions 
will be of no service, as it présupposes that c.,,,, p =n? —n, is a general curve 
of its class, while our curve is a highly particularized one. Forn =1 or n=2, 
the basis points may be arbitrary to reduce ¢,,,, toc,. For n = 3, we have « 
with 9 double points. It is therefore possible to pass a net of @, through these 
9 double points (which lie on a pencil of cubics) and 4 other points on ¢,, thus 
defining a g. The transformed Cs must have a triple point and one doúble point 
in order to have a gf. 


10. Now let P= (0, 0,0,1) be any point not on the space curve Fyny- 
Call the cone from this point kany (x, y,2)=0. The simplest monoid will be 


ET (x, V, 2) 
fa (£, y, 8) 


fa passes through the n? bisecants from P, and has n other lines in common with 
ku. Jagi passes through both the n? bisecants and the n simple lines common 
to the other two cones. Let Q be any residual point of intersection of f,,, 
bu. The c? planes through Q will cut Ren; in a linear ggn. Project each 
of the sections of these planes and the monoid from P, and cüt the cones with 
the plane w — 0. These plane curves will pass through the n° double points of 
0,441, through the n simple points and the projection of the point Q. They are 
therefore adjoint $,,,, have two degrees of freedom, and have the maximum, - 
number of basis points 


n? 4- 2 4- 17 (n - 1 — (n 4- 1) -- 1 


On 6,44; When this net is used to transform the curve into c4, the trans- 
forming curves go into the œ”? straight lines of the plane, i. e., the space curve 
is projected from the point Q; hence c, has one n-fold point, and one (n — 1)- 
fold point. Since by. partial elimination of w between the equation of the 
quadrie and any J£, (a, y, %, w) containing E,,,, we can obtain a series of 
monoids of order n 4+-r and a series of corresponding adjoint curves, Dray; 
we say: | 

The plane projection of the space curve of symbol (n, n +1) on the quadric | 
` surface can be birationally transformed into a curve of order 2n by means of adjoint 
` curves of order n + v, 1 Sr Sn — 2, having (n -- r) (2n + 1) —29 9? — 2n simple 
fixed basis points on the given curve. The transformed curve will have one n-fold 
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"point and one (n —1)- fold point, and can not be birationally transformed into any 
simpler curve. | | 


11. Ifthe curve be the complete intersection of a quadric and a surface of 
order n, h —n*—n. A cone of order n — 1 can be passed through the bisecants, 
and therefore o? cones of order n. If f, ,, Ja be the lower and upper cones of 
the simplest monoid passing through the curve, this system of cones may be - 


written 0 fac fe fuac 0, 


. &,-0 being any plane through the common vertex. This is the maximum 
. number of basis points a triply infinite system of curves can have.* 

The £, , passing through the n? — n bisecants frem P can have no further 
interséction with ksp- The upper cone /, will pass zhrough the bisecants, and 
2n simple edges of the lower cone. The œ? planes through Q will cut the 
monoid in curves of order n which are projected into adjoint $, in w —0. They 
all pass through the image of the point Q; hence, as before, a net of $,, have 
n* — n --1 basis points on Cn. The transformed curve is of order 2n —1 and is 
obtained by projecting the twisted curve from Q. Any one of the c? projecting 
cones can be taken as supérior cone of the minimum monoid. l 


12. The procedure is now easily generalized. Given any space curve 

Rm = 0 defined by the cone £,, = 0 and the monoid 
w =P, 
ha 

Since f, passes through all the bisecants of En from P and f,,, through the 
complete intersection &,,, f,, and since through this intersection œ °? cones of 
order n + 1 pass, hence a net of adjoint curves of order n 4- 1 always exists 
which will transform the curve into another, of order m—1. For.no other curve 
than those of symbols (n, n), (n, n +1) on the hyperboloid is the. maximum 
number of basis points employed. Let (a,b), a € 5 be the symbol of a general 
Ray» On a hyperboloid. . The inferior cone of the monoid is f,_;, and the number 
of basis points for o? f, is 


! 


a (a — 1) 4- 6 (b — 1) 
mcos pes) 1. 


When a =b or a= b — 1, this number is &—6+1. For other values of a 
it is smaller. 


* C. Küpper: ‘Bestimmung der Minimalbasis ....," Monatshefte der Math. und Physik, Vol. VI (1895), 
pp. 5-11. 
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18. The same reasoning will apply directly to space curves which are the j 
complete intersections of two surfaces, &,, PF.. Here 


m== uu, n= (u— 1) (w — 1), = EE (u—1) (ul —1). 


The lower cone is fixed, and the upper one is fixed by the two conditions of 
passing through the bisecants, and residual intersection of k,,, b,; hence we 
have but three degrees of freedom, just sufficient to reduce ihe plane curve to 
order uu'—1. The transforming curves are of order n+1. The plane curves 
which are the projections of complete intersections of two surfaces of order i p can 
not be bir cationally reduced to order less than uu! — 1. 

As an interesting illustration, consider the two space curves of order 9, the 
complete intersection of two cubic surfaces, and the quadrie curve of type (3, 6). 
In both cases h=18.. In the first, n = 4; in the second, n=5. When projected 
from a point upon it, the first becomes a c with 11 distinct double points; the 
latter a c, with a P, + P. Each can be transformed into another c, in an infinite 
number of ways, but neither can be transformed into any other type, or to a 
curve of lower order. The first transformation is made by means of s, the 
second by quadratic inversion. The complete intersection of F,, Fp is projected 


from a point upon it into c,,,,, having > + 2— m double points. Through 


them can always be passed $,, but not always a net. Thus if u =w, the 
minimum curves of transformation are $,,,, and for uw’ = 2 they are conics, since 
the inferior cone of the monoid of a quadric curve, vertex on the curve, is the 
plane of the two generators through the vertex. 


14. In general, the: o»! transformations of the projection of any AZ, into 
c,., may be effected. as follows: Let Q, S be any two points on the curve. By 
means of the sections of the monoid from any point P by the o? planes through 
Q we have already one such transformation. S:milarly for the sections of the 
same monoid by the net of planes through 8’; hence these sections will define 
g2 , on the c,_, from P; but this can be more simply done by the sections of 
the monoid from P. The planes through SP will define a pencil of lines 
through the image of S. The others will project into $4,,,, 9, being the 
minimum cone through the trisecants passing through P. 


CORNELL University, July, 1907. 
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Introduction. 


This paper contains a completely independent + set of assumptions for pro- 
jective geometry stated in terms of undefined elements called points and unde- 
fined classes of points called lines, The assumptions are so arranged that a 
certain group of eight characterize what may be called general projective spaces, 

, spaces in which the points can be represented by homogeneous coordinates 
which are elements of a finite or infinite number-system, in which the operation 
of multiplication may or may not be commutative. ‘Jn adding to this group an 
assumption (like our Assumption P, p. 352) from which can be proved the 
fundamental theorem of projectivity (in the form given, for example, on p. 352), 
we obtain & set of assumptions which characterize the most general projective 


* Presented to the American Mathematical Society, Dec. 27, 1907. 
t Ordinally independent sets have been givan before, but so far as the authcrs are aware this is the first 


completely independent set. 
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Spaces properly so-called, 4. e., spaces in whick the points may be represented ° 
by homogeneous coordinates which are elements of a commutative number- 
system, 4. e., of a finite or infinite field. | 

Modular and non-modular spaces, 7. e., spaces in which the coordinates are 
elements of modular or non-modular fields, are distinguished by means of 
Assumption H (§ 4). Finally it is shown how by replacing Assumption P by 
assumptions of continuity and closure we may arrive at categorical ‘and com- 
pletely independent sets of assumptions on the one hand for the projective space 
in which the coordinates are ordinary real, and on the other hand for that in 
which the coordinates are ordinary complex numbers. 

A complete list of the assumptions for the ordinary real and complex pro- 
jective spaces of three dimensions will be found at the beginning of $9. 

The obligations of the authors to previous work will be evident to any 
one who is familiar with the literature of the subject. For this reason we 
have omitted detailed references to previous work and content ourselves with 
the reference to the article of ENniQuEs, Prinzipien der Geometrie, in the 
Eincyklopaedie der Mathematischen Wissenschaften, Band III, Part I, pp. 1-129, 
. for a bibliography. For a similar reason we have omitted all proofs of the early 
theorems, believing that their derivation from the assumptions in question is 
sufficiently familiar. The definitions of many well-established terms have like- 
wise been omitted in the interest of brevity. 


$1. The Assumptions for Genera! Projective Geometry. 


In the following assumptions for projective geometry we have chosen the 
point and the line as undefined elements, the line being regarded as an undefined | 
class of points. The only undefined relation used is that of belonging to a class, 
This relation will be variously expressed by such phrases as: a point is on a 
line; a line joins two points; three points are collinear; etc. In this section 
we give a set of assumptions that define what may be called general projective 
spaces, in which the points may be represerted by homogeneous coordinates 
which are elements of a finite or infinite number-system, in which multiplication 
may or may not be commutative. 


THe ASSUMPTIONS OF ALIGNMENT, A: 


Al. If A and B are distinct points there is at least one line containing 
both A and B. 


3 
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a2, If Aand B are distinct points there is not more than one line con- 
: taining. both A and B. | : 

A8. If A, B, C are points not belonging to the same line, and 3f. a line | 
contains a point D of a line joining B and C and a point E, distinct 
from D, of a line joining C and A, then the line | contains a point F 
of a line joining A and B. (Fig. 1. — | 





Fia. 1. 


AN ASSUMPTION OF EXTENSION, E: 


. EO. There are at least three points on every line.* 
From A1 and 42 follows readily: f 


THEOREM 1. Two distinct points determine one and only one line, If Cand D 
are distinct points of the line AByt then A and B are points of the line CD. Two 
distinct lines can not have more than one point in common. 

Definition. Tf P, Q, R are three points not on the same line, and Z is a 
line joining Q and R, the class S, of all points such that every point of &, is 
collinear with P and some point of Z is called the plane determined by P and J. 
If P, Q, E, T are four points not in the same line or plane, and if a is a plane 
containing Q, R and T, the class S, of all points such that'every point of S; is 
collinear with P and some point of « is called the three-space determined by P 
and a. ! 

It is now possible to derive readily from the set of assumptions given above 
the results contained in the following theorems: | 


3, 
THEOREM 2. If A and B are points of a plane, every point of the line AB is 
a point of the plane. Any two lines lying in the same plane have a point in common. 


* This excludes merely the case of a space in which every line consists of only two points. 
t The symbol AB implies AE and denotes the line determined by A and B. 
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The plane a determined by a point P and a line l is identical with the plane deter- » 
mined by a point Q and a line m, if Q and m are ona. There is one and only one 
plane containing three given non-collinear points. 


THEOREM 3. Jf A amd B are distinct poinis of a three-space, every point of the 
line AB is a point of the three-space. Ifa plane a and a line l not'on a lie wholly 
in the same three-space, then a and | have one and only: one point in common. Any 
two distinct planes of a three-space have one and only one line in common. 

These three theorems are meaningless unless there exists at least one line 
(Theorem 1), or one plane (Theorem 2), or one three-space (Theorem 3). We 
could proceed to define a. four-space, five-space, ...., n-space in a manner 
analogous to the definitions of a two-space (plane) and three-space already given. 
The fundamental properties of alignment of sach spaces can be derived without 
difficulty from the assumptions stated. A sat of assumptions, however, from 
which the properties of a space of given dimensionality are to be derived, 
should.contain in addition to those already stated such assumptions of extension 
and closure as will insure the existence of the space in question and exclude 
spaces of higher dimensionality. In this paper we confine ourselves to three 
dimensions. There follow accordingly for thia case the necessary 


ASSUMPTIONS OF EXTENSION AND CLOSURE,” E: 


El. There exists at leastone line. 

E2. It as not true that every point lies on every line. 
ES. It is not true that every point lies on every plane. 
E3’. If S is a three-space, every point lies in S. 

It is now a simple matter to derive the principle of duality in a three-space 
and in a plane, in view of the fact that the duals of the assumptions can be 
proved without difficulty. These two principles are stated in the following two 
theorems :. 

THEOREM 4: THe PRINCIPLE or DUALITY FOR A THREE-SPACE. Any proposition 
deducible from assumptions A and € is valid if the words “point” and “ plane? 
are interchanged. 

TuzoREM 5: Tae PRINCIPLE or DUALITY IN A PLANE. Any proposition con- 
cerning points and lines of the same plane derived from assumptions A and E, 4s 
valid if. the words point and line are interchanged. 


* The words t extension’’ and ‘*closure’’ in this connection were suggested by N. J. LENNES. 
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This brief statement of the principle of duality makes necessary the use of 
such expressions as “a line lying on a point,” “a plane lying on a point or a 
line," “a point containing a plane” etc., in a sense that need not be further 
explained here. | 

It is now possible to enumerate the fundamental geometric forms, and to 
define perspectivity and projectivity * in the usual manner. In what follows we 
omit most definitions of well-established terms., Such terms as are defined, 
moreover, and the theorems that are proved will be confined in general to óne 
form ; the dual definitions and theorems are everywhere implied without being 
explieitly stated. l , 

Of the theorems derivable from those thus far noted we mention, first: 


THEOREM 6: Tae TuronzM or Desarcurs. The intersections of the pairs of 
homologous sides of two perspective triangles are collinear. 

Definition. The set of points in which the sides of a complete quadrangle 
meet a line is called a quadrangular set; it is denoted by the symbol Q(.4, B, €; 
D, E, F), which implies that A, D; B, E; C, F are the intersections of pairs 
of opposite sides of the quadrangle with AB and that A, B, C are the intersections 
with AB of three concurrent sides of the quadrangle. Incase B= Hand C= F, 
A and D are harmonic conjugates with respect to B and C. 

From Theorem 6 then follows: 


THEOREM 7. Jf all but one of the points of a quadrangular set Q(A, B, C ; 
D, E, F, ) are given, the remaining one ts uniquely determined. In particular, the 
harmonic conjugate of a point with respect lo two others 3s uniquely determined. 

"The following propositions concerning the projectivities of one-dimensional 
forms are also readily derivable from the assumptions and theorems thus far 
noted: 


THEOREM 8. Jf A, B, C, D are points of a line, and A’, B', C! are points 
of another or the same line, we always have (A, B, C) A(A', B', CF and 
(A, B, C, DA (B, A, D, O). A set of collinear points which is projective with a 
quadrangular set is a quadrangular set. In particular, f one of two projective sets 


* We use PowcxELzET's definition of projectivity, which defines it as the resultant of a sequence of 
perspectivities. 
+ The notation (A, B,....) A (A', B',....) denotes a projectivity in which A, A’; B, B';.... are homol- 


ogous pairs. Similarly (4, B,....) A (A', B',....) denotes a perspectivity with center P in which A, A’; 


B, B';.... are homologous pairs. 
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of four collinear points is harmonic, so also is the other. If the ranges on two pairs® 
of a set of three concurrent lines are perspective, so also are the ranges on the third 
pair. | 

It is not possible, however, to deduce from the assumptions A and x the 
so-called fundamental theorem of projectivity, which we state in the following 
form : 


THe FUNDAMENTAL TuronEM or Proszctivity. Jf A, B, C, D are distinci 
points of a line, and A’, B', C' any three distinct points of another or the same line, 
then for any projectivities giving (A, B, C, D) N (A, B', C', D') and (A, B, C, D) 
A (A', Bi, C!, Di) we have D = Dj. 

To derive the fundamental theorem anotaer assumption is necessary, which 
may take any one of several forms. One form is the following: 


AN ASSUMPTION OF PROJECTIVITY, P: 


4 


P. Two projective ranges of points on two different lines which have a self- 
corresponding point are perspective. > o 
Very little use of this assumption is made in the subsequent parts of this 
paper; indeed the principal part of the paper is entirely independent of it, so that 
all numbered theorems are derivable without its use. We have given it here merely 
in order that we might characterize by a set of simple assumptions what may be 
called the most general properly projective spaces; t. e. those in which the funda- 
mental theorem of projectivity is valid. Such a space is characterized by 
assumptions A, E and P. A space satisfying assumptions A and E, and not P, 
` may then be called an improperly projective space. | Cf, in this connection, 
Theorem 14 below, which shows that assumption P is equivalent to the com- 
mutative law of multiplication in the algebra there developed. 


$2. Algebra of Points and the Introduction of Analytic Methods. 


At this point it seems desirable to introduce analytic methods. The intro- 
duction of a point algebra, which is possible without the use of any further 
assumptions, will throw more light on the preceding results and will greatly 
facilitate much of the subsequent work. ] 

Given a line 7 and.on / three distinct (arbitrary) fixed points which for 
convenience and suggestiveness we denote hy Fy, P,, Pa, we define two one- 
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valued  operations* on pairs of points of 7 with references to the fundamental points 
P,, P,, P,. The fundamental points are said to determine the scale (fy, Pi, P i ). 
on l | | | | f 

| Definition. The point P,,, determined by the relation Q(P,, Pz, Py; 
P, P,, P,,,) is called the sum of the two points P, and P, (in symbols P, + P, 
= P,,,) in the scale (P), P,, P.) on i. (Cf. Fig. 2.) The point P,, determined 
by the relation Q(.P,, Pi, Pz; P,, Peys Py) is called the product of P, by P, (in 
symbols P,. P, — P,,) in the scale (Py, Pi, P.) onl. (Of Fig. 3.) 


NY; 


KS 


AK 


O . ji — @ 
n i y WR j T" / Te 
szty} 
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From Theorem 7 follows: 


TuzoREM 9. The operations of addition: and multiplication are one-valued, 
except for Py. P, and P. . P,. 
From Theorem 7 likewise follows: 


THEOREM 10. The operation of addition is commutative. 
There is no difficulty, moreover, in proving 


THEOREM 11. The operations of addition and.mult-plication are associative. 

For, the constructions for (P, + P,)+ P, and P, + (P, + P,) can easily 
be so made that they are both defined by the intersection of the same line with J. 
Similarly for P, . (Py - Pa) and (P,.P,).P,. (Cf Figs. 2, 3.) 


* By a one-valued operation o on a pair of points A, B is meant any process whereby with every pair A, B 
is associated a point C, which is unique provided the order of 4, B is given; in symbols, AoB = C. Here 
**order" has no geometrical significance, but implies merely the formal difference of 40B and BoA. If 
AoB = BoA the operátion is commutative; if (AoB)oC = Aol( Bo, associativs. 


\ 
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By means of assumptions A and E alone we may alsó derive the following e 
important theorem: “5 
THEOREM 12. Between the points P,, P,, Px, we always have the projectivities 


CP Py P,, Pa) A (Po: Pos P5 Pw) 
(P ou ee J AP UP P 


and 


O—0 - e + t 
Fy R Fa E 17 Paye "Pa 


Fre. 3. 


Proof. Let the quadrangle ABXY defina the point Pi, (Fig. 3.) We then 





^ have 
A P ee. 
(Por Po, Pis Pa) m (Pas 0, B, X) x (Por Pos Py, Pay); 
and also Í l 
P P, P P)Ë(C p, A YYÉ(P PP P 
( n) 0» 1) a) xd ? 07 j ) «I w? 0» xy m 2 


From,this theorem we can readily derive 
THEOREM 13: Tue DISTRIBUTIVE Law. For any three points P,, Pj, P, on l we 
have P,.(P, + P= P,- P, + Pa. P, and' (P, + P). Pa = P,. Pa + P,. Py. 
Proof. By Theorem 12 we have 
1E a u Pir PP UP ds Pa Pai Pan Pei) 
also Q(P., P,, D; P,, Pi, P,,); whence we have Q(P,, Pus P 
P, Pez, Pos) (Theorem 8), which gives P, + P, = Pow- This is the 
first relation of the theorem. The second is abtained similarly. l 
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The commutative law of multiplication can not be derived from assumptions 
A and alone. The intimate connection between the commutative law of multi- 
plication and the fundamental taeorem of Pam geometry is expressed in 
the following: 


THEOREM 14. Multiplication à is commutative, if and only if the fundamental 
theorem of projective geometry 1s valid. 

Proof. From Theorem 12 we have 

d (Pas Po, Pr, Pa) ^ (Pas Ps, Py; Pa 
and - 
(P, Po, I, P,) A (Pos Po, Py, Py.) 
whence clearly P,, = Pp, if and only if the fundamental theorem holds. 
(Cf. p. 352.) 

The inverse operations, suttraction and division, may now be defined in the 
usual manner. Itis then readily seen that the points of a line on which a scale has 
been established form a number-system,* tf the point P,, be excluded, in which the 
points Py and P, play the rôle of zero and unity respectively. For the definitions 
of addition and multiplication give at once 

P+ Pa= Pat P= Pa, Py. Pa = Pa. Py, 
and 

P, . Pa = Pa. P15 Pa, if P.uP.. 

This number-system is commutative, if and only if the space considered is properly 
projective. For convenience we shall denote the points of a line by the small 
letters of the alphabet, DEE we think of them as numbers of a number- 
system. 
We may now treat analytizally the projectivities on a line for the case in 
which the number-system is commutative, i. e., for a properly projective space. It 
is readily seen from the definitions that each of the transformations 





z! — ata, a! = ax, uz 1fe © (1) 
defines a projectivity ; and it is readily shown that every transformation of the | 
form | ax + b i 

"E | f= e rd | (ad — bc + 0) (2) 


can be resolved into: the product of transformations of types (1), so that every 


-* For the general definition of a number-system see Dickson, Definition of Linear Associative Algebra by 
Independent Postulates, Trans. Amer. Math. Soc., Vol. IV (1903), p. 21. 


4T , 
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transformation (2) is a projectivity.. That every projectivity in a properly i 
projective space can be represented by (2) then follows at once from the fact 
that any such projectivity is uniquely defined when three pairs of homologous 
points are given. This leads to three linear homogeneous equations for the 
determination of the ratios a: LE :c:d, and these equations are necessarily 
solvable in the field. 

| The double ratios of four points are now defined in the usual manner and 
their invariance under projective transformations follows immediately from their 
evident invariance under each of the three types (1). Further, the double ratio 
of a harmonic form (a, b, c, d) in which a, c are conjugate is clearly 


-aeb wc | 
"TM E ELT (3) 








since — 1 is the harmonic conjugate of 1 with respect to 0 and œ (by definition 
of — 1 as 0 — 1) and all harmonic forms are projective. 

The exceptional character of the point .P, in the point-algebra may be 
removed in the usual manner by the introduction of homogeneous coordinates 
and the ordinary analytic methods may be developed for the plane and for space 
without difficulty. 


- 


83. Nets of. Rationality. 


Definition. A point P of a line is said to be harmonically (quadrangularly) — 
related to three given distinct points A, B, C of the line, provided P is one of a 
sequence of points A, B, C, H,, H,, H, .... of the line, finite in number, such 
that H, is the harmonic conjugate of one of the points A, B, C with respect to 
the other two, and such that every other point Z, is harmonie with three of (is 
one of a quadrangular set of which the other five belong to) the set A, B, C, — 
H,, H,, ..--, Hi ,. The class of all points harmonically related to three distinct 


|». points A, B, C ona line is called the nei of Paoay (on the line) defined by 


A, B, C; itis denoted by E (4, B, C). 


THEOREM 15. Jf A, B, C, D and A’, B', C', D' are respectively points of two 
lines such that (A, B, O, D) A (A', B', C', D', and if D is harmonically (quadran- 
gularly) related to A, B, C, then D' ts harmonically (guadrangularly) related to 
A’, B', C, | 

This follows directly from the fact that the projectivity of the theorem 
makes the set of points H, which defines D as harmonically (quadrangularly) 
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related to A, B, C projective with a set of points Æ; such that every harmonic 
(quadrangular) set of points of the sequence A, B, C, .4,, H, . ..., Dis — 
with a harmonic (quadrangular) set of the sequence Al, BY, o! Hi, Hass yt 
(Theorem 8). 

COROLLARY. If a class of points on a line à is pro, jective with a net of rationalely 
on a line, ùt 4s itself a net of rationality. 


Turorrm 16. Jf K, L, M are three distinct none of R(A, B, C), A, B, C 
are points of R(K, L, M ) 
Proof. From the projectivity (A, B, O, K\ A (B, A, K, C) follows by 


Theorem 15 that C is a point of R(A, B, a or RA, B, C) — R(A, B, K) 
— R(A, K, as RA, L, 2d 


Fie. 4. 


COROLLARY. A net of rationality on a line is determined by any distinct three 


^ of its pornts. 


THEOREM 17. If all but one of the six (or five, or four) points of a quadran- 
gular set are points of the same net of rationality R, this one point is also a. point of R, 

Proof. Let the sides of the quadrangle PQRS (Fig. 4) meet the line 7 as 
indicated in the points A, 4; B, Bı; C, C,; and suppose that the first five of 
these are points of a net of rationality A = R(A, A, B) = R(A,, B, Q)—..... 
We must prove that C, is a point of E. Let the pairs of lines PS, QR and PQ, 
RS meet in A’, Bl peur and let A’B’ meet ? in X. We then have 


(A, B, B 0) ^ 2 (R, B', By, s) Ê A (Ay, X, B, 4), 
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_ whence (4,, B, Bj, C) A (4, X, B,, A), so that if B is a point of RA, Bi, C),* 
X is a point of R(4, B, A); but these two nets are pene with R, so that 
AX isa pointof R. Now, 


(A, B, X, 4) ^ = (S Bi, B, LIES = (4, B, B, Cj), 


which shows that C, is a point : K. 
COROLLARY. The class of all ee quaarangularly related to three distinct 
points A, B, € is R(A, B, C). | 
Although the fundamental theorem of projective geometry can not be 
deduced in general from the assumptions A and E, the corresponding theorem 
for a net of rationality on a line follows almost immediately from the preceding 
theorems. It may be stated as follows: l | 


. TuEgonEM 18: Tux FUNDAMENTAL THEOREM OF PROJECTIVITY FOR A Net OF 
RATIONALITY ON A Linu. If A, B, C, D are distinct points of a net of rationality R 
on a line, and A’, B', C', any three distinct poinis on another or the same line, then. 
for any projectivities giving (A, B, C, D) Ki A', Bl, e, D!) and (A, B, C, D) 
A^ (A', Bi, C', Di) we have D'— Dj. 

Proof. Let I and IL be the two olet respectively. Then clearly 
the projectivity TI, II! leaves A’, B/, C’ unchanged and transforms D’ into D/. 
But it is easy to see that a projectivity which leaves three distinct points of a 
line unchanged leaves all the points of the net of rationality defined by these 
points unchanged, since if three points of a line are fixed the harmonic conjugate 
of one with respect to the other two is also fixed. 

CoRoLLARY. If two nets of rationality on different lines are projective and have 
à self-corr esponding point, they are perspective. | 

Definition. If A, B, C, D are the vertices of a quadrangle, a point P of 
their plane is said to be rationally related to them, if P is one of a sequence of 
points A, B, €, D, D,, D,, .... finite in number, such that D, is a diagonal 
point of the original quadrangle and such that every other point D; is a diagonal. 
point of a quadrangle whose vertices are contained in the set 


A, B, C, D, I, Dareus ds l l 
A line is said to be rationally related to A, B, C, D, if it Joins two points 
rationally related to them. ‘The class of all points and linés rationally related 


to four distinct coplanar points is called the net of rationality (in the plane) 
defined by the four points. It.is denoted by #(A, B, C, D). 


^ 
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The following is a consequence of this definition and the ‘corollary of 
Theorem 17: 


TuHEOREM 19. The points in which the lines of a net of rationality in a plane 
meet any line of the plane form a net of rationality on this line. 

Definition. If A, B, C, D, E are the vertices of a complete space five-point, 
a point P is said to be rationally related to them, i? P is one of a sequence of 


points A, B, C, D, E, L, Lb, 1,...., finite in number, such that J, is the inter- 


section of three distinct faces of ABODE, and such that every other point J; is ~ 
the intersection of three distinct faces of, à complete space five-point whose 
vertices belong to the set A, B, O, D, E, L, Lh,..—, Lh, A line is said to be 
rationally related to A, B, C, D, E if it joins two, a plane if it joins three non- 
collinear, points which are rationally related to A, B, C, D, E. The set of all 
points, lines, and planes rationally related to A, B, C, D, E is called the net of 
rationality (in. space) defined by A, B, C, D, E; it is denoted by R(A, B, C, D, E). 
This definition gives 


THEOREM 20. The points and lines (points) in which the lines and planes 
(planes) of a net of rationality tn space meet any plane (line) — a net of 
rationality on this plane (line). : 

Theorems analogous to Theorems 15, 16, 18 can readily be derived for nets 
of rationality in a plane and in space. 

This leads to the important result : 


THEOREM 21. A net of rationality in space is'a sace satisfying the assumptions 


. A and € and also P; t.e., a nel of rationality in space is a properly projective space. 


COROLLARY. If Pj, Pi, P, are three distinct points of any line, the points of 
R(Po, P4, P.) form a commutative number-system or field. 

This follows directly from the last theorem in connection with Theorem 14. 

“ Rational” geometries would result, if we added to our assumptions A and E 


another assumption of closure (E3'(r)) to the effect that, all the points of space 
belong to the same net of rationality. In general, any five-point in any properly 


` therefore properly projective. 


or improperly projective space determines a sub-space which is rational and 


b 
^ 


| § 4. Assumption H and the Definition of Separation. | 
Definition. Any sequence of points...., M, Hi, M, Hy,..--.on a line is. 
called a harmonic sequence, if it has the properties: 1) that the middle one of any 
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three consecutive points of the sequence is the harmonic conjugate, with respect ° 
to the other two, of a fixed point H of the line; and 2) that, if H;, H,,, are any 
two consecutive points of the sequence, the harmonic .conjugate of H, with 
respect to H;,, and H is a point of the sequence. The point H is called the 
limit point of the sequence. (Cf. Fig. 5.) | | 


9 
LET 
H 





If the limit point of a harmonic sequenoé is associated with co* and two 
successive points of the sequence with 0 and 1 respectively, it follows (cf. Fig. 5) 
at once, from the definitions of $2, that the sequence consists of the points 


e.,—1-1—1,—1-—1,—1,0,1,1--1, 1E 1-2 1, ....; 
or if we adopt the usual symbols to denote these numbers, of the points 
05, — 3, — 2, — 1, 0, 1, 9, 8, ..... 


It should here be noted that the. assumptions thus far made do not imply 
that this sequence contains an infinite number of points. 

Clearly all points of a harmonic sequence belong to the same net of ration- 
ality. Moreover, it follows from Theorem 21, corollary, that if # and y belong 
to the net R(0, 1, ©) so also do Œ + y, x — y, zy, and z/y, so that R(0, 1, ©) 
contains all numbers that can be obtained from 0, 1 by a finite number of the 
„rational operations. Further, from (3)f (p. 356) of $2, it follows that the 
fourth harmonic of any point in R(0, 1, ©) with respect to two others can be 
obtained by a finite number.of rational operations on a, b,c. Whence follows 


* For convenience we use the symbols 0, 1, 0, ....,2, y,.... in place of P, Pi PL. ...-, P, P,,... 


(9) is clearly applicable, since multiplication is commutative in any net of rationality. 
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* that the number-system associated with every net of rationality consists of all numbers 
that can be obtained by a jinite number of rational operations on 0 and 1, and only 
these. 

Returning to the harmonic sequence, two possibilities present themselves : 
Either all the points of a harmonic sequence are distinct from their predecessors, 
in which case the number-system contains all the ordinary rational numbers; or 
some point of the sequence coircides with one of the preceding points, in which 
case the number-system consists of all integers mcd. p (p being any prime).* 
The net of rationality may in this case be called modular. These results we 
combine as follows: 


THEOREM 22. Every net of rationality his Mines a number-system which con- 
sists either of all integers mod. p (p any prime), or of the set of all rational numbers. 
In the first case the whole space in which the net lies may contain either a finite or an 
infinite number of points, but it has the same modulus for all of its nets of rationality. 
In the second. case the whole space and all of its nets of rationality are infinite. 

COROLLARY. Any (not necessarily com mutative) number-system 1s such that any 
two numbers a, b, (e. g., 0, 1) determine a set of numbers rationally related to them 
which is either finite ahd prime or infinite and isomorphic with the set of all . 

. rationals. 

Working now toward the r A of the mdrs real in complex 
projective spaces, we eliminate the possibility of a modular number-system by 
the following: | ; 


ASSUMPTION H: 


H. If there is any harmonic sequence, there is one such that every point of it 
is distinct from all she points of the sequence that precede it.T 
By virtue of this assumption we have clearly : 


THEOREM 23. The points of any net of rationality on a line give rise to a 
number-system which is simply isomorphic with the field of all rational numbers. 
^. We proceed to define a fundamental relation between pairs of points of a 
net of rationality on a line for which x is satisfied: i 

Definition, Two points A, C of a non-modular net of rationality on à line 
are said to separate two others dei D of the net (in — AC || BD), if and 


* The modulus must be a prime number, since division must be always possible. 
+ This has as part of its content §*Fano’s Axiom,” that the diagonal points of a. complete. jesdeueis 
are non-collinear. Cf. Gino Fano, Gior. di Mat,, Vol. XXX (1892), p. 106. 
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only if the assignment of the numbers 0, 1, © to the points 4, B, C respectively * 
assigns a negative number to D. 

This definition is dependent on the order in which the points are taken. 
The following theorem shows, however, that the relation of separation is inde- 
pendent of the order of the Paus of points or of the order of the points within- 
ihe pair: 


THEOREM 24, á The $élaion AC || BD implies the relations BD || AC and 
AC || DB, and excludes ihe relation AB || CD. 2) Given any four distinct points 
of a net of rationality on a line, we have either AB || CD, or AC || BD, or AD || BC. 
3) From the relations AC || BD and AD || CE follows the relation AD || B.E. - 

This theorem follows at once from the follow: ing two: | 


TurongEM 25. Jf AC|| BD and (A, B, C. i: ^ (A', BY, C', D^, then also 
| A! €! || B' D'. 

Proof. Since any projectivity transforms every quadrangular set into a 
quadrangular set, it is clear that the number assigned to D' by the assignment of 
0, 1, œ to A’, B', €' must be precisely the same as the number assigned to D by 
the SAO EDT of 0, 1, c to A, B, C. 


THEOREM 26. Two points a, c of the net R(0, 1, oo) separate two others b, d 
of this net if and only if one and " one of the ae ee a, c lies between the two 
numbers b, d. | ; 

Proof. If we project a, b, c, , Supposed finite, into 0, 1, c > respectively by 
the transformation 





it is readily seen that a is negative if and only if one of the numbers a, c, and 
only one, lies between b and x. The necessary modification of this indumenta in 
case one of the numbers a, b, c, d is œ is obvious. | 
COROLLARY. Two harmonic pairs always separate each other. 


$5. The Assumption of Continuity and the Definition of a Chain. | 
Definition. Given three distinct points A, B, C of a net of rationality on 
a line, the segment ABC (seg ABC) of the net consists of B and all points X of- 


* The properties expressed in this theorem are sufficient to dzfine abstractly the relation of separation. 
Cf. VAILATI, Révue de Mathématiques, Vol. V, pp. 76, 183; also, PADOA, Bévue de Mathématiques, Vol. V, p. 185. 


cae 
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e the net such that A, O do not separate B, X. -` The totality of points Y such that 


A, C do separate B, Y constitutes the segment complementary to seg ABC. The 
points A, C are called the extremities of each cf the two segments. 

Clearly seg ABC and seg CBA contain the same points. 

Any two distinct points of a net of rationality on a line divide the net into 
two segments Sand S’ such that the two given points separate every pair of 
points of which one belongs to S and the other to S’, and such that no pair of 
points of S separates any pair of points of S’. It is clear also that any point P 
of a segment S (of a net of rationality on a line) of which A and @ are 
extremities divides the segment S into two segments S,, S, such that no pair of 
points of S, separates any pair of points of S,, and such that the pair AP and 
the pair PC each separates every pair of points of S, of which one belongs to 8; 
and the other to &. 

Definition. Any division of the points of a non-modular net of rationality 
on a line into two classes A, and A, such that ^ 

1) Every point of the net belongs either to K; or to Æ, 

2) No pair of points of A, separates any pair of K,, 
is called a cuż in the net. ‘The classes A,, Æ, are called the sides of the cut. | 

. Any two distinct points o? a net of rationality on a line determine a cut, 
therefore, in which the two segments defined by the two points are the classes 
K, and K, respectively, provided the extremities o? the segments be assigned to 
the classes X,, K, in any one of the possible four ways. 

From Theorem 25 follows at once that the projective transform .of.a cut 
is again a cut. 

Definition. Given a cut K,, K, in a net of rationality on. a line, and let 
A,, A, be any two points of K,, Ky respectively; then a point X of the net 
which divides seg A, X A, into two segments S, anc S, such that & contains only 
points of K,, and S only points of K,, is called a cut-point of the cut. — — 

It is evident from this definition that a'cut can not have more than two 
cut-points. 

Definition. A cut ‘in a net of rationality on a line is said to be closed, if it 
has two cut-points in the net; it is said to be singly open, if it has a single cut- 
point in the net; and doubly open, if it has none. 

Any closed cut K,, K, with cut-points C,, C, we will denote by (Cj, O,). 
Such a cut clearly divides the net of rationality into two segments §,, S, such 

48 
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that all points of S, are in ‘K, and all points of S,in A,. A singly open cut with e 
cut-point C we will denote similarly by K(C). 

We now introduce continuity into the nets of rationality on a line by the 
following | 


ASSUMPTION OF CONTINUITY, C: 


€ Uf there exists any non-modular net of raticnality, at least one point Q of 
: some line l and at least one net of rationality R on ( containing Q 1s such 
that associated with every singly open cut K(Q) in E ts a point X, 
such that: 1) X, ds on l; 2) if two cuts E,(Q) and K;(Q) are distinct, 
the points X, and X, are distinct; 8) if two cuts E, (Q) and K,(Q) 
are projective, the points X, and X,, form a homologous pair. 


THEOREM C. The pont X, is nota point of R. 

Proof. 1) X,is not identical with :Q, by c, 2) end c, 3). 2) Suppose X, not 
identical with Q but in E, and let J. be the involution * with double points Q 
and .X,. Then A(Q) is transformed into a different cut K'(Q). For if A, B 
are points on opposite sides of the cut K(Q) and: in the same seg (QA.X,), they 
are transformed into points of the complementary segment which are evidently 
. on the same side of K(Q). Hence, by o, $), we should have two’ distinct cuts 
having the same X,, which is contrary to C, 2). | 

The last assumption then implies the Suse on some one line of more 
than one net of rationality, and hence by projection implies the existehce of 
more than one net of rationality on every line. It is then in contradiction with 
E3'(r) (cf. end of $3), which we mentioned. as an assumption of closure for 
“ rational” spaces. i 

We proceed to prove the properties expressed in Assumption © and 
Theorem C for every net of rationality on every line. We nota first. that every 
singly open cut in any net of rationality #’ on / containing Q has associated with ita 
unique point. For, let K'(Q) be such a cut and let II be any projectivity on / which 
transforms A' into R and Q into itself. The cut K'(Q) is then transformed into a 
K(Q). By this projectivity a definite point X’ of J is transformed into the point X 
associated with this K(Q). Moreover the pcint Y" is unique; for, if TI, is another 
projectivity transforming R’ into R and ^ (Q) into.K,(Q), then II, II is a pro- 
jectivity transforming K(@) into KQ(Q) The supposition that AX" i is not unique 

*An involution is defined as any projeetivity on a line of period two. By “the” involution mentioned is 


meant the one in which the transform of any point P of the line is the harmonic conjuzate of P with respect 
to Q and Xy. This form of statement does not assume the fundamental theorem. 
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«then leads at once to a contradiction of c,3). We define X' to be. the point 
associated with K'(Q). Clearly also, with this definition, we see that if any two 
singly open cuts K (Q) and K,(Q) on / are distinct, the points associated with 
them are distinct; and that in any projectivity on / leaving Q fixed whereby 
two singly open cuts are projective, the associated points are homologous. 

Given now any singly open cut K(Q') in any net of rationality on any line 7’, 
let K(Q') be projected into a cut K(Q) on J; the point X associated with K (Q) 
is then the transform of a definite point X’ on // which is unique by reasoning 
similar to that employed in the preceding paragraph. We define X! to be the 
point associated with K(Q'). The properties expressed by c, 2) and c, 3) are then 
readily seen to hold on every line in space. The point thus associated with a 
singly open cut we will call the irrational cut-poini of the cut; the other cut-point 
is then called rational. The results of the preceding paragraphs are summarized 
in the following: | 


THEOREM 27. 1) Every singly open cut in any net of rationality on any line 
defines a unique irrational cut-point on the line not in the net. 2) If two such cuts 
on the same line with the same rational cut-point are d3stinct, the irrational cut-points 
are distinct. 3) If two singly open cuts are projective, their cut-points are homologous. 

Definition. The totality of points of a net of rationality R(A, B, C), together 
with all the irrational cut-points defined by singly open cuts K(C) in R(A, B, 0), 
is called the chain defined by A, B, C, and is denoted by G(A, B, C). The 
irrational eut-points are said to be irrational with respect to A, B, C. 

From 3) of the last theorem then follows directly : | 

COROLLARY. | The projective transform of any chain is a chain. 


TuronEM 28. J P, Q, E are points of the chain defined by A, B, C, then 
A, B, C are points of the chain defined by P, Q, E 

Proof. Asin the proof of Theorem 16 we ned only show that if P is a 
point of C(A, B, C), then C is a point of C(A, B, P) and this only when P is 
irrational with respect to A,B,C. Let P be defined by the singly open cut K(C). 
This cut is transformed by the projectivity (A, B, C, P) A (B, A, P, C) into a 
singly open cut K(P) of the net R(B, A, P), whose irrational cut-point must 
(by Theorem 27, 3)) be C. - 

CoROLLARY 1. A chain is determined by any distinct three of its points, 

COROLLARY 2. A chain contains the irrational cut-point of every singly open cut 
in any net of rationality in the chain. | 
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CoRoLLARY 3. Every point of (6(A, B, C) irrational with respect to A, B, O ° 


can be defined by a singly open cut K(P), where P is any point of R(A, B, 
We can now easily derive: 


THEOREM 29: Tue FUNDAMENTAL THEOREM OF PROJECTIVITY FOR A CHAIN. 
. Tf A, B, O, D are distinct points of a chain and A!, B',.C! any three distinct points | 
of a line, then for any projectivities giving (A, B, 0, D) ^ (4', BY C', .D') and 
(A, B, C, D) ^ (4, B', €', Di) we have D' = DI. 

Proof. Let II, Il, be the two projectivities mentioned in the theorem. 
II;! II then leaves every point of C(A, B, C) fixed; for it leaves every point of 
R(A, B, C) fixed, and hence by Theorem 27, 3) must leave every irrational cut- 
point of singly open cuts in R(A, B, C) fixed. But II? II is then the identical 
. transformation as far as the points of @(4, B, C) are concerned; whence D'— JD. 

This theorem may also be stated as follows: 

Any projective correspondence, between the points of two chains is uniquely 
determined by three pairs of homologous points. 

. From this theorem follows that the points of a chain determine a com-: 
mutative number-system, which by reference to Assumption © will in the next . 
section be seen to be isomorphic with the system of ordinary real numbers. 


$6. Ordered Transformations in a Chain. 


The relation of separation between pairs of points has been defined only 
when the four points belong to the same net of rationality on a line. We proceed 
to extend the definition to any four points of the same chain. 

Definition. A, B, C, D being four points of the same chain and D irrational - 
with respect to A, B, C, the pair A, C is said to separate the pair B, D, if and 
only if A, C belong to different sides of the cut A(B) of R(A, B, C) defining D. 

This definition is justified by Corollary 3 of Theorem 28. 

This relation of separation is now defined for all the points of a chain, and 
is readily seen to have the fundamental broperties expressed in Theorem 24. 
For Theorem 25 clearly holds for the more general use of the term, and this 
leads easily to the properties mentioned. 

' Definition. Given any three distinct points of a diia the iin ABC of 
the chain (Seg ABC) consists of B and all points X of the chain such that A, C 
do not separate B, X; the remaining points of the chain, excluding A, C, con- 
stitute the segment of the chain complementary to Seg ABC. In the sequel the 


re 
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e word “segment” will always mean segment of a chain, unless otherwise - 


specified. 

Clearly Seg ABC and Seg CBA contain the same points. 

Any two distinct points of a chain then divide the chain into two comple- 
mentary segments such that the given points separate every pair of points of 
the chain of which one lies in one of the segments and the other in the other 
segment. Conversely, whenever the points of a chain fall into two classes A, A, 
such that every point of the chain belongs either to A, or to A, and such that no 
pair of points of K, separates any pair of K,, there exist two points of the chain 
which divide the chain into two segments S,, S; such thai every point of S, is a 
point of K; and every point of S, a point A. 

We may now readily define order in a chain. We have seen that Seg ABC 
and Seg CBA contain the same points. Corresponding, however, to the two 
symbols ABC and CBA we distinguish two orders in the segment. 

Definition. If two points P, Q are two points of the segment ABC of a 
chain, P is said to precede Q(P <Q) in the order 4.8C if and only if .AQ || PC; 
Q is then said to follow P (Q >P). Further, A is said to precede and C to follow 
every point of the segment in the order ABC. The phrase “P, Q,...., etc., are 
points of the directed segment ABC” will in the sequel imply that P, Q, ete., 


.are points’ of the segment ABC and that the statement P<@ means “Peg 


in the order ABC.” 


This relation of linear order (<)i is at once seen to satisfy the following 
conditions : 


 TuxzonEM 30. 1) Jf we have P< Q in a given order, then Q< P is impossible 
in that order. 2) If we have P & Q, then in a given order we have either P « Q or 


Q« P. 3) If P,Q, E are points of a directed segment ABC such that we have 
P< Qand Q< R, then we have P< R* | 


From the definition of order it follows that if P precedes Q'in the directed 
segment ABC, then Q precedes P in the directed segment CBA. The order in 
these two directed segments is therefore said to be opposite. 

A chain is now seen to have the following fundamental property: 


 Turorem 31. Jf the points of a directed segment of a chain be divided into 
two classes Hi, H, such that every point of the segment betcngs either to F; or to H,, 


*'l'hese three properties are sufficient to define linear order abstractly. Cf. HUNTINGTON, The Continuum 
asa Type of Order, Annals of Mathematics, Vol. VI (1905), p. 151. 
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and such that every point of B, precedes every point 9 f H,, then there exists one pointe 
M of the segment such that every element which precedes M is a al of H, and 
every point which follows Mis a point of H,. 

Definition. A sequence of points P,, Pa, P,,...., P, of a chain is said to 
be an ordered, sequence, if they are points of a directed segment such that 


Pe Pu Pest d 


Any three points of a chain are an ordered sequence, but any four points 
are not. 


i 
Tueorem 32. If A, B, C, D are an ordered sequence, so also are B, C, Di A. 
Proof. By definition we have AC]| BD in the directed d ACD; 

whence in the directed segment BDA, we have BD || CA. 


CogotLLARY. If Pi, Pa, P3,----, Pras P, form an ondeved sequence, so like- 
wise do Pi, Pii Puy Pns yt ay ase Pii and Pi, Piai s 
Py fy; Pay Paws e Piss 


Hence, given any ordered sequence of points of a chain and starting with 
any one of the points, it is possible to write them so as tc form an ordered 
sequence in two and only two ways. This is expressed by saying that we can 
take the points in two different directions, which are opposite.* 

Definition. A transformation which transforms every ordered sequence into 
an ordered sequence is called an ordered transformation. In all that follows, the 
word transformation denotes a correspondence which is single-valued (one- to-one) 
and whose inverse is also single-valued. 

From Theorem 25 we have at once: 


THEOREM 33. Every projectivity on a line ts an ordered transformation. 
- Definition. In the number-system determined by the scale (0, 1, œ) on a 
chain a number a is said to be less than a number b, if a< 5 in the order 01c. 


THEOREM 34. The number-system determined by the scale (0, 1, oo ) in a chain 
is isomorphic with the system of real numbers. ` 

Proof. This theorem may be conveniently established by referring to a set 
of postulates descriptive of the real number-system. We shall use the set given 
by Huntineron in Vol. VI (1905), p. 39, of the Transactions of the American 


* This establishes the so-called ‘cyclical order" in achain. Cf. Enr1quzs’ assumption, Vorlesungen aber 
projektive Geometrie, Leipzig (1903), p. 23. i 
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e Mathematical Society. That HuwTINGTON's J, IT, A1-A6, M1, M2, AM1 are 
satisfied is equivalent to the fact that we have to do with a commutative number- 
system, which is a consequence of Theorem 29. Ir consequence of the definition 

-above and Theorem 30 the elements of this numbe:-system satisfy the magnitude 
relations “ greater and less than ” and the postulate of continuity. This verifies 
Hontineton’s R1-R6. The projectivities z'-—c-F« and z'— aw transform 
Seg (—a0 w) into Seg (0a œ) and Seg (01%) into Seg (Oa) respectively. 
This, in connection with Theorem 33, shows that if a>0 and b`>0 then 
a+b>0and ab>0, In like manner if a< 0 and b< 0 then a4-5«70. This 
verifies Huntineton’s HA1, RA2, RAM1, and completes the list of assumptions 
which he uses to characterize the system of real numbers categorically. 

We consider now a projective transformation of a chain into itself. Such a 
transformation is ordered, but the directions of the cransformed sequences may 
or may not be the same as those of the original sequences. If the direction in 

.& chain is preserved by a transformation, the latter will be called directly ordered, 
or simply direct; otherwise, if ordered, it is opposttely ordered, or opposite. 

The analytical condition that a projective transformation of a chain into 
itself be direct or opposite is now readily obtained. Let the chain be ©(010 ). 
We have already seen that for any class of poiats forming a commutative 
number-system any projectivity is given by | 

Es ax +b) 
5 — ex F d' 


If ©(01  ) is transformed into itself it is clear that a, b,c, d are all real numbers. 


D — ad — be 0. | 7 (1) 


The projectivity 2’ — x + b is direct, x PE is opposite, while a’ — a« is direct 


or opposite according asa is positive or negative. The desired condition given 
in the following theorem is then obtained at once by recallink the theorem that 
the determinant of the product of two projectivities is equal to the product of 
their determinants. 


THEOREM 35. A projective transformation (1) transforming (&(01c) into 
itself is direct or opposite according as D is positive or negative. 

Definition. A point which is made. to correspond to itself by a trans- 
formation is called a double point of the transformation. A projectivity which 
transforms a chain into itself is said to be hyperbclic, parabolic, or. elliptic. in the 
chain according as it has two, one, or no double points in the chain. 
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The double points of a projectivity (1) transforming (010 ) into itself, ife 
they exist, are given by the roots of the equation cx? + (d— aje — b — 0, where 
a, b,c, d are real. This equation has roots in the chain if and ouly if the 
discriminant 

A zz (d — a)’ + Abc 
| = (d+ a)?—4D | 
is positive or zero. | 
From this follows at once: 


THEOREM 36. m a chain, 1) every opposite prajectivity ts hyperbolic; 2) every 
parabolic or elliptic projectevity is direct. 
- The proof of this theorem demands at some point a continuit) argument 
We have chosen to borrow the desired result from the theory of functions'of a real 
variable. Tt can, however, be pfoved directly from our assumptions without 
difficulty. We refer for this proof to EmnmiQuES, Vorlesungen über Projektive, 
Geometrie, Leipzig (1903), pp. 72, 100. 
Also from the definitions preceding we have at once: 


THEOREM 37. A hyperbolic projectivity vn a chan is opposite or direct according — 
as pairs of homologous points do or do not separate the double points. 

From the consideration of the fundamental cross-ratio it follows easily that 
if an involution (t.e., a projectivity of period two) which transforms a chain into | 
itself -has a double voini in the chain, it has another, and that the double points 
separate harmonically every pair of conjugate points. From the last two 
theorems and Theorem 26, corollary, then follows: 


THEOREM 38. An involution in a chain is direct and elliptic in the chain or 
opposite and hyperbolic, according as two pairs of conjugate points do or do not 
separate each other. MET 

Since an involution in a chain is determined by two pairs of conjugate 

points, the existence of both kinds of involutions follows. 


87. The Ordinary Real and Complex Projective Spaces. 


We can now conveniently add the further assumptions necessary to charac- 
terize completely 1) the ordinary real projective space, or 2) the ordinary com- 
plex projective space, of three dimensions. Analytically this is equivalent to 
the identification of our number-system with 1) the system of ordinary real 
numbers, or 2) the system of ordinary complex numbers. 


Ot" 
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1). To characterize the ordinary real projective space we add simply the 
following assumption (of closure) : 

AsSUMPTION R. There is not more than one chain on a Bia 

A fundamental consequence of this assumption is the existence of pro- 
jectivities on a line without double points. .In fact any involution on the line 
determined by two pairs of Songugate points which separate each other is of this 


kind (Theorem. 38). 


2). On the other hand, to characterize E the ordinary complex pro- 
jective space we need only m ASSUMPTION R by the following, ASSUMPTIONS I. 
Assumption Il. If there ts a harmonic form, there is one (ABA'B’) such that 
one involution I having AA! and BE! as conjugate pairs has a double point 

on the line AB. | | 
By Theorem 26, corollary, and Theorem 38, the involution Z has no double 
points in the chain G(ABA'"); this assumption then implies the existence of 
more than one chain on the line AB. Assumptions R and 11 are then mutually 


.. contradictory (in connection with the assumptions already made). 


ASSUMPTION 12.* Through a point P of a chain È ona (ine l and any point 
J of l not on (& there is not more than one chain that has : no other point in 
common with © than P. 

We are now in a position to prove that our number-system is indeed 
isomorphio with the ordinary system of complex numbers. We will show first 
that every point of the line / is given by the expression A + JB, where A, B 
are points of & and J isa fixed point not on $.. —  — 

Let the point P of © be labelled œ and let any pair of points of © distinct 
from P be labelled 0 and 1 respectively. The points of © are then isomorphic 
with the system of real numbers and c (Theorem 34). Without assuming the 
commutativity of multiplication it is readily seen that | 

dagta, wax, aman, aoa: 
each define a projectivity when a is constant. "This follows easily. from the Figs. 
2, 8 and 6 (cf. Theorem 12). The totality of points A + J, where A stands for 
any point of Œ, therefore constitutes a chain ($,, by Theorem 27, corollary. This 
chain has no point.in common with © besides P, because if A -- J= B, where 
B(+ œ) isa point of ©, we should have oS A — J, which would make J a 
point of G. 


* 12 is an assumption of closure. 
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Now let X be any point of 7 not in © or ©.. The chain © (XJP) has by 12 e 
a point a, +Æ P, in common with ©. The projectivity 2 = gx -+ J (1 — æ! x), 
(a, 0), transforms € into & (XJP), so that every point of the latter and hence 
` X is of the form A + JB, where A, B are points of ©. If x= 0, the pro- 

jectivity a! = Ja shows likewise that X is of the desired form (A= 0). The 
points of G, also have this form.: The desired result is then established. 

We shall now prove the fundamental theorem of projectivity for all the 
points of our coniplex line by showing that the number-system determined on the 
line is commutative; that the latter is isomorphic with the system of ordinary 
complex numbers will then follow at once. 





Fie. 6. 


Let. the points A, B, A’ of 11 be labelled 0, 1, œ , so that the chain © (ABA) 
is made isomorphic with the system of ordinary real numbers (and o ), and let 
the double point of J in 11 be denoted by i. By the result just established all 
the points of the line are of the form x + iy, where æ, y are real, since 7 is not. - 
on the chain © (ABA). Moreover, two points a+ 4b and c+ id are identical, 
if and only if a==ec and 5--d, if a,b,c, d are real; for the equality 
. a 4 db =c + id implies the relation i= (e— e) (b —dy3, if b—dzE0. Now, 
each of the projectivities x = ix and a’ = gt, evidently transforms the chain 
© (01 ) into the chain © (0:« ); this gives xi = ie, where x, x, dre real. Also 
each of the projectivities a = (1 — ijẹ and a!-a(1— i) transforms € (01) 
into © (0, 1 — i, œ ), whence at once | 


e(1 urs i) => (1 m es, 


PME... RI 
* 


or by the above, 
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a, % being real, or by the distributive law (Theorem 13), 
w — Lt = Tg — Wy, 
gj — da, = $3 — $25, 
or finally, | 
L = y= Hy. 

This gives zi — ia, for any real x, and hence follows readily the commutativity — 
of multiplication for any two of the numbers «+ iy. This in connection with 
Theorem 14 proves the following: 

TuHkoREM 39. The fundamental theorem of giajectivity holds for all the points 
of a complex line. 

For, if it is valid on one line it is valid on every line by projection. 

In view of the last theorem J is the only involution having AA’ and BB’ 
as conjugate pairs and is given by a’ = — : this gives at once i= — 1, and 
completes the proof of: | 

TuroREM 40. The number-system on a line in the complex space is 4somorphic 
with the system of all complex numbers and œ. | 

It is interesting to note here the well-known fact that whereas the property 
of transforming any quadrangular set into such a set is necessary and sufficient 
to characterize projective transformations on a line in the real geometry, it is 
not sufficient in the complex. 

Suppose we have a transformation f which leaves the points 0, 1, œ fixed 
and transforms quadrangular sets into quadrangular sets. It is then necessarily 
an ordered transformation subject to the following functional conditions: 

f(e- y) 9 f (v) t- (y), f (my) — f (x)/(y), f(0)—0, f(1)— 1, f() e. 
From the equation f(a + 1) =/(«)+1 then follows at once that f(a) =a, 
where « is any positive integer; from /(x)+ /(—«)=0 follows the same 


" relation when a is any negative integer; from j'(x) f(1/x)-— 1 then follows 


readily /(a/y) = f (x)/ f (y), whence follows at once the relation f(a) = a, where 
a is any rational fraction or zero, From the last relation and the fact that f is 
ordered then follows at once the fact that f leaves every real number fixed. But 
this is sufficient to identify any transformation which transforms quadrangular 
sets into such sets with a projectivity on the real line. For the complex line we 
have at once f(x + iy) =x +f (ijy. Let f(i)=a -+ ib, where a and b are 
real, then f(t) f(t) = —1 gives a*— b^ -+ 1+ fabi= 0, whence a= 0, .or 
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b= 0; the latter leads to the impossible relation a + 1= 0; the former gives ° 


J(?)— +i. By Theorem 40, f(i)=i alone gives a MR the relation 


f(t) =—i leads to the so-called anti-projectivities of SgGnE.* 


§8. Categorical Systems. Quadratic Irrationalities. 


It is now very easy to see that our sets of assumptions for real and for com- 
plex projective geometry are categorical.t ^ Confining our attention to the real 
case, it is clear that in any space satisfying assumptions A, E, H, C, R it is possible 
to establish 'a system of homogeneous coordinates such that every point is 
denoted by the ratios a, : a: a ,:a,, where the x, are real numbers. Therefore, 
given. any two such spaces, a one-to-one reciprocal correspondence is set up 
between them in such a way as to preserve all geometrical relations, provided 
each point in one space corresponds to a point with the same coordinates in the 
other space. Since it is possible to choose the tetrahedron of reference and the 
point (1, 1, 1, 1) in o ways (corresponding to the collineations of the general 
projective group), we have the following: 


TuzonEX 41. Any two spaces which satisfy amples A, E, H, ©, R are | 
simply isomorphic in oo 1? ways. | 
In like manner is proved: 


THEOREM 42. Any two spaces which satisfy uiui iia A, E, H, C, I dre 
simply isomorphic in œ * ways. 
The following considerations will help to ake clear the beating of Assump- 


. tions o, Randi. The points and lines of a two- dimensional net of rationality. form 


J 


in their relations among themselves a projective plane (Theorem 21) and may 
be discussed either by synthetic methods or by an analytic geometry in which | 
the eoordinates are rational numbers.. Corresponding lines of two projective 
non-perspective pencils of lines- in the net intersect in a set of points in the net 
which lie on a conic section. This conic is said to belong to the net. Denote such 
a conie by C. Let us now recall the definitions of addition and multiplication 
(p. 353) which require that « and y, 0 and « + y shall be pairs of an involution 
oF which œ is a double point, and that z s and y, 1 and xy, 0 and œ shall be 





* SEGRE, Un Nuovo Campo di Ricerche Boradi Torino vr Vol. XXV a pp. 276, 430; Vol. XXVI 


(1891), pp. 35, 592. 
1 For a discussion of this mathematico-logical term see VEBLEN, Huntineton’s Types of Serial Order, 


Bull. American: Math. Soc., Vol. XII (1906), p. 303. 
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* pairs of another involution. Projecting these invclutions upon the conic C we 


have by a familiar theorem that the lines joining corresponding points of the 
involutions must meet in a point, through which pass the tangents at the double 
points, provided double points exist (cf. Figs. 7, 8). Therefore to construct the 
square roots of a number z, it is necessary to construct the tangents to C from 
the point of intersection of the lines Oœ and 1z. If z is — 1, then 1 and — 1 
harmonically divide 0 and o, i. e, the line 00 passes through the point of 


" intersection of the tangents at 1 and —1. The existence of 4/ —1 depends, 





Fre. 7. ' Fig. 8. 





Fra. 9. 


therefore, upon the possibility of drawing a tangent to a conic section from the ` 
point P of intersection of two chords of the conic, each of which passes through 
the polar point of the other. Assumption 11 states that this is possible. 
Assumption R states that it is not possible. In the geometry in which R holds 
P is an inside point of the conic. 

For a conic associated with a net of rationality, as C is above, the interior 
and exterior may be defined as follows: The order of the rational points of the 
conic having been determined by projection from the order of the rational points 
on any line, draw two lines through any point P not on the conic, the first 
meeting the conic in A,, A,, and the second meeting the conic in B,, B,. If 
A,, A, separate B,, B, the point P is an interior point; if not, an exterior point. 
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Many of the purposes of elementary projective geometry are served by ° 
operations which do not introduce into the coordinates of the points considered 
irrationalities of more than a certain degree. For such purposes it is not neces- 
sary to assume as much as Assumption c. The presence of the rational points is 
assured by Assumptions A, E and B. To adjoin to this field the operation 4/z, 
where x is positive, we may assume instead of c: | 

If P is any point of a two-dimensional net of rationality Fè exterior to a comic 
C belonging to the net, then there is at least one tangent to C which passes through P 

Equivalent statements to this are: | 

|" An involution in which points of a given net of rationality are paired with 
points of the same net, and tn which two conjugate pairs do not separate each other, 
has at least.one double point. (The latter statement is readily seen to be equiva- 
lent to the former by letting the involution lie on a conic.) 

A line joining two points of R, one interior to C and one exterior, meets C in at 
least one point. — . 


$9. List of Assumptions and their- Mutual Independence. 


The following is a list of our assumptions for ordinary real projective space. 
' The page references are to the definitions of terms occurring in the assumptions. 
Al. If A and B are distinct points, there is at least one line containing both A 
and B. mE 
.A9. If A and B are distinct points, there iz not more than one line containing 
both A and B. | | 
A8. If A, B, C are points not belonging to the same line, and if a line l con- 
tains a point D of a line joining B and C and a point E, distinct from D, 
of a line joining Cand A, then the line | contains a point F of a line 
joining A and B. i 
X0. There are at least three points on every lane. 
El. There exists at least one line. 
E2. It is not true. that every point les on every line. 
E3. It is not true that every point lies on every plane. (P . 849.) . 
ES’, If S is a three-space, every point lies in S. (P. 349.) 
H. If there is a harmonic sequence, there is one sich that every point of it is 
distinct. from all the points of thé sequence that precede ii. . (P. 359.) 
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C. f there exists any non-modular net of rationality, at least one point Q of 
some line | and at least one net of rationality R on l containing Q is such 
that associated with every singly open cut K(Q) in & ts a point X, 
such that: 1) X, is onl; 2) if two cuts K,(Q) and K,(Q) are distinct, 
the points X,, and X, are distinct; 3) if two cuts K,(Q) and K,(Q) are 
projective, the points X, and X, form a homologous pair. (Pp. 356, 363.) 
R. There is not more than one chain on a line. (P. 365.) : 
For the ordinary complex projective space, Assumption R is replaced by 
the following two: 
Il. If theres a harmonic form, there is one (APA'B’) such that one involution 
having AA! and BB! as conjugate pairs has a double point on the line — 
AB. (Pp. 351, 364, footnote.) | 

12. Through a point P of a chain © on a line land any point J of l not in È 
there is not more than one chain that has no other Pe in common with © 
than P. (P. 365.) 

We are now to prove that the assumptions above given are mutually inde- 
pendent, è. e., such that no one of them is a formal logical consequence of the 
remaining ones. The method of doing this is fully explained in connection with 
Assumption A1, and is only sketched in the other cases. | 

Assumption Al. Consider the four letters A, B, C, P. Call them pseudo- 
points and call the get of three A, B, C a pseudo-line. The whole set A, B, C, P 
may be called a pseudo-space. Now, if the words "point" and “line” in the 
assumptions are taken to refer to thése pseudo-points and line, it is evident that A1 
is a false proposition, because there is no line containing both A and P. On the 
other hand A2 is a true proposition because there is only one line in, all. 43 is 
true, though trivial. x0, £1, 2 are clearly true; x3 is true because no plane 
exists (cf. definition, p. 349). The hypotheses of Assumptions £3', H, 0, 1, and t 
are not satisfied by our pseudo-space. To introduce a technical phrase due to 
Huntineron for the condition here met, Assumptions £3’, H, I, and € are 
^ vacuously satisfied," or, as we may say more briefly, are “vacant.” Clearly 
Assumption R is true. | 

Now any proposition which is a logical consequence of Assumptions A2; A3, 
E H, C and R (or 1) either must be true of our pseudo-space or may be vacant 
because involving in its deduction one or more of the vacant assumptions. The 
proposition A1 is neither true nor vacant of our pseudo-space, but false. There- ~ 
fore Al is not a logical consequence of the other assimptions. | 
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ÁSSUMPTION A2. Let the pseudo-space consist of the points of an ordinary * 
plane, and let all the usual lines be pseudo-lines, but in addition to these let all 
the points of the plane constitute a pseudo-line. In this pseudo-space every 
three points are collinear; hence there exists no plane. Itis then readily seen 
that Assumptions A1, £0, El, E2 and R are true, while A3, E3, E3', H, € and I are 
vacant. Clearly also A2 is false for this pseudo-space. This proves A2 inde- 
pendent of all the other assumptions. 


ASSUMPTION A3. Let the pseudo-points consist of the nine digits 1, 2,....,9;- 
and let each row, each column, and each term in the determinant expansion of 
the matrix ` | 

1 2 3 
| 4 5 6 
| 7 8.9 
constitute a pseudo-line. In this pseudo-space A3 is false, as can readily be 
verified. Al, A2, EO, El, E2, E3, E3/ and R are true; H, 0, I1 and 12 are vacant. 
 AssuuPTION EO. Let the pseudo-space corsist of four pseudo-points, where 
the pseudo-lines are the pairs of pseudo-points. It follows that the planes are 
triples of pseudo-points. £0 is false, m, C and 11, 12 are vacant, while all the 
other assumptions are true. | | 0 

ASSUMPTION El. Let the pseudo-space consist of one pseudo-point and no 
pseudo-lines. © All the assumptions are vacant except £1, which is false. 

ASSUMPTION x9. Let the pseudo-space consist of three pseudo-points A, B, C 
and one pseudo-line ABC. Here x2.is false. Al, A2, EO, El and R are true; A3, 
E3, E3', H, C, IL and 12 are vacant. | 

Assumption E3. Let the pseudo-space consist of all the points of a single 
real (complex) projective plane, and let the pseudo-lines consist of the lines of 
this plane.. All the assumptions for real (complex) projective geometry are true 
except £3, which is false, and £3’, H, €, 1, which are vacant. 

ASSUMPTION E3'. Let the pseudo-space be an ordinary real (complex) pro- 
jective space of four dimensions. Its points may, for example, be described 
analytically as consisting of all sets of five homogeneous real (complex) coordi- 
nates (25, Lz, Wg, Lı, Xs), except (0,0, 0, 0, 0), the lines being the sets of all points 
which satisfy three linear homogeneous equations. For such a space all the 
assumptions for real (complex) geometry are true, except E3', which is false. 

ASSUMPTION H- Let the pseudo-space consist of all sets of four homogeneous 


Pa 
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‘coordinates which are ordinary integers reduced modulo 2. In this pseudo- 
space x is falsé, c, i1 and 12 are vacant, while all the other assumptions are true.* 

Assumption C. Let the pseudo-space consist of all sets of four homogeneous 
coordinates, except (0,0,0,0), which consist of rational numbers only. Since 
all the assumptions for real geometry are true of this space excépt o, this 
proves the desired independence im case of the real geometry. For the complex - 
geometry let the coorditiates consist of all numbers of the form A + Bi, where 
A, B are rational. That parts 2) and 3) of ó are inde»endent of 1) and the other 
assumptions may be seéii as follows: 

c, 2). Let [x] be a set of irrational numbers, such that every irrational 


‘number is of the form az + b, where a, b are rational, and such that none of the 


numbers z is rationally related to any other a’; t. e. that there is no relation of 
the form z'-— az + b, where-a and b are rational.] Now, let the pseudo-space 
consist of a three-dimensional projective space of points, whose coordinates are 
rational complex numbers. Using non-homogeneous coordinates let the line / be 
the line y = 0,2—0 and let the point Q be o. Then with the cut in the 
ordinary rational numbers which determines the number az -+ b in the ordinary 
geometry associate the number a+ib. The same number a+b is then 
associated with an infinitude of distinct cuts, contrary toc, 2). All the other 
assumptions, including c, 1) and c, 3), are satisfied except 12, which is vacant. 

c, 3). Let the pseudo-space consist of the points of ordinary real or complex 
projective space, and let K;(Q) and K;(Q) be any two singly open cuts on /, and 
X, and X, the cut-points determined by them in the ordinary geometry. In 
the pseudo-space associate X,, with K,(Q) and X, with AQ), and let all other 
irrational points be associated with their proper cuts in the ordinary way. c, 8) 
is then false, while the other two parts of c and all the other assumptions for tiie 
real or complex projective geometry remain true. 





* For a detailed discussion of such finite spaces, ef. VEBLEN and Bus3Ey, Trans. Am. Math, Soe, Vol. VII 
(1906), pp. 241-259. 

+The assumption of the existence of a set [x] is closely related to ZERMELO’s assumption of the existence 
of an ‘‘ausgezeichnetes Element” in any class, though our assumption is weaker. It may be stated as follows: 
Let Riz) denote the class of all numbers of the form ax +b, where a and b are any rational numbers, and x is a 
given irrational number. Any two distinct classes (x) are then mutually exclusive. Consider the class of a 
classes A(z). Our assumption above then states that there exists a class Iz] of numbers which contains one 
and only one number from each of the classes A(z), and no others. The class of\classes A(z) has the same 
cardinal (Machtigkeit) as the continuum, whereas ZERMELO'S assumption kas reference to the class of all sub- 
classes of the continuum, whose cardinal is greater than that of the continuum. 
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Assumption R. Let the pseudo-space consist of the three-dimensional pro-* 
jective space in which the coordinates are ordinary complex numbers. 

AssuMPTION 11. Let the pseudo-space consist of. the three-dimensional 
projective space, in which the coordinates are ordinary real numbers, All the 
other assumptions for the complex geometry are true, except 11, which is false, 
and 12, which is vacant. | | í 

ASSUMPTION 12. Let the pseudo-space consist of all sets of four homogeneous 
coordinates, excluding (0,0,0,0), which are marks of a field, F, consisting of the 


ordinary complex numbers together with an additional unit, ¢, and all algebraic 
functions of these. . | 
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0n the Pentastroid.* 


By R. P. STEPHENS. 


I. Introduction. 


: In an article entitled “On a System of Parastroids," in the July number 
of the Annals of Mathematics, the equations of the curves arising from the 


. Wallace lines were found to be of the form 


at I+ ae 4 a, 073 4p LL. 4 0,0 4E DL UÜ HP yt 42 1— 0, 

where «x and a; have for conjugates y and 5, respectively, and ¢ is a parameter 
which is limited to the unit circle. In the particular case where n = 3, this is 
the equation of a deltoid, or hypocycloid of three cusps ; and where n = 4, it is 
the equation of the parastroid. I propose to discuss the nature of the curve’ 
when n = 5, but I shall also call attention to a few theorems which are true for 
the general case. The coordinates used are circular or conjugate, however most 
of the work will be done by means of mapping from the unit circle. 


II. Mechanical Construction. 
When n — 5, the equation given above takes the form 
P+ at + aP -- bP + yt+1=0, 
which may be written 
| of + y = P(— t—a][t) + (—1/t— bi). 
This second form is obviously the equation of a straight line which always 


passes through the point 
. % = — t— aft. 


But iftis allowed to vary, then this point traces out an ellipse. Whence we 
see that, if a line be fixed to the generating point of an ellipse and given the 


* A preliminary report of this article was made to the American Methematical Society, Feb. 23, 1907. 
' Cf. Transactions of the American Mathematical Society, Vol. VII (1906), pp. 207-227. 
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. proper rotation about this point, its envelope will be the curve in question. If, , 
in Fig. 1, the distance of P from Mis u, and if the rotation of the line 7 about P 
is 3/2 that of M about O, then the equation of / is | 


č — cii + uË — auf? + a yt — a = 0, (1) 


where a is the clinant of the line / when t— 1. The equation of the ellipse 


generated at the same time is | 
v= tp ult oc (2) 





Fig. 1. 


In Fig. 2 is a diagram of the instrument as used in the construction of the 
figures which follow. The gears G, and G, are to each other as 1:2. The first 
is centered on AB and OA and does not rotate; while G, centered on AB, 
rotates about P. l 

If a different combination of gears—say G5, G., G, where G, and G, are to, 
each other as 5: 2 and G is any connecting gear— be used, the same curve is 
obtained. In Fig. 1, G, is to replace Gi; G3 remains unchanged ; and G is 
between G, and G,. This combination gives the equation | 


aut! — at y + a — P + at— u= 0. C (3) 
By means of this double generation, every type of the curve (1), arising 


from varying p and g, can be drawn, For example, from (1) it is obvious that, 


\ 


STEPHENS: On the Pentastrovd. 383 


. when u = 0, we have the equation of the hypocycloid of five cusps; and from 


(8), when u = 0, we obtain the cardioid, a curve of one cusp. These two are the 
limiting forms of the curve and we shall see that tke curve varies from one to 
five cusps. 

It seems well to give a name to the curve (1). For several reasons the 
name Pentastroid seems appropriate, and so it will be used uniformly in what 
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Fia. 2. 
follows to designate the curve (1). In the partieular case where the curve is 
regular, that is, when u= 0, I shall retain the ord:nary usage and refer to it as 
a five-cusped hypocycloid. 
| III. The. Equation. 
1. Let us consider the equation 


Ë — ot + ut? — aut? + ayt — a = 0, o (1) 
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which as ¢ varies envelops a curve of class five, for from every point there are e 
five tangents to the curve. If (1) be divided by ¢ and then differentiated with 
respect to £, there results the equation, | 


3o = 4t + 9u/t — au] P + a/t, | ^ (4) 


the map equation of (1), from which it is seen that the curve is of the eighth 
degree, : 


2. If, in equation (1), the point æ be allowed to move off to infinity, the 
equation reduces to the form | | 
| P —ay/a. (5) 
But y/x is a turn, hence ay/a is a turn; therefore, for æ at infinity in any 
direction, there are three tangents to the curve. 

Let ilie roots of (5) be 4, oh, a’ &; then, on substituting these values of ¢ in 
equation (4) and adding, we obtain 

>; = 0, 


where a, are the points of tangency of these parallel tangents. Therefore, 

To a pentastroid there are, in every direction, three parallel tangents, the centroid 
of whose points of tangency is constant. 

In a similar manner, it is proved that 

Every curve whose equation has the form 


/^ + ot? 1 4g, th? 4a, Ep... HBE +60 + yt 12:0, 


has n— 2 parallel tangents in any direction, and the centroid of their points of 
tangency is constant. 

This fixed point is defined as the center of the curve. For the curve with 
equation as given the center is the origin. 


3. We have seen that the map equation of the basic ellipse is 
EE v= t+ ufi. - (2) 
The clinant* of the tangent to this ellipse is 





g— 
ds] dy — u zii 


*F, Franklin: Some Applications of Circular Coordinates, AMERICAN JOURNAL OF MATHEMATICS, Val. 
XII (1890), p. 162. 
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e The clinant of the tangent to the curve (4) at the point which has the same 
parameter is 


a 
These clinants are equal, that is the tangents are parallel, when | 
P — ut? — au? + a = 0, (6) 


but this is the condition that the two points of tangency shall coincide. 
Therefore, 


The pentastroid touches tts basis ellipse in fiv2 points, real or imaginary. 
(Fig. 3.) 
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Fic. 3. p 77.9 (nearly). 


_ In the particular case where u = 1, equation (6) can be solved, and the 
roots are + 1, 4, o4, w%,, where ¢, is one of the cube roots ofa. Putting these 
values in the map equation (4), we obtain as the points of tangency 


> = 2, Ty = — 2, 
gg = t+ lf, v, = oh + oft, 
x = ot, + o/h. 
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The ellipse in this case is the segment of the line joining + 2 and — 2. So the e 
pentastroid passes through the points + 2 for every valueof a. The three other 
points of tangency are on the axis of reals. Hence we see that 

When u —1, the pentastroid passes through the points + 2, and the axis of 
reals is a triple tangent. (Fig. 4.) - | | 





Fig. 4. Bum 1. 


4. Orthoptic Curve. To the tangent 

Ë — of! + ut? — auf? + ayi—a=0, | 
the tangents obtained by giving ¢ the values — t, — ot, — ct, will be perpen- 
dicular. Substituting the first of these values, we obtain 

(5 + ot! + ut? + auf? + ayt +a = 0. 
If this equation be subtracted from the one above, there results 

sz —a(u]f--1]f | (7) 

which is the map equation of a limagon. By means of the same method.as that 
used in connection with the basic ellipse, it is easily shown that this limaçon 
touches the pentastroid in five points whose parameters are given by the 


equation | 
205 + ut? + aut? + 2o = 0. (8) 
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* When u= 2, this equation can be solved and its roots are + i, fj, ah, of, 


where ¢, is one of the cube roots of — a. Substituting these values in (7), we 
obtain as the five points of tangency : a (which is counted twice and is therefore 
a node), uf, + 1/5, uot + o/t, uot, + o@/t,. From equation (4) it is seen that 
z — o is also a node of the pentastroid. 

On substituting — at and — ot for t in equation (1) id T the inter- . 
sections of the resulting equations with (1), we have 

M E i/t + auc? /£ + ao [t ^ - (9) 
and , | | 
2x = (1 —o*)t + w(1—o)/t+ aua [P 4- ac? É, 

respectively. These two forms are easily shown to represent the same curve, 
for, when żin the second becomes — o£, the first results. — — 

This curve also touches the pentastroid in five points. The qum of 
these points of tangency are given by the equation 


(5 + 39)i5 + u(1 + 30°)? + aul3o + 1) + a(5 + 397) — O0. — (10) 
The orthoptic locus of the pentastroid is composed of a limagon and the curve (9). 
5. Singularities at Infinity.* By comparing equation (1) with the equation 
ux + vy = 1, where u and v are 1/a and 1/6 respectively (a being the reflexion 
of the origin in the line), the equation of the curve in line coordinates is derived 
as follows: Equating coefficients, we obtain 
u =— t, 
v = at, = 
| w = Ë + u?— auf? — x, 
where w is introduced for the sake of homogeneity. If ¢ be eliminated from 
these three equations in such a way as to form a homogeneous equation in u, v, 
and w, the resulting equation is the one required. It is 
auvw® — [a w? (u + uv. + v? (uu + v? + 3uvw (uu + v) (u + uv)] =0. (11) 
This equation can be transformed to Boothiant coordinates by the substitution 
Que + in, w = E — in. | 


Since the coordinates of the line at infinity (0, 0, 1) satisfy equation (11), 
the curve is tangent to the line at infinity. The pcints J and J, whose equations 


* F. Franklin: loc. cit., pp. 161--190. 
tBassett: Elementary Treatise on Cubic and Quartic VER p. 3). 
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are u = 0 and v= 0 respectively, are such singular points of the curve that the ° 
tangent at each has contact of the third order.. This tangent is the line at 
infinity, therefore the line at infinity is a double tangent. 

The pentastroid ts a curve which has the line at infinity for a double tangent 
whose points of tangency are the points: I and J, at each of which the contact 1s of 
the third order. 

From this it follows that all the foci of the curve are at infinity. 


6. Cusps. The curve will have cusps when dæ/dy = 0, provided the roots 
of the resulting equation are turns. Thus we find the parameters of cusps are 
the roots of the equation s 

| 20 — uf? -- auf — 2a = 0. (12) 


This equation may have five turns for roots, hence we say in general that the 
pentastroid has five cusps, real, coincident, or imaginary. (Fig. 3.) 

On combining equation (1) with equation (12), we obtain 

365 — att + ayt — 8a = 0 

and | 
2e — 3u? + Baut — 2ay = 0, 
of which the first is the equation of a regular pentano, 1. €., à five-cusped 
hypocycloid, and the second is the equation.of a cardioid. Both are concentric 
with (1). Whence we have the theorem, 
| The five cusp-tangents of a ple touch a concentric five-cusped hypocycloid, 
and also a concentric cardioid. 

Ifa and y be written for u in (12), thus, | | 

205 — at? + ay? — 2a = 0, | (13) 

it is obvious that for those values of a (4. e. u) on the axis of reals from which 
five tangents can be drawn io the regular pentadeltoid (13), equation (1) has five 
real cusps; that for those values for which (13) has three tangents only, equation 
(1) has only three real cusps; and that for those values for which Gos has only 
one tangent, equation (1) has only one real cusp. - 

However, in the special case where a = 1, more definite limits can be stated 
for u. Equation (12) now becomes | | | 


' 9(6 — 1) — u? (= 1) = 0, 
from which it is seen that £= 1 gives a cusp for all values of u. But since the 
curve is symmetrical with respect to the axis of reals— when a = 1—, if t is a 
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* root then 1/£is also a root. Suppose then that , and é are roots, then 1/4, and 


1/t, are roots also. These relations among the roots make it possible to solve 
the RUBORE From the symmetric functions we derive 
—— Te . (14) 
where at, + 1/4. 2n 
Evidently @ is real and less than, Or equal to, 2 in absolute value when ¢ is 
a turn ; hence, in order that a may be real we must have 


us — 6/2. 
The value of a will be less than, or equal to, 2 when 
| 1) ~14V75 + uz A, 
that is, when w= 10 ; or 
| 2) fantail 


that is, when uw<2. From which we: conclude . 

For all values of u such that — 5/2 Z u € 2, the pentastroid for a = 1 has five 
cusps ; for all values of u such that 2 < u S. 10, there will be only three real cusps ; 
and for all other values of u there will be only one real cusp. 

The special cases u = — 5/2, 2, 10, when a = 1, are interesting. Let us 
consider first u = — 5/2. Substituting this value of u in equation (14), and 
solving for t, we obtain Oo Kd | 

4i zz — 1 ri 18, 
each of which is repeated; that is to say, there are two pairs of coincident cusps. 
(Fig. 5.) | 
If u= 10 when a= 1, sinis (12) reduces to the form 


(t—1) (@+ 3t 4- 1) — 0, 


of which ¢=1 is a repeated root. Hence three of the cusps coincide. The 


other roots are B 
9t zz — 38 -E- A 5. 


These are not turns and hence do not give real cusps. In Fig. 6 18 seen how the 
cusps tend to disappear as u increases. i 
If u = 2, equation (11) is solvable for all values ofa. . It takes the form 


(B 4- a) (@—1)=0, 


of which the roots are + 1, 4, ot, of, where f, is one of the cube roots of — a. 
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Fia. 5. g = — 5/2. 





Fic. 6. pc 5, 
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e Substituting these values of ¢ in equation (4), we find that the five cusps are as 


follows:. wm= 2 2/3—1/3 a, 


Xy = — 2 2/3 — 1/3 a, 
% = 2t; + 1/4, 

v, = 20h + o/h, 

xs = 20th + oft. 


Now as œ varies, the first cusp traces out a circle with radius 1/3 and with 





Fic. rA # — 2. 
amt. 


center at 2 2/3; the second traces out a circle with the same radius and with 
center at — 2 2/3; the third, fourth, and fifth trace out the same curve—the 
basic ellipse of the pentastroid. (Figs. 7, 8, 9.) 
The cusp-tangents at these cusps are: 

x — ay = 3 — 3a, 

€ -+ ay = — 3 — 3a, 

v+ y= 3a t+ 3t, 

x+ y= 8at, + 3o?/f. 

| et y= Bat, + 3o?/4. 

of which the first two are perpendicular lines, passing through the fixed points: 
3 and — 3, respectively; and the last three are parallel lines perpendicular to 
the axis of reals. - l 


LI 
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Fra. 9. p= 2. 
gg (Est.]. 


A 


STEPHENS: On the Pentastroid. 393 


3 


7. Miscellaneous Properties. In § 4 it was seen that when u = 2, then 
| ee | 
is a node of the pentastroid. As o varies, this node runs about the unit circle. 
The tangents at this node are 
g — ay — a + i, 
v + ay — a +t, 


two lines which are perpendicular; hence, we can say that thé curve cuts itself 
orthogonally at this node. (Figs. 5, 6, 7.) 
The equation of the line normal to the tangent 


. Ë — wt + uf? — aut? + ayt—a = 0 
at its point of tangency is | | 
BU gt + uË + au — ayt — 5a = 0, 
a line which envelops another pentastroid concentric with the first. Hence, 
we have the theorem | | | 
The evolute of the pentastroid is a concentric pentastroid. 
Since all the foci of the pentastroid are at infinity, it follows immediately — 
from Laguerre's theorem * that the sum of the reciorocols of the tangents. to the 


curve from any point is zero. 


WESLEYAN UNIVERSITY, May 28, 1907. 


* Oeuvres de Laguerre, Vol. II, p. 25. 


A Table e of the Values of m — to Given 
Values of q(m).* 


Bv R. D. CARMICHAEL.T 


olm) m 
1 1 
2 3 
4 5 
12 

6 7 9 
18 

8 15 16 

24 80 


28 36 

16 17 382 
40 48 

18 | 19 27 
54 - 

20 | 25 33 
50 66 


52 56 
12 78 
90 


32 51 64 
80 96 


68 
102 


Kall 


66 
70 


71 


100 


102 


79 | 158 - 


246 264 300 
88 166 


196 258 294 
89 115 178 


184 2380 276 


141 188 282 

97 119 ` 153 
194 195 208 
224 238 260 
280 288 806 
312 3386 360 
390 420 


101 125 202 


103 2006 


* The object of this table is to give all values of m corresponding to every possible value of Euler's 


-function of m up to $(m) = 1000. 


of the succeeding part of the table may be derived from this part in a simple way. 


The table has been double checked up to ó(m) —500. The greater portion 


that but very few errors will be found in the table. 
f Read before the American Mathematical Society (Chicago), March 30, 1907. 


It is therefore believed 


116 
120 


126 
128 


. 180 
132 


136 
138 


. 140 


144 


148 
150 
156 


159 
107 


109 
189 
324 
121 


113- 


282 
177 
143 
183 
244 
308 
366 
450 


197 


255 
320 
408 


131 
161 
268 
414 
137 
139 


213. 


185 
285 
304 


370 ` 


438 
468 
546 
149 
151 
157 


314 
474 


52 
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318 


171 
266 


-378 


226 
348 


304 


175 
231 
286 
350 
396 


272 
384 
510 


207 
402 


426 
273 
296 
364 


432 


456 
540 
630 


237 
338 


pl) 


160 


162 
164 


166 
168 


172 
176 


178 
180 


184 


190 


192 


196 
198 
200 


204 
208 


210 
212 


187° 


352 
410 


028 


163 
486 
249 
167 
203 
261 
406 
516 
173 
267 
368 
552 


179. 


181 
279 
418 
594 
285 
564 


191 
193 
857 
416 
476 
576 


694 


120 
197 
199 
275 


` 404 


606 


309 


265 
636 
211 
321 


398 


422 
428 


Je] 


à 38 
400 
492 
660 
à 26 


642 


216 


250 
252 


256 


260 
262 


247 
518 
654 


810 


253 
506 


339 


696 


28398 
472 


241 


399 


321. 
399 
494 
648 
684 


. 498 


484 


452 
678 


466 
708 


305 
385 
482 


. 496 


574 
620 


. 782 


770 
900 
990 


387 
602 
882 
514 
680 
960 


786 


396 


im} 


264 


268 
270 
272 


276 


280 


282 
288 


292 
294 
296 
300 


306 
810 


312 | 


299 
9036 
670 
966 
269 
271 
289 
578 


E 


428 
658 


281 
562 
110 
283 


928 
459 
585 


646 © 


740 
876 
912 
1008 
1110 
1260 
293 
343 


447 


341 
682 
307 
oll 
313 
411 
626 
676 
942 


1014 


316 


317 


1080 
1140 


586 
686 
596 
453 
906 
614 
622 


371 
AUT 
628 
142 
948 


634 


483 
644 
8 28 


548 


417 
556 
846 
300 
638 


455 


5084 


608 
730 
864 
910 
936 
1092 
1170 


894 
604 


395 
507 
632 
7190 
954 


[= 


320 


324 


1116 
1302 


[^ 


366 
368 


372 


378 
380 
382 
084 


388 
392 
396 


400 


408 
416 


418 
420 
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367 . 


705 
1128 
373 
379 
573 
383 
485 
663 
776 
896 
1040 
1158 
1224 
1344 
1530 
389 
591 
397 
597 
794 
938 


1242 


401 
802 
902 


1100 ' 


1650 
409 
824 
195 

1272 
419 
421 
539 
842 


994 ` 


1278 


— 488 


440 


442 
444 


448 


452 


456- 


460 
462 
464 


466 
468 


Corresponding to Given Values of (m). 


1070 


511 
665 


819. 


872 
988 
1064 
1308 
1332 
1482 


1596 


1710 


759 
1150 
1518 


1338 
565 
928 

1160 

1740 


1362 


914. 


922 


.932 


| 1398 


1106 


= 


476 
478 
480 


486 


490 
492 


498 
500 


502 
504 


506 
508 
512 


717 
527 
723 
964 


1144 


| 1220 


1300 
1446 


1488 
|1716 


1830 
1950 
2810 
487 
1458 
491 
581 
1494 
499 
625 
1250 
503 
551 
637 


11016 
1204 


1524 
1764 
529 
509 
771 
1088 
1536 
1920 


‘S61 
975 
1054 
1148 
1232 
1400 
1464 
1540 
1722 
1848 
1980 


729. 


982 


T47 


998 
159 
1506 
1006 
559 
783 


1109. 
1270 


1548 
1806 
1058 
1018 
1024 
1280 
1542 
2040 


1484 


115 

915 

976 
1066 
1155 
1240 
1430 
1475 
1584 
1809 
1860 
2100 


974 


1162 








olm) | 


520 


522 
024 
028 


536 
540 


544 


546 


' 652 


556 


560 


562 
564 
568 
570 


-521 
1042 
1310 

523 
189 
623 
897 

1072 
1288 
1608 
1794 
2070 


807: 


541 
837 
1084 


1674 


685 
1156 
1734 

547 


, 611 


987 
1222 
1662 


1974. 


557 
725 
1065 
1976 
1686 
2130 
563 
849 
569 
571 


397 


655 
1166 


1578 
805 | 
1035, 
1246 
1602 
1656 
2010 


1614 

813 
1082 
1626 


1096 
1644 


881 
1112 
1390 
1692 


957 
1136 
1450 
1914 


1698 


398 


$n) 


576 


080 
, 9084 
586 
588 
592 


598 
600 


606 
612 


616 
618 


620 
6 24. 


577 
878 


1095. 


1184 
1292 
1456 
1520 
1752 
1824 
1988 
2160 
2220 
25 20 
649 


879 


587 


1029 


593 
1192 
599 
601 
705 
909 
1202 
1864 


1550 


1818 
607 
613 
927 

1442 
617 

1334 
619 
933 
689 
939 

1252 

1352 


1570 - 


1878 
1908 
2370 


olm) | 


630 


632 
636 


640 


631 
951 
749 

1926 
641 

1975 

1394 

1600 

1760 

2112 


2460 


642 
646 
648 


652 
656 


658 
660 


643 
647 
103 
981 
1197 
1406 
1944 
1998. 


2268 


653 
1245 
1992 

659 

661 

847 
1322 
1474! 
2178 

835 
9004 

613 

833 
1017 

346 
1462 
1582 
1720 
2030 
2088 


|2436 


2940 


1262 
1268 
963 


697 
1282 
1408 
1640 
1870 
2244 
2550 
1286 
1294 

763 

999 
1215 
1526 


1956 - 


2052 
2394 
1306 
1328 
2490 
1318 


118 


993 
1324 
1684 


1336 


731 
1011 
1131 
1348 
1508 
1624 
1960 
2034 
2262 
2580 


. 1902 


1498 


935 
1312 
1496 
1700 


1968 


2400 
2640 


815 
10538 
1304 
1630 
1962 
2106 
2430 


1660 


191 
1089 
1426 
1986 


1670 


791 
1015 
1305 


1376 | 


1568 
1666 
2099 
2064 


2852 


2610 
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i 


(m) | 


676 
682 
684 
688 


690 
692 
696 


700 


704 


708 
712 


116 
718 
720 


726 
192 


(m) 


736 


738 
742 
744 


' 750 


156 


112 
776 
780 


784 


186 
192 














910 


911 


Corresponding to Given Values of $(m). 399 
| $(m) | m 4m) | m 
1598 | 800|1025 1208 1353]|| 864 949 1235 1995 
28 20 1515 1604 1616 1999 1877 1443 
1804 2000 2020 1533 1635 1665 
2050 2200 2406 || ' 1782 1744 1755 
2238 2424 2706 3000 1898 1924 1976 
3030 3300 . 1995 2044 2072 
808 | 809 1618 2198 2180 93470 
889 | 810) 811 1622 2590 2592 2598 
1143 | 812| 841 1682 2616 2628 2660 
1514 | 8161.959 1227 1233 2664 2736 2754 
1778 1545 1636 1648 9808 2886 2964 
2286 1918 2060 2454 3024 3066 3108 
2466 2472 . 3090 3199 39240 3270 
1522 | 820| 821 918 1642 3976 3330 3420 
22992 1826 | 3510 3780 3990 
2298 || 822| 823 1646 876. 877 1817 1754 
1105 | 826) 827 1654 . |1756 2684 | 
1544 | 828 | 829 893  973| gaq| 881 943 979 
1768 1251 1269 1658 1043 1265 1795 
2210 2938 1936 1958 2024 
2316 | 832| 901' 1696 1802 2086 2800 2420 
2448 2120 2544 3180 2530 2904- 3036 
2688 | 836 1957 1676 2514 3450 3630 
2910 | 838| 839 1678 882| 883 1766 
3300 |-840 mes ar d 884/1829 1772: 9658 
0334 1419 1491 1617 | 886| 887 1774 
2358 1846 1892 1988 2230 2676 2682 
1970 2110 2150 2156| 896 |1347 1479 1695 
2450 2596 99539 1796 1808 1856 
2556 9838 2989 1972 2260 2320 
995 3934 . - 2694 2712 2784 
1407 | 848 1605 1712 2140 2958 3390 3480 
1599 2568 3910 : 900 | 1057 13859 239114 
1748 | 852| 853 1706 9718 — . 
23829 | 856| 857 1714 904 | 1135 1816 2270 
2484 | 858! 859 1718 - 2724 — 
2898 | 860 1993 1794 2586 | 906| 907 1814 


400 


olim) 


912 


, 918. 


920 


924 


928 


930 
932 
936 
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1145 


1832 
27 48 
919 
1175 
1844 
2766 
989 
1852 
2778 
929 
1858 


2006. 


2796 

961 
1401 

937 
1099 
1431 
1874 
2198 
2826 


|3042 
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1371 
2290 


1838 
1383 
2068 


.8102 


1127 
1978 


1003 
1864 
2830. 
2832 
1922 
1868 
1007 
1183 
1521 
2014 
2212 
2844 
3318 


To | 


1828 
2742 


o 


1551 


2350. 


1389 
2254 


1165 


1888 
2360 
3540 


2802 
1027 
1413 
1659 
2054 
2366 
2862 


i 
E 


946 
946 
952 


956 
| 960 


Ll 


941 
947 
953 
1912 
1437 
1037 


1435 


1683 
1952 


2108 
2145 


2410 


2480 
2860 
2928 
3080 
3198 
3444 
3690 
3900 


4290 


- Te, 


1882 966 
1894 970 
1195 1906 || 972- 
2390 2868 

1916 2874 

1067 1205 

1581 1599| 976 
1845 1928 || 980 
1934 2074 || 982. 
2132 2184 | 984 
9938 2296 | 
2440 2464 || 990 
2600 28001 996 
2870, 2892 

2959 2976 

316% 3168 

3366 3432 ee 
3600 3660 

3696 3720 

3960 4200 

4620 


967 
971 
1141 
1701 
2916 
3402 
977 
1473 
983 


1079 


2324 
991 
997 

1503 


2338 
1111 


1875 
2500 
3012 


1539 
2282 
3078 


2946 


2158 
3486 


1497 
1996 


.3006 
1375 


2229 


2750 


~ 


